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Abstract

Fibonacci cubes and Lucas cubes have been studied as alternatives for the classical hy-
percube topology for interconnection networks. These families of graphs have interesting
graph theoretic and enumerative properties. Among the many generalization of Fibonacci
cubes are k-Fibonacci cubes, which have the same number of vertices as Fibonacci cubes,
but the edge sets determined by a parameter k. In this work, we consider k-Lucas cubes,
which are obtained as subgraphs of k-Fibonacci cubes in the same way that Lucas cubes
are obtained from Fibonacci cubes. We obtain a useful decomposition property of k-Lucas
cubes which allows for the calculation of basic graph theoretic properties of this class: the
number of edges, the average degree of a vertex, the number of hypercubes they contain,
the diameter and the radius.
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1. Introduction

An n-dimensional hypercube Q),, is the graph whose vertices are the all binary strings of
length n, adjacent when their string representations differ in exactly one position. Hyper-
cubes are one of the basic models for interconnection networks. In [4] and [13] Fibonacci
cubes I';, and Lucas cubes A,, were defined as alternative topologies for the interconnection
networks. Both of these networks are special subgraphs of (Q,, with interesting properties.

A binary string b1bs ... b, such that b; - b;11 =0 for 1 <i <n —1 is called a Fibonacci
string of length n. For n > 1 the Fibonacci cube I'j, is the subgraph of @), induced
by vertices indexed by the Fibonacci strings of length n. By convention I'g = (Jy. By
removing all the vertices that start and end with 1 from the vertex set of I',, Lucas
cubes A,, are obtained. This additional requirement corresponds to the Fibonacci strings
b1bo ... b, satisfying b1 - b, = 0 for n > 2.

Graph theoretic and enumerative properties of Fibonacci cubes and Lucas cubes have
been extensively studied in the literature. A survey of the some of the properties of I';, is
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presented in [8]. Basic graph theoretic properties of A,, appear in [13]. The average degree
of a vertex in I'), and A,, are computed in [10] and the induced d-dimensional hypercubes
Qq in '), and A,, are studied in [3,9,11, 14-16].

There are also other variants of interest inspired by these families of graphs. In [5]
and [6], the generalized Fibonacci cube @, (f) and the generalized Lucas cube Qq( f ) are
defined by removing all the vertices that contain some forbidden string f, and by removing
all vertices that have a circular rearrangement containing f as a substring, respectively.
With this formulation one has I', = @y (11) and A, = Qd(ﬁ). The matchable Lucas
cubes and their basic properties are studied in [17]. A new family of graphs akin to the
Fibonacci cubes called Pell graphs are introduced in [12]. The k-Fibonacci cubes T'® which
are obtained by eliminating certain edges from I';, are considered in [2] (see, Section 2 also).

In this work, we consider the subgraph of I'* which is obtained by removing all the
vertices that start and end with 1. The idea is analogous to the construction of A, from
I, and Qd(7) from Qg(f). The graphs A we obtain from T* (called k-Lucas cubes)
depend on a parameter k just like k-Fibonacci cubes. We obtain basic graph theoretic
properties of k-Lucas cubes including the number of edges, the average degree of a vertex,
the number of induced hypercubes, the diameter and the radius.

2. Preliminaries

Fibonacci numbers and Lucas numbers are defined by the same recursion f, = f,_1 +
frnoand L, = L, 1+ Ly_o forn > 2, with fo =0, fi =1, Lo =2 and L1 = 1. It is
known that using the Zeckendorf or canonical representation, any positive integer can be
uniquely represented as a sum of non-consecutive Fibonacci numbers. For a given positive
integer 7 with 0 < i < fn19 — 1 writing ¢ = 3774 bj - fu—j12, where b; € {0,1} and no
two consecutive b;’s are 1 one obtains the Zeckendorf representation of i corresponding
to the Fibonacci string bi1by...b, as (by,be,...,b,). We assume that 0 has Zeckendorf
representation 0" = (0,0,...,0).

The distance between two vertices v and v in a connected graph G is defined as the
length of a shortest path between u and v in G. For @Q,,, I';, and A,, this distance coincides
with the Hamming distance dz, which is the number of different bits in the binary string
representation of the vertices. Let G = (V(G), E(G)) where V(G) and E(G) denote the
vertex set and edge set of G, respectively. Then the vertex set and the edge set of I';, and
A,, can be written as

V(Tn) = {biba...bn|b; € {0,1} with b;-bip1 = 0,1 < i < n}
ET,) = {{u,v}]|u,ve V() and dy(u,v) =1}
and
V(An) = {bibo.. by | bi € {0,1} with b - bir1 = 0,1 < i < n and by - b, = 0}
E(A,) = {{u,v}|u,v e V(A,) and dg(u,v) = 1}.

Note that the number of vertices of I, is f,+2 and the number of vertices of A, is L.
I';, can be decomposed into the subgraphs induced by the vertices that start with 0 and
10 respectively. The vertices that start with 0 constitute a graph isomorphic to I',,_; and
the vertices that start with 10 constitute a graph isomorphic to I';,_s. This can be written
symbolically as
Fn = OI‘n_l + 10I‘n_2 (21)
and is usually referred to as the fundamental decomposition of Iy, [8]. In (2.1), there is a
perfect matching between 10I',,_2 and its copy 00I',—o C 0I',—1. We call the f,, edges of
the perfect matching between 10I';,_2 and 00I',_o link edges. We note that in (2.1) the
vertices of 0I'j,_1 are labeled with Oa where a runs all the Fibonacci strings of length n—1
and the vertices of 10I',,_5 are labeled with 108,0 and 108501 where 81 and S run over all
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the Fibonacci strings of length n — 3 and n — 4, respectively. Similarly, the decomposition
of I',, can also be written in the form

Iy =T,-104+T,_201. (2.2)
Using (2.1) and (2.2) we can write
Iy, =001 + 10,9 = 0,1 + (100,30 + 10T",,_401),
for n > 4 and consequently
A, =001 + 100,50 . (2.3)

Note that in the decomposition (2.3) of A, in terms of Fibonacci cubes, there are f,_1
link edges between 10I';,,_30 and its copy 00I',,_30 C O[';,_;.

2.1. k-Fibonacci cubes

In this section we recall some of the basic properties of k-Fibonacci cubes Fﬁ introduced
in [2]. We first remark that the vertices of T'¥ are labeled using the same strings as in
I',,. Throughout the paper instead of the string label of a vertex, sometimes we will use
the number whose Zeckendorf representation corresponds to that string to label the same
vertex.

Given a positive integer k, let T* =T, for f,, < k. Let ng(k) be the smallest integer
for which f,, ) > k. For a given k, ng(k) is the smallest integer n for which Ik £T,.
For n > ng(k), T is defined in terms of I'* | and T'* , similar to the fundamental
decomposition of I',, as follows:

rk —=ork_, +10r%_, (2.4)

where there are k link edges between the vertices with labels 0,1,...,k — 1 in 0I'* _; and
the corresponding vertices with labels f, 11, fn41 + 1,..., fat1 +k — 1 in 10T%_,. Using

the well known identity f, = L% + 3] it is shown in [2] that

no(k) =1+ {log(ﬁ <\/5k: + V5 — ;)J

where ¢ = 1+T‘/5 is the golden ratio. This sequence starts as
3,4,5,5,6,6,6,7,7,7,7,7,8,8,8,8,8,8,8,8,9,9,9,9,9,9,9,9,9,9,9,9,9, 10, . ..

If k is clear from the context we will use ng for ng(k).
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Figure 1. Construction of the k-Fibonacci cubes '} and T'3.
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In Figure 1, we illustrate the constructions of I'} and I'? from the previous k-Fibonacci
cubes. Note that in Figure 1, there is only one link edge between the vertices having labels
0000 and 1000 in I'} as & = 1 and there are two link edges between the vertices having
labels 0000 and 1000; 0001 and 1001 in T} as k = 2.

3. k-Lucas cubes

In this section we introduce k-Lucas cubes, a special subgraph of k-Fibonacci cubes. We
will indicate the dependence on k by a superscript and denote these graphs by Afl. Similar
to the definition of A,, as the subgraph of I';, obtained by eliminating the vertices with
by = b, = 1, we define the k-Lucas cube AF from the k-Fibonacci cube T by eliminating
the vertices with by = b, = 1. In other words, A* is obtained from I'¥ as the induced
subgraph of I'* in which the binary labels of the vertices satisfy the additional requirement
b1 - b, =0.

For k = 1, the graphs Al are all trees. The height h,, of AL satisfies hy =0, ho = 1 and
hy, = max{h, 1,1 + h,_2}. Therefore the height of the tree AL with the 0 vertex as the
root is given by h, = |n/2]. Note that the height of the tree T'} with the 0 vertex as the
root is hy, = [n/2] [2]. Figure 2 shows the first five k-Lucas cubes (trees) for k = 1.

100
O 10 00 01 ‘
[ ] e E——

010 000 001

10100

0100 0101 10010 10000

00100 00101

0010 0000 0001

00010 00000 00001
1010 1000

01010 01000 01001

Figure 2. The first five k-Lucas cubes A1, AL, ... Al for k = 1.

Recall that for a given k, ng(k) is the smallest integer n for which Ffl # I',,. By definition
of AF and T% | ng(k) is again the smallest integer n for which Ak # A,,, except when k = 1.
From Figure 2 one can see that AL # A, for n >4 = ng(1) + 1.

By removing the vertex having label 1001 from I'y and T'J shown in Figure 1, we obtain
the Lucas cube A4 and the 2-Lucas cube A% given in Figure 3.

0100 0101 0100 0101

A,

0000 0001 4 0000 0001
1010 1000 1010 1000

Figure 3. The Lucas cube A4 and the 2-Lucas cube A%.
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The first eight k-Lucas cubes A}, A%, ... ,Alg for the arbitrarily picked values k =1, 3,6
and 12 are presented in the Appendix.
We start with a useful result that we need for the analysis of k-Lucas cubes.

Lemma 3.1. Given a positive integer k, the number of integers N with 0 < N < k whose
Zeckendorf representation bibs ... b, satisfies b, =1 is

k+1
UQ J (3.1)
where ¢ is the golden ratio.

Proof. The integers N > 0 with b, = 1 are those with “odd" Zeckendorf expansions. This
sequence 1,4,6,9,12,14,17,19,22, ... forms the first column of the Wythoff array [7], and
its mth term is given explicitly by
[¢*m] — 1.
Therefore for the lemma we need to count the the number of m satisfying the inequalities
0< [¢?m] —1<k.

Using the properties of the floor function, this is equal to the number of positive integers
m satisfying
2 k+1
? <m< (Z)Q

Since % = 0.7639.. ., and the upper bound in (3.2) is not an integer, these m are exactly

(3.2)

k+1
].7 27 ey \‘wJ .
O
For the rest of the paper for a given positive integer k£ we will always assume that
k+1
K:E(k):k—{q52 J (3.3)

Next we consider a decomposition for A¥ that will be useful in our calculations.
Theorem 3.2. Let ¢ be as in (3.3). Forn > ng the k-Lucas cube AX has the decomposition
AR =ork_, 4101 _50

in which there are { link edges between 100'Y_30 and its copy 00T%_,0 C OTF_,.

Proof. From the fundamental decomposition (2.4) of k-Fibonacci cubes, we know that
Ik = 0%, + 10T%_, with k link edges between the vertices with labels 0,1,...,k — 1
in 0I'%_, and the corresponding vertices with labels fi1, fo41 +1,..., fay1 +k — 1 in

10T%_,. Now we consider the effect of eliminating all vertices in I'¥ which start and end

k
n—1»

with 1. This elimination has no effect on 0I' so all of these vertices are also in AX.
For 10T%_,, we need to consider which vertices survive in this subgraph itself, how does
the elimination change this graph, and in addition the effect of this elimination on the
original k link edges. Any link edge of the original I'* which has an end vertex in 10T%_,
which has been eliminated, is no longer a link edge in A¥. From Lemma 3.1, we know
that the number of the first k vertices in 10I'%_, that end with 1 is given by (3.1) since
these vertices corresponds to the first k vertices in ¥ _, that end with 1. Therefore only
¢ of the original link edges survive in A¥.

fn_1 of the vertices in IOFQ,Z end with 0 and f,,_o of them end with 1. For Afl the f,_o
ending with 1 are removed. Now IOI‘Q_Q c 10I'y,_o = 10I';,_30 4+ 10I';,_401. Therefore,

after removing the vertices ending with 1 from 10I'%_,, this has the effect of reducing the
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number of the previous link edges that appear in the construction of 10I‘fl_2 itself to £. In
other words, the resulting graph is 10Ffb_30 C 10I',,_30. This completes the proof. O

Example 3.3. Consider AZ obtained from I'. We have the decomposition of T'Z as
T2 =02 + 10T .

The link edges in F% are between the vertices labeled 000000, 000001 in 0I'2, and 100000,
100001 respectively in 10I'2. Of these two link edges, the second one is eliminated because
the vertex 100001 is not in A%. We note that the vertices labeled 100001, 100101, 101001
are eliminated from 10I'% in the construction of AZ. In this case £ = 1 and the subgraph
of 10I'? obtained after the elimination of these vertices is isomorphic to 'y, which gives
A% = 0rZ + 10T°30.

In FfL we have k link edges between the vertices with labels 0,1,...,k — 1 and the
corresponding vertices with labels f,11, fo41 +1,..., fany1 +k — 1 for n > ng. Similar to
the decomposition (2.2) if we consider the vertices ending with 0 and 01 in I'¥ we see that
¢ of the vertices with labels 0,1,...,k — 1 (fot1, fan+1 +1,..., fant1 +k—1) end with 0
and k — £ of them end with 01. Then by modifying the proof of Theorem 3.2, we obtain
the following decomposition of T'¥ which we state here for the record.

Proposition 3.4. k-Fibonacci cube T has the decomposition
14 k—¢
k=1t _,0+TF 01

where € is as in (3.3), T o is the graph with f, vertices and no edges and there is a
matching between T*~501 and T¥~500 c TY_,0.

4. Basic properties of k-Lucas cubes Af

By definition of Ak we know that |V (AX)| = |V(A,)| = Ln. Next we consider basic
graph theoretical parameters associated with k-Lucas cubes.

4.1. The number of edges

Let m(G) = |E(G)| denote the number of edges of G. It is shown in [13] that m(A,) =
nf,_1 for n > 1. Since m(AF) = m(A,) for n < ng, we have m(AF) = nf, 1 for
1 <n < nyg.

From Theorem 3.2 we observe that m(AF) satisfies

m(Ay) = m(Th_;) + m(T}_3) + min{¢, f, 1}, (4.1)
and for n > ng, (4.1) reduces to
m(AF) = m(@kE_ )+ m(Tf ) +¢. (4.2)

Here we need the number of edges of I'® which is obtained in [4] for n < ng and in [2] for
n > no as follows.

Lemma 4.1 ([2,4]

(T = {

where t =n — nyg.

The number of edges of TX is given by

).
%(2(n+1)fn+nfn+1) forn <ng
%(nOfno—lLt—H + (no — 1)fnoLt+2) + (firs =1k for n > ng

We need the following useful result that relates the parameters ng(¢) and ng(k).

Lemma 4.2. Suppose ng and ¢ are as defined in (2.5) and (3.3). Then no(k) —no(¢) < 1.
Moreover, ng(£) = no(k) if and only if k = fop11 — 1 for some positive integer p.
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Proof. We know that ng(k) is the smallest integer n for which T¥ # T,,, i.e., the smallest
integer n for which f,, ) > k. Using (2.4) with n = ng + 1 we can write

Ik .. = 00k +100% (4.3)

no—1

= O[% + 10T
Then substituting n = ng + 1 in Theorem 3.2 we obtain that

Ak =0TF +10T% 50 . (4.5)

n

By using the decomposition (4.4) in the proof of the Theorem 3.2 we have
Ab o =00% 4100, 20 . (4.6)

The right hand sides of (4.5) and (4.6) give 10F£L0_20 = 10';,,—20 which means that
no(€) > no — 2. Hence we have ng(k) — no(¢) < 1.
Similarly we can write

k k k k 4
Ik o=0Tk . +10IF  and AE , =0T ., +10T% _,0.

Now if we have 10Ff10,1() = 10T",,,—10 then it follows that ng(¢) = ng(k). We know that
101“20_10 C 101“71‘;0 # 10T, and at least one of the link edge in IOFfLO eliminated during
the construction. But if k = fo,41 — 1 for some positive integer p then using the classical
summation formula for Fibonacci numbers we know that k has odd Zeckendorf expansion
and ng(k) = 2p + 1. Therefore, there is only one eliminated link edge in IOFIfLO, namely
the link edge between the vertices with labels f,, — 1 and fy,,4+2 — 1. This gives that
100K % 10Ty, but 10T, _; = 10Ty,,_1, that is no(€) = ng(k). If k # fopy1 — 1 for any
positive integer p then we have 10Fﬁ0_1 # 10I',,,—1 since at least one of the link edge in
10F£L0—1 between the vertices having even Zeckendorf expansions f,, — 1 and f, 42 — 1,
or fn, —2 and fp,+2 — 2 has been eliminated, that is, ng(¢) = ng — 1. O

Now we are ready to present the number of edges m(AF) of AX.

Proposition 4.3. For n > ng = ng(k) the number of edges m(A) of A¥ is given by
o m(AfL) = (nO - 1)fn0—1 + /L ifn=mng
o m(AF) = %(nofno_lLt +(no—1)fagLis1+ (n—3)Ly_o+ 2fn_3) + (fraz— Dk +£
ifng+1<n<ny(l)+2
o m(AL) = (nofag-1 Lt + (n0 = 1) frg Lis1 ) + (frva = Dk + 2 (no(D) faoy -1 Lie—2 +
(no(1) = 1) fug(y L1 ) + fonl if n > mo(l) +3

where t =n —ng and tp =n —ng(¥).
Proof. For a fixed k, using (4.2) we know that
m(Ay) = m(T5_1) + m(T_s) + ¢

where n > ng(k). Therefore we need to find the cardinalities of edge sets of T*_; and
I'Y 5 depending on the values of n, ng(k) and ng(¢). Then using Lemma 4.1, Lemma 4.2
and the classical identity L,, = fn,+1 + fn—1 we obtain the desired result. O
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4.2. The average degree of a vertex

In [10] the limit average degree of the Fibonacci and Lucas cubes are computed as

lim w = lim 2m(A”) =1— L
n—00 nfn+2 n—oo  nl, \/5

which means that the average degree of a vertex in I';, and A,, is asymptotically given by

(1- \%) n. (4.7)

The analogous problem for the k-Fibonacci cubes T'¥ for a fixed k was considered in [2]
where it was proved that the limit average degree of a vertex in I'* is independent of n.
Denoting this limit average degree by di, it is shown in [2] that

_ 1
dy, ~ 1.047 + 0.553 log¢ <\/5k‘ + \f - 2) (4.8)

where ¢ is the golden ratio. For the limit average degree of k-Lucas cubes we obtain the
following result.

Proposition 4.4. For a fized k the average degree of a vertex in AF is asymptotically
given by

1 1
1.047 + 0.41logy (x/Bk +V5— 2) +0.153log, (JB@ +V5— 2)

where ¢ is the golden ratio and £ is as in (3.3).

Proof. By the properties of the Fibonacci and Lucas numbers we have

fn+1 ¢ . fnfl _ L_l

= — lim

For a fixed k, using (4.2), (4.8) and (4.9), the average degree of a vertex in A% is computed
as

(4.9)

2m(AF) .2 <m<rﬁ—1) +m(I_3) +€)
lim — = lim
2m(Fk_1) Jnt1 QW(FZ —3) fa1
= lim n . + lim n .
n—00 fn—l—l Ln n—00 fn—l Ln
-1
— dk . i + dZ . L

Using the expressions for dj, and d; from (4.8) and simplifying with Mathematica gives
the desired result. O

Remark 4.5. We note that ¢ is a function of k£ and using the explicit expression in (3.3),
for large k we obtain the asymptotic value for the average degree in A* as

(1= 2 Ytog, (v 5- 1),

This is the main term that appears in (4.8). The factor 1 — %:, is also the coefficient of
the limiting values for the Fibonacci and Lucas cubes as given in (4.7).

Remark 4.6. Similar to the degree polynomial of k-Fibonacci cubes given in [2, Section
4.3], we can consider the degree polynomial D Ak () of k-Lucas cubes. For small values of

n this polynomial can be obtained directly from the definition and figures by inspection.
For example, for kK = 1, we obtain the following from Figure 2.

Dyu(z)=1, Dyi(z)=22+2z, Dy(z)=2>+3z, Du(x)=z*+22%+ 4z .
Al A Al Al
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For larger values of n and k it becomes more complicated to calculate the degree polynomial
for A¥ since we need the degree information of the vertices in the link edges. For the special
cases of k € {1,2} we can obtain D« (z) using Theorem 3.2 and the results in [2, Corollary
6]. Using Theorem 3.2 for n > 5 we know that

Al =orl ;+10rL 50 and A2 =012, +10T. ;0

where there are only 1 link edge in these decompositions. That is, for any k& € {1,2}
the degrees of all the vertices of 0% _; and 10T'}_;0 remains the same in A¥ except the
vertices having labels 0" and 10"~! whose degrees increase by one due to the link edge.
Hence, using [2, Corollary 6] we have the explicit formulas

n—4
Dyt (x) = 2"+ 2" 2 4" 3 4 Lz + Z Ly_i_ox', forn>5
=2
n—4 )
Dpo(x) = z"+ 32" 2 4 22" 4 2f o + 2 Z fn_i—1x*, for n > 6.
=2

4.3. Number of induced hypercubes

Let Q4(G) denote the number of d-dimensional hypercubes induced in G and C(G, x)
be the cube polynomial [1] of G defined as

O(G.x) = Y QulC)a
d>0

This polynomial is considered for Fibonacci and Lucas cubes in [9]. For k-Fibonacci cubes,
it is shown in [2] that Qu(I'¥) satisfies the recursion

Qa(Ty) = Qa(Th_1) + Qa(Th_5) + Paa(k — 1)
where -
— [ 2(1)
Pi1(k—1)=
d 1( ) Z(:] <d . 1>>
and Z(i) denotes the number of 1’s in the Zeckendorf representation of i.
Note that for n < ng we know that A]fL = A,, and the cube polynomial of A,, which has

degree |5 | is obtained in [9]. Therefore for all values of k we have

CAb 2 =1, C@Aka)=20+3, CO@Ez)=3z+4.
In Table 1 we list cube polynomials of A¥ for 1 <k < 4 and n € {4,5,6}.

Table 1. Cube polynomials C(A% z) of Ak for 1 <k <4 and n € {4,5,6}.

n\k 1 2 3 4

4 6x + 7 22+ T+ 7 202 +8x + 7 202 + 8z + 7
5 |10z + 11 [ 222 + 122 + 11 | 42?2 + 14z + 11 | 522 + 15z + 11
6 | 17z + 18 | 42 + 212 + 18 | 822 + 25z + 18 | 1022 + 27z + 18

To find the number of d-dimensional hypercubes induced in A¥, we use an argument

similar to the one in [2] for the number of d-dimensional hypercubes in I'*. From Theorem
3.2 we know that A¥ = 0T'* | +101_,0. Therefore, there are three types of d-dimensional
hypercubes that contribute to Qd(AfL): those coming from 01’7’2_1,
10T _50, and those that involve the ¢ link edges used in the construction of AF. Tt is
enough to consider the d-dimensional hypercubes of the last type. These can be counted
by the number of (d — 1)-dimensional hypercubes contained in the subgraph of 10T%,_50

induced by the ¢ vertices with labels in {0, 1, ..., k—1} having even Zeckendorf expansions,

those coming from
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that is, whose representations that end with 0. For any of these vertices ¢ again we need
to select d — 1 ones among the Z(i) ones in i. Then by varying these d — 1 ones we obtain
29=1 vertices with labels in {0,1,..., k—1} having even Zeckendorf expansions themselves.
Each one of these gives a (d — 1)-dimensional hypercube in 10T _;0. All of these (d — 1)-
dimensional hypercubes also have a copy in Ol“fl_l and there is a matching between the
two hypercubes due to the ¢ link edges. This produces a d-dimensional hypercube in A¥
that involves the link edges. We have the following result:

Proposition 4.7. Let Qq(AX) and Q4(T%) denote the number of d-dimensional hypercubes

o

in Ak and TF respectively. Then for n > ng and d < | 5 | we have

Qa(Ay) = Qa(T%_1) + Qa(T}_3) + Paa (¢ — 1)
and Qqa(AX) =0 ford > |%].

Proof. The bulk of the proof of the proposition has been given above, showing

Quat) = urh ) + Quth ) + X (7))

€S
where S is the £ integers in {0, 1,...,k — 1} having even Zeckendorf expansions. To show
that
z@)\ E(z6)
= =P (/-1 4.1
Z(d—l) Z J-1 a-1(0—1) (4.10)
€S =0

we argue as follows. The Zeckendorf expansions of the numbers {0,1,...k — 1} can be
partitioned into the disjoint union of two sets of expansions of the form (A, 0) and (B,0, 1)
where A is the Zeckendorf expansion of the numbers {0,1,...,¢ — 1} and B is the Zeck-

endorf expansion of the numbers {0,1,..., L%J — 1}. Since the number of ones of the
even Zeckendorf numbers in {0, 1, ...,k — 1} does not change when we drop the last 0, the

sums in (4.10) are identical.

By the definition of ng we know that fn,—1 <k < fy, and Ffl # 'y, for n > ng. Then
using Theorem 3.2 we can say that A¥ has a subgraph isomorphic to FfLO_l =TI"p,—1 but
it doesn’t contain any subgraph isomorphic I'y,, # Fﬁo. We know that the degree of the

cube polynomial of T'y, is VTHJ [9]. Therefore we can say for n > ng that Qg(AF) = 0 for

d > VO_TLHJ = [ %] and it is nonzero otherwise since I'yy—1 C AR O

4.4. Diameter and radius
The k-Fibonacci cubes I'F has the nested structure
r,C--CIhC-- Cly.
k

as shown in [2]. Since we define A* by removing certain vertices in T'*,

observe that k-Lucas cubes have a similar nested structure,

one can easily

ALC...CcAfC...CA,. (4.11)

We know that Al is a tree with root 0" (the vertex with integer label 0). It follows that
for u,v € V(AL)

d(u,v) < d(u,0") +d(v,0") = wy(u) + wy (v), (4.12)
where wy denotes the Hamming weight. We always have

n for n even,
wr (u) +wp(v) < { n—1 fornodd
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for the vertices of A,, and it is shown in [13] that

n for n even,

diam(Ay,) = { n—1 for n odd.

A is a subgraph of A, with the same vertex set and fewer edges for n > ng. This directly
gives the inequality diam(A%) > diam(A,). On the other hand, using (4.11) and (4.12),
for any u,v € V(AX) we have

n for n even,

d(u,v) < wpg(u) +wh(v) < { n—1 for n odd,

which gives diam(AX) < diam(A,,). Therefore, for all n > 1

n for n even,

diam(A%) = diam(A,) = { n—1 for n odd.

By a similar argument we see that the radius of Afl is equal to the radius of A,,. Since
the latter radius was obtained in [13] as [ %], this is also the radius of AX.
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Appendix A. Figures of some k-Lucas cubes
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Figure 4. The first eight k-Lucas cubes for k = 1.
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Figure 5. The first eight k-Lucas cubes for k = 3.
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Figure 6. The first eight k-Lucas cubes for k = 6.
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Figure 7. The first eight k-Lucas cubes for k = 12.



