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ABSTRACT. In this paper, we establish k-type helices for equiform differential
geometry of spacelike curves in 4-dimensional Minkowski space E‘ll. Also we
obtain (k, m)-type slant helices for equiform differential geometry of spacelike
curves in Minkowski space-time.

1. INTRODUCTION

Helices, which are an important subject of the theory of curves in differential
geometry, are studied by physicists, engineers and biologists. Helix (or general
helix) is described as an in 3-dimensional Euclidean space (or Minkowski) tangent
vector field forming a constant angle with a fixed direction of the curve. So, many
authors were interested in helices to study it in Euclidean (or Minkowski) 3- and
4-space and they gave new characterizations for an helix. In the 4-dimensional
Minkowski space k-type slant helices were defined in a study by Ali et al. [1].
In addition, M.Y. Yilmaz and M.Bektas in [6] defined (k, m)-type slant helices in
4-dimensional Euclidean space.

In our study, we establish k-type helices and (k, m)-type slant helices for equiform
differential geometry of spacelike curves in 4-dimensional Minkowski space E{ and
give some new characterizations for these helices.
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2. GEOMETRIC PRELIMINARIES

Let BE* = {(w1,22,23,24)|71, 72, 23,24 € R} be a 4-dimensional vector space.
For any two vectors & = (21, 2,73, 24), ¥ = (Y1, Y2, Y3, vy4) in B4, the pseudo scalar
product of x and y is defined by (z,y) = —z1y1 + Tay2 + Z3ys + Tays. We call
(E%,(.,.)) a Minkowski 4-space and denote it by Ef. We say that a vector z in
Ef\ {0} is a spacelike vector, a lightlike vector or a timelike vector if (z,z) is
positive, zero, negative respectively.

The norm of a vector = € Ef is defined by ||z|| = /|(z,z)|. For any two
vectors a,b in Ef, we say that a is pseudo-perpendicular to b if (a,b) = 0. Let
a: I C R — Ef be an arbitrary curve in Ef, we say that a curve « is a spacelike
curve if (a(t),a(t)) > 0 for any ¢ € I. The arclength of a spacelike curve v mea-
sured from «(tg) (tp € 1) is

t
s(t) = [ la(t)de. (1)
to
Hence a parameter s is determined such that ||o/(s)|| = 1, where &/(s) = da/ds.
Consequently, we say that a spacelike curve « is parameterized by arclength if
[/ (s)]] = 1. Throughout the rest of this paper s is assumed arclength parameter.
For any z,y, 2z € E{, we define a vector © x y X z by

—€1 (D) €3 €4

1 2 .3 .4
_ | *1r T T I3

TXYyXxXz = S R . B B (2)
2 2 2 2

1 .2 .3 .1
T3 T3 T3 L3

where x; = (x},27,23,2}). Let o : I — E{ be a spacelike curve in Ef. There-

fore we can construct a pseudo-orthogonal frame {t(s),n(s),b1(s),b2(s)}, which
satisfies the following Frenet-Serret type formula of Ef along «.

/

t 0 K1 0 0 t

n _ | mm 0 [oka 0 n 3)
b1 0 H3k2 0 Hak3 b1 ’
b2 0 0 /L5I£3 0 b2

where k1, k2 and k3 are respectively, first, second and third curvature of the space-
like curve o and we have
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ba(s) = t(s) X n(s) x by(s).

Denote by {t(s),n(s),b1(s),bz(s)} the moving Frenet frame along the spacelike
curve «, where s is a pseudo arclength parameter [1,2,3,5,7].

3. EQUIFORM DIFFERENTIAL GEOMETRY OF CURVES
3.1. Spacelike Curves:

Definition 3.1. Unless otherwise stated, we use the same terminology such as
[2,4]. Let a: I — E} be a spacelike curve. We define the equiform parameter

of «a(s) by
U:/%z/mds, (4)

1
where p = — s the radius of curvature of the curve a.
K1

It follows
ds
— =p. 5
=P ()
Let h be a homothety with the center in the origin and the coefficient A. If we put
o* = h(a) then it follows
s* = As, and p* = Ap, (6)
where s* is the arclength parameter of a* and p* the radius of curvature of a*.
Hence « is an equiform invariant parameter of a.
Notation 3.1. Let us note that k1, k2 and k3 are not invariants of the homothety
1 1 1
group, it follows k] = —kK1, kK5 = —Kg and K3 = Xlig. The vector

A A
_ da(s)

Vl - do ) (7)

is called a tangent vector of the curve « in the equiform geometry. From (5) and
(7), we get

da(s) da(s)

1= = =) (8)
Furthermore, we define the tri-normals by
VQ = pn, V3 = pbl7 V4 = pb2. (9)

It is easy to check that the tetrahedron {V1, Vo, V3, V4 } is an equiform invariant
tetrahedron of the curve . Now, we will find the derivatives of these vectors with
respect to o using by (5), (7) and (9) as follows:

d d .
Vi= (Vi) =p(pt) = pVi+ V2
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where the derivative with respect to the arclength s is denoted by a dot and respect
to o by a dash. Similarly, we obtain

d d . K2
Vi = %(VZ) = P@(Pn) =p1Vi+pVa+ pg (Iﬁ) Vs,
Vi = L vy = pL(pba) = g (2 ) Va4 5V + g (2 V
37 Uo B*Pdsplfl% P 2T PV3T Hy P 4,
V= L ovi) = 0L iobg) = g (%2 Vs 4 pV (10)
17 Iy 4—Pdsﬁ2—ﬂs P 3T PVa.
Definition 3.2. The functions K; : I — R (i = 1,2,3) defined by
Ki = p, K2=@7 Kszﬁ (11)
K1 K1

are called it equiform curvatures of the curve o.

These functions K; are differential invariant of the group of equiform transfor-
mations, too. Therefore, the formulas analogous to famous the Frenet formulas in
the equiform geometry of the Minkowski space Ef have the following form:

Vi =K;V; + Vg,

Vi =u; Vi + KV + 1, Ko Vs,

Vi = 3 KoVa + K1V + 1, K3V,

V, = 1sK5Vs + K, V. (12)

Notation 3.2. The equiform parameter o = [ k1(s)ds for closed curves is called
the total curvature, and it plays an important role in global differential geometry

K K
of the Euclidean space. Also, the functions 22 and -2 have been already known
K1 K1
as conical curvatures and they also have interesting geometric interpretation.
Because of the equiform Frenet formulas (12), the following equalities regarding

equiform curvatures can be given

1 .
Kl = 72<V;7Vj>’ (] = 1727374),

p
1 1
Ky = —(V), V3) = —(V}, V),
2 H2p2< 2 3> ‘u3p2< 3 2>
1 1
Ky — —— (V3 Vi) = ——(V/,, V). 13
3 H4/02< 3 4> M5p2< 4 3> ( )

Definition 3.3. Let o be a spacelike curve in E} with equiform Frenet frame
{V1, V2, V3, Vy}. If there exists a non-zero constant vector field U in E} such
that < V;,U >= constant for 1< i <4, then « is said to be a k—type slant helix
and U is called the slope axis of a.
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Theorem 3.1. Let o be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space E}. Then, if the curve « is a 1-type heliz (or general
heliz), then we have
(Va,U) = —Kig, (14)
where ¢ is a constant.
Proof. Assume that a is a 1-type helix. Then for a constant field U such that
(V1,U) = ¢ is a constant. Differentiating this equation with respect to o, we get
<V11a U> =0,
and using equiform Frenet equations, we find
K1<V1,U> + <V2,U> == 0
and using (V1,U) = ¢,
K16+ <V2,U> =0. (15)
From (15), it is written as follows:
<V2, U> = —ch,
thus, the proof is completed. (I
Theorem 3.2. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space Ef. Then, if the curve « is a 2-type helix, then we
have
11V, U) + Ko (Vs,U) = —Kicy (16)
where ¢1 1s a constant.

Proof. If the curve « is a 2-type helix. Therefore for a constant field U such that
(Va,U) = ¢ is a constant. Differentiating this equation with respect to o, we get
< /2, U> =0,

and using equiform Frenet equations, we have
11 {V1,U) + Ki(V2,U) + 11,Ko(V3,U) =0

and using (V2,U) = ¢1, we find

,u1<V1,U) + K +M2K2<V3,U> =0. (17)
From (17), we obtain

/1,1<V1, U> + /J,2K2<V3, U> =-Kjc.

The proof is completed. O
Theorem 3.3. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space E}. In that case, if the curve o is a 3-type heliz, then
we have

ﬂSKQ <V27 U> + ,U'4K3 <V47 U> = _K1027 (18)
where co is a constant.
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Proof. If the curve « is a 3-type helix. Thus, for a constant field U such that
(V3,U) = ¢ (19)
is a constant. Differentiating this equation with respect to o, we get
(V3,U) =0
and using equiform Frenet equations, we have
13K (Va, U) + K1 (Vs, U) + 1, Ks(Va, U) = 0, (20)
and by setting (19) in (20), we can write
1Ko (Vo U) + Kieg + pyK3(Vy,U) =0, (21)
and from the last equation, we find
13K2(Va, U) + 1, K5(Va, U) = —Kica,

the proof is completed. a

Theorem 3.4. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space Ef. Then, if the curve o is a 4-type heliz, in that case,
we have

K,

Vs, U) = —
(Va,U) = g

Cs, (22)

where c3 1s a constant.

Proof. If the curve « is a 4-type helix. Then for a constant field U such that
(V4,U) = cs, (23)

is a constant. By differentiating of this last equation with respect to o, we get
(Vi,U) =0,

and using equiform Frenet equations, we obtain

</1,5K3V3 + K1V4, U> =0. (24)
From (24), we get
ﬂ5K3<V3,U> +K1<V4,U> =0. (25)
Substituting (23) in (25), we obtain
K,y
\% =— .
< 35 U> K3,u5 €3

The proof is completed. O
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4. (k,m)-type slant helices in E}

In this section, we will define (k,m) type slant helices for spacelike curve with
equiform Frenet frame in E{ such as [6].

Definition 4.1. Let o be a spacelike curve in E} with equiform Frenet frame
{V1,V2, V3, Vyu}. We call « is a (k,m)- type slant heliz if there exists a non-
zero constant vector field U € Ef satisfies (Vi,U) = ¢1 (c1 is a constant) and
(Vin, U) = c2 (c2 is a constant) for 1 < k,m <4, k# m. The constant vector U
is on axis of a.

Theorem 4.1. If the curve « is a (1,2)-type slant heliz in E}, then we have

c1 + chg
(Vs,U) = - 212
12 Ko
and c
K, = — 2 s a constant.

C1

Proof. 1f the curve « is a (1,2)-type slant helix in E{, then for a constant field U.
We can write

<V1,U> = (1, (26)
and
(Vo,U) =c (27)
is a constant. Differentiating (26) and (27) with respect to o, we have that
(Vi,U)=0
and
(V3,U) = 0.
Using equiform Frenet equations, the following equations can be obtained:
K1<V17 U> + <V27 U> = 07 (28)
11 (V1,U) + Ki(V2,U) + 1,K2(V3,U) = 0. (29)
By setting (26) and (27) in (28), we find
K101 + co = 0, (30)
and substituting (26) and (27) in (28), we obtain
Hnic1 + Kico + ,LLQKQ <V3, U> =0. (31)
Finally, we have the following equations:
Kl = _6725
¢
HiC1 + chQ
V3, U) = ———.
Vs U) o Ko

The proof is completed. O
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Theorem 4.2. If the curve « is a (1,3)-type slant heliz in E}, then there exists a
constant such that

<V4, U> _ M3K2K101 — K163 )

1aKs

(32)
where ¢1 and c3 are constant.

Proof. If the curve « is a (1,3)-type slant helix in E{, then for a constant field U.
We can write

<V1, U> =C (33)
and
<V37 U> =C3 (34)
is a constant. Differentiating (33) and (34) with respect to o, we get
( llﬂ U) =0,
and
V4, U) =0,
Using equiform Frenet equations, we have
K, <V17 U> + <V27 U> =0, (35)
13K2(Va, U) + Ki(Vs, U) + 11, K3(V4,U) = 0. (36)
By setting (33) in (35), we obtain
Kici + (Vo,U) = 0. (37)
From (37), we find as follows:
(V2,U) = —Kia. (38)

Substituting (34) and (38) in (36), we find

_ M3K2K101 - Kic3
naKs

<V47 U>
The proof is completed. O

Theorem 4.3. If the curve « is a (1,4)-type slant heliv in E}, then there exists a
constant such that

<V27 U> =-Kic;

and
_ K104

15K

<V37 U> =
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Proof. If the curve « is a (1,4)-type slant helix in Ef, then for a constant field U.
We can write

<V1, U> =C (39)
and
(Vi,U) =4 (40)
is a constant. Differentiating (39) and (40) with respect to o, we get
<V117 U) =0,
and it follows
(Vi,U) =0.
Using equiform Frenet equations, we have
K, <‘717 U> + <V2, U> =0, (41)
and
[L5K3<V3,U> +K1<V4,U> = 0. (42)
By setting (39) in (41), we obtain as below:
Kici + <\/27 U> =0. (43)
Substituting (40) in (42), we can write
,U,5K3<V3, U> + Kicy = 0. (44)

From (43) and (44), we get
<V23 U> = 7K1017

and
_ K1 Cyq

K3
The proof is completed. O

<V37 U> =

Theorem 4.4. If the curve « is a (2,3)-type slant heliz in Ef, then there exist
constants such that
~ Kicp 4 p19Koces

V,U) =
V1, 0) H1

(45)
and
Ko + Kic

V4,U) =
(Va,U) 1 Ks

(46)

Proof. If the curve « is a (2,3)-type slant helix in E{, thus for a constant field U.
We can write as below:

<V2, U> = C2 (47)
is a constant and

<V3, U> = C3 (48)
is a constant. Differentiating (47) and (48) with respect to o, we get

< /27U>:07
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and
(V5,U) =0.
Using equiform Frenet formulas, we have the following equations:
u1<V1,U>+K1<V2,U>+M2K2<V3,U> =0, (49)
,U,3K2<V2,U>+K1<V3,U>+/L4K3<V4,U> =0. (50)

Substituting (47) and (48) in (49), we can write
_chg + IUJQKQCg
M1 ,
and by setting (47) and (48) in (50), we obtain
_ ﬂSKQCQ + chg
1y K3 .
The proof is completed. O

<V17 U> =

<V47 U> =

Theorem 4.5. If the curve « is a (2,4)-type slant heliz in E}, then there exists
constant such that
_ M2K2K1€4 — /LSKgchQ

s K3

<V1, U>

)

where co and ¢4 are constants.

Proof. If the curve « is a (2,4)-type slant helix in E{, then for a constant field U.
We can write the following equations:

(Vo,U) = ca, (51)
and

<V4, U> = C4 (52)
is a constant. By differentiating (51) and (52) with respect to o, we get the following
equations:

< l2’ U) =0
and
Using equiform Frenet equations, we have as below:
1“1<V1’ U> + Ky <V2a U> + M2K2 <V37 U> =0, (53)
/,L5K3<V3,U> —|—K1<V4,U> =0. (54)
Using (52), in the last equation, we get
K104
Vi3, U) =— . 55
(Vi) = -t (55)

Substituting (51) and (55) in (53), we obtain
_ 1 KoKie — ;KK
s K3

<V17 U>

)
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the proof is completed. ([l

Theorem 4.6. If the curve « is a (3,4)-type slant heliz in Ef, then we have

K (156 - )

Vo U
((Vo,U) K, v

(56)

and

C
K1 = 7M5K3f3.
cq

Proof. If the curve « is a (3,4)-type slant helix in E{, then for a constant field U.
We can write

(V3,U) =c3 (57)
is a constant and

(V4,U) = ¢4 (58)
is a constant. By differentiating (57) and (58) with respect to o, we get

(V3,U) =0
and it follows

(V,,U) =0.

Using equiform Frenet formulas, we get as follows:

M3K2 <V2a U> + K1 <V3a U> + M4K3 <V4a U> = 07 (59)

[L5K3<V3,U> +K1<V4,U> =0. (60)
By setting (57) and (58) in (60), we have the following equation:
c
K, = _N5K3737 (61)
cs

and substituting (57) and (58) in (59), we obtain

K103 ,U,4K3C4
Vo, U) = — - . 62
(Va,U) = = = S (62)

Using (61), in the last equation, we find

K (1565 — p1ac)
V,, U) = =3 s — Hach) 63
(V2,U) K, v (63)

The proof is completed. O
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J
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