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ABSTRACT. This paper consist of three main sections. In the first part, we
obtain the complete lifts of the F (5, 1)—structure on tangent bundle. We have
also obtained the integrability conditions by calculating the Nijenhuis tensors
of the complete lifts of F, (5, 1)—structure. Later we get the conditions of to be
the almost holomorfic vector field with respect to the complete lifts of Fiy (5,1)—
structure. Finally, we obtained the results of the Tachibana operator applied
to the vector fields with respect to the complete lifts of Fq (5, 1)—structure on
tangent bundle. In the second part, all results obtained in the first section
investigated according to the horizontal lifts of F,(5,1)—structure in tangent
bundle T(M™). In finally section, all results obtained in the first and second
section were investigated according to the horizontal lifts of the Fu(5,1)—
structure in cotangent bundle T*(M™).

1. INTRODUCTION

The investigation for the integrability of tensorial structures on manifolds and
extension to the tangent or cotangent bundle, whereas the defining tensor field sat-
isfies a polynomial identity has been an actively discussed research topic in the last
50 years, initiated by the fundamental works of Kentaro Yano and his collabora-
tors, see for example . Also, the idea of F'—structure manifold on a differentiable
manifold developed by Yano , Ishihara and Yano , Goldberg @ and among
others. Moreover, Yano and Patterson studied on the horizontal and com-
plete lifts from a differentiable manifold M™ of class C*° to its cotangent bundles.
Andreu has studied the structure defined by a tensor field F(# 0) of type (1,1)
satisfying F® + F = 0 . Later Ram Nivas and C.S. Prasad studied on more
form F,(5,1)—structure. This paper consist of three main sections. In the first part,
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we obtain the complete lifts of the F,(5,1)—structure on tangent bundle. We have
also obtained the integrability conditions by calculating the Nijenhuis tensors of the
complete lifts of F, (5, 1)—structure. Later we get the conditions of to be the almost
holomorfic vector field with respect to the complete lifts of Fy(5,1)—structure. Fi-
nally, we obtained the results of the Tachibana operator applied to the vector fields
with respect to the complete lifts of F,(5,1)—structure on tangent bundle. In the
second part, all results obtained in the first section investigated according to the
horizontal lifts of F,,(5,1)—structure in tangent bundle T'(M™). In finally section,
all results obtained in the first and second section were investigated according to
the horizontal lifts of the F,(5,1)—structure in cotangent bundle T*(M™).

Let M™ be an n—dimensional differentiable manifold of class C'°°. Suppose there
exist on M™, a (1,1) tensor field F(# 0) satisfying |11]

F° —d®F =0, (1)
where a is a complex number not equal to zero. If a = i where i = \/—1, our

structure takes the form F® + F = 0 studied by Andreou [1].
Let us define on M™, the operators [ and m as follows :

l=(F*/a®) and m = I — (F*/d?). (2)

I being unit tensor field.
In view of equations and , we have

P=l,m*=mandl+m=1. (3)

For a tensor field F(#£ 0) of type (1, 1) satisfying the operators [ and m defined
by , when applied to the tangent space of M™ at a point, are complementary
projection operators.

Thus there exist complementary distributions L and M corresponding to the
projection operators [ and m respectively. If the rank of F' is constant every where
or equal to r, the dimensions of L and M are r and n — r respectively [10]. Us call
such a structure as F,(5,1)—structure of rank r [11].

For a tensor field F(#£ 0) of type (1, 1) admitting F, (5, 1)—structure and for the
projection operators [ and m given by we have

Fl=IF =F, Fm=mF =0. (4)
and
F?l=1F?=F? F?’m=mF?=0. (5)
In the manifold M"™ endowed with F,(5,1)—structure, the (1, 1) tensor field F given
by F =1—m = (2F*/a?) — I gives an almost product structure [9].

1.1. Complete Lift of F,(5,1)—Structure on Tangent Bundle. Let M" be an
n—dimensional differentiable manifold of class C*° and Tp(M™) the tangent space
at a point p of M™ and

T = U Te(M")
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is the tangent bundle over the manifold M™.

Let us denote by T7(M™), the set of all tensor fields of class C* and of type
(r,s) in M™ and T(M™) be the tangent bundle over M™. The complete lift of F of
an element of T} (M™) with local components F* has components of the form [16]

F!' 0
e-ldoal ©

Now we obtain the following results on the complete lift of F' satisfying F® —
a’F = 0.
Let F,G € T{(M™). Then we have [16]

(FG)° = FCGC. (7)
Replacing G by F' in we obtain
(FF)° = FCFC or (F?)° = (F9)% (8)

Now putting G = F* in (7)) since G is (1, 1) tensor field therefore F* is also (1, 1)
so we obtain (FF*)¢ = F¢(F*4) which in view of (8)) becomes

(F%)C = (FO)°. 9)
Taking complete lift on both sides of equation F° — a?F = 0 we get
(F°)¢ = (@®F)° =0
which in consequence of equation @[) gives
(F9)° —a’F° =0. (10)

Let F satisfying (1,1) be an F'—structure of rank r in M™. Then the complete
lifts ¢ = (FY)Y of [ and m® = I — (F*)¢ of m are complementary projection
tensors in T(M™). Thus there exist in T(M™) two complementary distributions
L€ and M¢ determined by [¢ and m®, respectively.

1.2. Horizontal Lift of F,(5,1)—Structure on Tangent Bundle. Let F* be
the component of F' at A in the coordinate neighbourhood U of M™. Then the hor-
izontal lift F'H of F is also a tensor field of type (1,1) in T(M™) whose components
F# in 7=1(U) are given by

FH = FC —y(VF) = £ 0.
~TPE!+TUE FP

Let F, G be two tensor fields of type (1,1) on the manifold M. If F¥ denotes
the horizontal lift of F, we have

(FG)H = FEGH, (11)
Taking F' and G identical, we get
(F)? = (FH)". (12)
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Multiplying both sides by F# and making use of the same , we get
(FHY = (F3)H
and so on. Thus it follows that
(FM = (FHH, (FH)° = (F*)1. (13)

Taking horizontal lift on both sides of equation F® — a?F = 0 we get

(FHH — (a*F)? =0
view of , we can write

(FH)> —a?FH = 0. (14)

2. MAIN RESULTS

2.1. The Nijenhuis Tensor N(Fs)C(FS)c(XC,YC) of the Complete Lift F®
on Tangent Bundle T (M").

Definition 1. Let F be a tensor field of type (1,1) admitting Fo(5,1)—structure in
M™. The Nijenhuis tensor of a (1,1) tensor field F' of M™ is given by

Np =[FX,FY] - F[X,FY] - F[FX,Y]+ F?[X,Y] (15)

for any X,Y € S(M™) [2,124|13]. The condition of Np(X,Y) = N(X,Y) =0 is
essential to integrability condition in these structures.
The Nijenhuis tensor Ny is defined local coordinates by

NSOy = (FPOSF) — FioFF — ;F\Ff + 0;F; F¥)oy,
where X = 0;, Y = 9;, F € S1(M").

Definition 2. Let X and Y be any vector fields on a Riemannian manifold
(M"™,g), we have [17]

(X2 yA] = [X,Y]" —(R(X,Y)u)", (16)
XMV = ()",
xV,yV] = o,

where R is the Riemannian curvature tensor of g defined by
R(X,)Y)=[Vx,Vy] - Vxy] (17)
In particular, we have the vertical spray v and the horizontal spray u on
T(M™) defined by
u =l (0;) = u'ds, uf! =l )" = u's;, (18)
where §; = 0; — u? I‘jz@g u" is also called the canonical or Liouville vector field on
T(M™).
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Theorem 3. The Nijenhuis tensor N(psycpsyo (XC,YC) of the complete lift of
F? vanishes if the Nijenhuis tensor of the F is zero.

Proof. In consequence of Definition |1{ the Nijenhuis tensor of (F 5)C is given by

Nipoyerye (X9, Y9) = [(F%) X9, (F%) v = (F*)[(F%)° X©, 7]
— (F)TIXC, (B YL+ (F7) (P9 [x€, 7]
a {[(FX)7 (FY)°] = (F)° [(FX)7 Y]

— () [XC(FY))+ (1) (P [XC,YC]}
a{[FX,FY] - F[FX,Y]

~F[X,FY]|+ F?[X,Y]}¢

= «*'N (X, V)"

O

Theorem 4. The Nijenhuis tensor N(psyc(psyc (XC,YV) of the complete lift of
F® vanishes if the Nijenhius tensor F is zero.

Proof.
Npsyepoye (XO YY) = [(F)T X, (F?) YY) — (F?)C [(F?) X, vV]
— (P X9, (F) YY)+ (P9 (%) [xC, Y]
= aM{[(FX)7,(FV) ] = (F)° [(FX)7 Y]
— () X9, (FY)Y] + (P [X, 7]}
= a{[FX,FY]Y — (F[FX,Y])"
_(F[X7FY]) _(F2[X7Y]) }
= N, YY)
O

Theorem 5. The Nijenhuis tensor N(psyc(psyc (XV,YV) of the complete lift of
F5 wvanishes.

Proof. Thus [XV,YV] =0 for all X,Y € If (M™), easily we get

Nipsyepsye (XY, YY) =0.
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2.2. The Purity Conditions of Sasakian Metric with Respect to (F°)® on
T(M™).

Definition 6. The Sasaki metric °g is a (positive definite) Riemannian metric on
the tangent bundle T(M™) which is derived from the given Riemannian metric on
M as follows:

Sg (XM, vH) 9(X)Y), (19)
Sg(XH7Yv) _ Sg(XV’YH):(L
fg(XV YY) = g(X)Y)

for all XY € S (M™).

Theorem 7. The Sasaki metric °g is pure with respect to (Fs)c if VE =0 and
F = a?I , where I =udentity tensor field of type (1,1).
Proof. S(X,Y) =5 g((FE’)C)N(,}N/) —5 g(X, (F5)C)~/) if $(X,Y) =0 for all vector
fields X and Y which are of the form XV, YV or X, YH then S =0.
i)
S(XV,YV> _ Sg((F5)CXV,YV) _S g(XV,(Fs)CYV)
= a{g((FX)", YY) =5 g(xV, (FY)")}
= a{(g(FX, V)" = (9(X,FY))"}
S(XV,YH) — Sg((FS)cXV,YH) —Sg(XV,(F5)CYH)
= —a® Sg(xV, (FY)" + (V,F)Y")
= —a? % (XV,(V,F)YH)
= —a® Yg(xV,(VF)u)Y)")
= —a’(g(X,(VF)u)Y)")
141)
S(XH7YH) — Sg((Fs)OXH,YH)—Sg(XH,(F5)CYH)
25g(()C XM,y M) —a? Sg(x M (1) YT
= a® Sg((FX)" + (v, F) X1 vy
—a® Sg(xXH, (FY)" 4 (v, F) Y1)
= g (FX). V) —g (X, (FY)"}
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Definition 8. Let ¢ € IH(M™), and S(M™) = Zi?s:o ST(M™) be a tensor alebra

over R. A map ¢, |, .0 S(M"™) — S(M") is called as Tachibana operatir or

¢, operator on M™ if
a) ¢, is linear with respect to constant coefficient,
*
b) ¢, 0 S(M™) — Iy 1 (M") for all 7 and s,

¢) d,(KSL) = (6,K) @ L+ K ®¢,L for all K, L € S(M"),
d) ¢,xY = —(Lyp)X for all X,Y € §5(M™), where Ly is the Lie derivation
with respect to Y (see [3,5,8]),
€)
(Poxm)Y = (d(rym))(¢X) — (d(ry (nop))) X + n((Ly¢)X)
¢X (o) = X (pyn) +n((Ly 9) X)

C *
for all n € SY(M™) and X,V € SE(M™), where 1y =n(Y) = n® Y, I7(M") the
module of all pure tensor fields of type (r,s) on M™ with respect to the affinor

c
field, ® is a tensor product with a contraction C [2,/4;,[12](see [13] for applied to
pure tensor field).

Remark 9. Ifr = s = 0, then from c),d) and e) of Deﬁnitior@ we have ¢,y (1yn) =
?X (vyn) — X (1pyn) for wyn € SY(M™), which is not well-defined ¢,,— operator.
Different choices of Y and n leading to same function f = wyn do get the same

values. Consider M™ = R? with standard coordinates z,y. Let ¢ = ( (1) (1) )

Consider the function f = 1. This may be written in many different ways as 1yn.

Indeed taking n = dx, we may choose Y = 8% orY = a% + aca%, Nov the right-
hand side of ¢,x (1tyn) = ¢X (1yn) — X(1pyn) is (pX)1 -0 = 0 in the first case,
and (¢X)1 — Xx = — X in the second case. For X = %, the latter expression is

—1#0. Therefore, we put r +s >0 [12].
Remark 10. From d) of Deﬁm’tim@ we have
PoxY = [pX,Y] - o[X,Y].
By virtue of
(X, 9Y] = fglX, Y]+ f(Xg)Y —g(Y /)X
for any f,g € SH(M™), we see that ¢,V is linear in X, but not ¥ [12].
Theorem 11. Let ¢, be the Tachibana operator and the structure (F5)C—a2FC =
0 defined by Definition @ and (@, respectively. If Ly F = 0, then all results

with respect to (F5)C is zero, where X,Y € S} (M), the complete lifts X¢ YC €
S (T (M)) and the vertical lift XV, YV € ¢ (T (M)).

i) ppsyexcYC = —a?((LyF)X)©
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ii) ¢psyoxcY” —a? (LyF) X)"

iti) ppryoxvY? = —a*(LyF)X)"
’i”l)) ¢(F5)0XVYV =0
Proof. 1)
C
dpoyexc Y’ = —(Lyc (F°)7)X¢

= a*{~Lyc (FX)° + (F)° LycX°}
= —d*((LyF)X)°
i)
SroyoxcY? = —(Lyv (F?)9)XC
= —Lyv (F?)° X+ (F?)° Lyv X°
= a®{~Lyv (FX)° + (F)° Lyv X%}
= —a®((LyF)X)"
i)
SroyexvYC = —(Lye (F?)9)xV
= —Lye (F)° XV 4+ (F?)“ LyeXV
= a®{~Lyc (FX)" + (F) Lyc X"}
= —a®((LyF)X)"
iv)
SpoyexvYV = —(Lyv (F)9)XV
= —Lyv (F) XV 4+ (F) Lyv XV
= 0
O

Theorem 12. If LyF = 0 for Y € M , then its complete lift Y to the tangent
bundle is an almost holomorfic vector field with respect to the structure (F5)C -
a’F¢ =0.

Proof. 1)

NXC = Lye (F)° X9~ (F?) LycXx©

= ¢*{Lyc (FX)° = (F)° LycX®}
a® ((LyF) X)°

(Lyc (F°)
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i)
(Lyc (F))XY = Lyc (F?)° XV = (F?)" LyexV
= a*{Lyc (FX)" = (F)° Lyc X"}
= d(LyF)X)¥

2.3. The Structure (F5)H —a?F = ( on Tangent Bundle T (M™).

Theorem 13. The Nijenhuis tensor N psym(psyn (XH YH) of the horizontal lift
of F wvanishes if the Nijenhuis tensor of the F is zero and {—(R (FX,FY)u) +
(F(R(FX,Y)u))+ (F(R(X,FY)w) - (F)* (R(X,Y)u))}¥ =0.
Proof.
Nepsyn sy (X7, Y1) = [(F2)" X7, (F2) " v 1) = (F2) " [(F?)" X7, Y]
— (P (P Y 4 (P (F9) (X
= a*{([FX,FY]— (F)[FX,Y]
— ()X FY] = (1) (F) X, Y)H
~(R(FX,FY)u)" + (F(R (FX,Y) )
HF(R(X, FY)u)Y ((F) (R(X,Y)u)"}
= a{(Npr (X,Y)" = (R(FX,FY)u)"
+HF(R(FX,Y)w)Y + (F(R(X,FY)u))"
—((F)* (R(X,Y)u))"}.
O
If Npp (X,Y) =0and {~R(FX,FY)u+(F(R(FX,Y)u)+(F(R(X,FY)u))—
(F)? (R(X,Y)u))}Y =0, then we get Npsyi(psyn (XH,YH) = 0. The theorem
is proved.

~ Where R denotes the curvature tensor of the affine connection V defined by
VxY =VyX + [X,Y] (see [17] p.88-89).

Theorem 14. The Nijenhuis tensor N psyu psyu (XH,YV) of the horizontal lift
of F? vanishes if the Nijenhuis tensor of the F is zero and VF = 0.

Proof.
Negsyneoyn (X1 ¥YV) = [(F7) " X7 (F9) " v V] = (9) " [(77) " X7V
= (P X (R (R (F) T (X YY)
= «{[FX,FY]Y = (FIFX,Y])V — (F[X,FY])"
H(F? X, Y)Y + (Vey FX)Y — (F (Vy FX))”
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—(F(VeyX)" +((F)*VyX)"}
= a{(Ner (X,Y) +(VeyF) X = (F((VyF) X))}
O

Theorem 15. The Nijenhuis tensor N psyu psyn (XV,YV) of the horizontal lift
of F? vanishes.

Proof. Because of [XV, YV] =0for X,Y € M, easily we get
Npsyupsyr (XV, YY) = 0.
O

Theorem 16. The Sasakian metric °g is pure with respect to (F5)H if F = a2l
where I =identity tensor field of type (1,1).
Proof. S()?,f/) =5 g((F5)H )Z',f/) - g()?, (F5)H }N/) if S()?, }7) = 0 for all vector
fields X and Y which are of the form XV, YV or XH YH then S = 0.
i)
S(XV,YV) — Sg((F5)HXV7YV) _S g(XV,(FE’)HYV)
= @ {Fg(FX)", YY) =T g(xV, (FY)")}
1% 1%
= {(g(FX,Y))" —(9(X,FY))"}

S(XV,YH) _ Sg((F5)HXV,YH) —Sg(XV,(FE’)HYH)
= —a?Sg(xV, (FY)")
=0
141)
S(XH7yH) _ Sg((F5)HXH7yH) _Sg(XHy(F5)HyH)

— CL2 {(Sg<FX)H7YH)—Sg(XH7<FY)H>}
= @ {(g(FX).,Y)" — (9(X,(FY)")"}
g

Theorem 17. Let ¢, be the Tachibana operator and the structure (F5)H—a2FH =
0 defined by Deﬁm’tion@ and , respectively. if Ly F = 0 and F = a®I, then
all results with respect to (F5) is zero, where X,Y € S} (M), the horizontal lifts
XH YH ¢ L (T (M™)) and the vertical lift XV, YV € S§ (T (M™))

i) droyuxnY! = —a’{=((LyF) X)" + (R(Y,FX)u)" — (F(R(Y,X)u))"},

it) $poyuxnY" = = ((LyF)X)" + (VyF)X)"},
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iii) G(poyuxv Y o {— (Ly F) X)V = (Vex V)" + (F (VxY)"},
) GpsyuxvY’ = 0,
Proof. 1)
dnyuxuY T = —(Lyw (F5)")XH
= Ly (F)" X" 4 (F)) Lynx"
= —a®[Y,FX]" + a*>yR[Y, FX]
+a2( v, X)) = a? ()" (R(Y, X) w)"
= —d{~((LyF) X)" + (R(Y,FX)u)”
—(F(R(Y,X)u)"}
i)
SroynxnY" = —(Lyv (F)"xH
= —Lyv (FPX)" + (F)" Lyv xH
= —a®[V,FX]" +a®(VyFX)¥
o> (F[Y, X))V = a® (F (VyX))"
= { (LyF) X)" + (VyF) X)"}
i)
benyuxv Y™ = —(Lys (F?)")xV
= —Lyu (FPX)" + (F)" LynxV
= &Y, FX]¥ —a®(VpxY)"
> (F[Y, X" +a® (F (VxY))"
= = ((LyF) X)" = (VexY)" + (F(VxY)"}
i)
Spoyuxv YV = —(Lyv (F7)")xV
= —d®’Lyv (FX)" +a®(F)" LyvxV
0
O

2.4. The Structure (F5)? —q?FH = 0 on Cotangent Bundle. In this section,
we find the integrability conditions by calculating Nijenhuis tensors of the horizontal
lifts of F,(5,1)—structure. Later, we get the results of Tachibana operators applied
to vector and covector fields according to the horizontal lifts of F,(5,1)—structure



ON THE LIFTS OF F,(5,1)-STRUCTURE ON TANGENT & COTANGENT BUNDLE 377

in cotangent bundle T*(M™). Finally, we have studied the purity conditions of
Sasakian metric with respect to the lifts of the structure.

Let F, G be two tensor fields of type (1,1) on the manifold M. If F¥ denotes
the horizontal lift of F', we have [17]

FHEGH 1 GHFH = (FG + GF)?
Taking F' and G identical, we get
(FH)? = (F2)H (20)
Multiplying both sides by F¥ and making use of the same , we get
(FH)3 _ (FS)H

and so on. Thus it follows that

(R = (FH" (21)
and so on. Thus
(R = (F)" (22)
Since F' gives on M the Fy(5,1)—structure, we have
F° —a®F =0. (23)
Taking horizontal lift, we obtain
(F)YH —a?FH = 0. (24)
In view of , we can write
(FH)> —a?FH = 0. (25)

Theorem 18. The Nijenhuis tensor N(FS)H(FS)H(XH,YH) of the horizontal lift
F? vanishes if F' = a1 on M.

Proof. The Nijenhuis tensor N (X, Y#) for the horizontal lift of F° is given by
Npsym (poyn (X YH) = [(F)HXH (FORYH] — (FO)P[(FO)R X, YT
(EYHXH ()Y ) 4 (R (E) X Y
= dH{{(B)IXT (F)TYH] — (B)F[(F) X, Y]
(B XH (A)PY ]+ (R (F) X, YT}
= o'{{[FX,FY] - F[(FX),Y] - F[X, FY]
+FAX, YW +y{R(FX,FY) - R(FX),Y)F
~R(X,FY)F? + R(X,Y)F?}}
Let us suppose that F = a?I on M. Thus, the equation becomes
Nigsyu oy (XY ) = o {{IX, Y] - [X,Y] = [X, Y]+ [X, Y]}
+v{R(X,Y) - R(X,Y) - R(X,Y)+ R(X,Y)}.
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Therefore, it follows
Nipsyu (poyu (XYY =0
O

Theorem 19. The Nijenhuis tensor N psyupsyn (X7, wY) of the horizontal lift
F® vanishes if VF = 0.

Proof.
Nepoy oy (X7,0¥) = [(FO)HXH (FO) V] — (F)H[(FO) X1 V]
C(FOYH[XH (FH)HGV] 1+ (F)H(FOH[XH WY
= a{(Vrx(wo F))" = ((Vrx)o F)"
~(Vx(wo F)) o F)Y + ((Vxw)o )}
= a"{(wo(VpxF)— (wo (VxF)F}V
where F € SHM), X € S§(M), w € SY(M). The theorem is proved. O

Theorem 20. The Nijenhuis tensor Npsyu (psym(w”, 0Y) of the horizontal lift F®
vanishes.

Proof. Because of [w",0V] = 0 and wo F € SY(M™) on T*(M"), the equation
becomes
N(FS)Hﬁ(FE))H(wV,eV) = 0.
|

Theorem 21. Let (F°)H be a tensor field of type (1,1) on T*(M™). If the
Tachibana operator ¢, applied to vector and covector fields according to horizontal
lifts of F° defined by on T*(M™), then we get the following results.

i) prsyuxn Y = a*{—((LyF)X)" — (pR(Y, FX))"
+((pR(Y, X))F)"},

it) ¢(poynxnw” a*{(Vrxw)” = ((Vxw)o F)"},

iii) ¢psym v X

—a*(wo (VxF))Y,

7;'0) ¢(F5)vagv = 0,

where horizontal lifts X# Y € S{(T*(M™)) of X,Y € I3(M™) and the vertical
lift ¥, 0" € SHT*(M™)) of w, 6 € IY(M™) are given, respectively.

Proof. 1)
Gsyuxn Y = —(Lyn(F°)") X"
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= —Lyu(F)IXH ¢ (F)YHLyuX?
= H{~((LyF)X)" — (pR(Y, FX))"
+((pR(Y, X))F)"}

i)
¢(F5)HXHwV = _(LwV(F5)H)XH
= —Ly(FOHEXH ¢ (FHYHL , xH
= —a’L,v(FX)" - a*(F)"(Vxw)¥
= a{(Vrxw)" = (Vxw) o F)"},
)
Ppoyrov X = —(Lxn(F°)T)w?
= —a(Vx(wo )V +a*((Vxw) o F)"
= —a*(wo(VxF))V
i)
Srsynv 8’ = —(Lov (F*)T)w"
= —Lov(F)HWY + (FH)H Lypvw
0

O

Definition 22. A Sasakian metric °g is defined on T*(M™) by the three equations

Tgw”,0") = (g7 (w,0)" =g~ (w, 0)or, (26)
Sg(w¥, Y =0, (27)
Sg(XP YH) = (9(X,Y)) =g(X,Y)om (28)

For each € M™ the scalar product g~! = (¢%) is defined on the cotangent
space 7~ 1(z) = T (M™) by

g_l(w7 9) = gljw19j7 (29)

where X,Y € S3(M™) and w,0 € SY(M™). Since any tensor field of type (0,2)
on T*(M™) is completely determined by its action on vector fields of type X and
w" (see [17], p.280), it follows that g is completely determined by equations (26)),

Y )
Theorem 23. Let (T*(M™),% g) be the cotangent bundle equipped with Sasakian
metric g and a tensor field (F)H of type (1,1) defined by . Sasakian metric
Sg is pure with respect to (F°)H if F = a®I (I = identity tensor field of type (1,1)).
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Proof. We put

S(X,Y) =5 g(F)"X,Y) =% g(X,(F°)"Y).
If S(X,Y) = 0, for all vector fields X and Y which are of the form w",8" or

XH YH then S = 0. By virtue of (F°)# —a?FH =0 and , , , we get

i)
SWY,0Y) = Sg((FO)TWY,0Y) =5 gV, (F5)78Y)
— Sg((a®F)TwV,0V) =5 gV, (a2F)78Y)
= (g((wo F)Y,0") =5 g(w", (00 F)")).
i)
S(XT0V) = Sg((F)X™,0") =5 g(X, (F)"9")
Sg((@2F)TXT 9V) =5 g(XT, (a2 F)H9)
= a*(Fg((FX)",0V) =" (X", (wo F)))
= 0.
i)
S(XH YH) = Sg((FOYIXH yH) S o(xH (F5)TyH)
— Sg((@2F)TXH YTy -8 o(xXH (a2F)TYH)
= d*Cg((FX)", YT =% g(x" (FY)™)).
Thus, F = a?1, then ®g is pure with respect to (F®)H. O
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