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Abstract. A star coloring of a graph G is a proper vertex coloring in which
every path on four vertices in G is not bicolored. The star chromatic number
χs (G) of G is the least number of colors needed to star color G. In this paper,
we find the exact values of the star chromatic number of modular product
of complete graph with complete graph Km �Kn, path with complete graph
Pm �Kn and star graph with complete graph K1,m �Kn.

1. Introduction

All graphs in this paper are finite, simple, connected and undirected graph and we
follow [2,3,7] for terminology and notation that are not defined here. We denote the
vertex set and the edge set ofG by V (G) and E(G), respectively. Branko Grünbaum
introduced the concept of star chromatic number in 1973. A star coloring [1, 5, 6]
of a graph G is a proper vertex coloring in which every path on four vertices uses
at least three distinct colors. The star chromatic number χs (G) of G is the least
number of colors needed to star color G.
During the years star coloring of graphs has been studied extensively by several

authors, for instance see [1, 4, 5].

Definition 1. A trail is called a path if all its vertices are distinct. A closed trail
whose origin and internal vertices are distinct is called a cycle.
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Definition 2. A graph G is complete if every pair of distinct vertices of G are
adjacent in G. A complete graph on n vertices is denoted by Kn.

Definition 3. A star graph is a complete bipartite graph in which m − 1 vertices
have degree 1 and a single vertex have degree (m− 1). It is denoted by K1,m.

Definition 4. The modular product [8] G �H of two graphs G and H is the graph
with vertex set V (G)×V (H), in which a vertex (v, w) is adjacent to a vertex (v′, w′)
if and only if either

• v = v′ and w is adjacent to w′, or
• w = w′ and v is adjacent to v′, or
• v is adjacent to v′ and w is adjacent to w′, or
• v is not adjacent to v′ and w is not adjacent to w′.

2. Main Results

In this section, we find the exact values of the star chromatic number of modular
product of complete graph with complete graphKm�Kn, path with complete graph
Pm �Kn and star graph with complete graph K1,m �Kn.

2.1. Star chromatic number of Km �Kn.

Theorem 1. For any positive integers m,n ≥ 2,

χs(Km �Kn) =

{
m, when n = 2
n(m− 1), Otherwise.

Proof. Let Km be the complete graph on m vertices and Kn be the complete graph
on n vertices. Let

V (Km) = {ui : 1 ≤ i ≤ m}
and

V (Kn) = {vj : 1 ≤ j ≤ n}.
By the definition of the modular product, the vertices of Km � Kn is denoted as
follows:

V (Km �Kn) =

m⋃
i=1

{(ui, vj) : 1 ≤ j ≤ n}.

Case(i): When m ≥ 2 and n = 2
Let {c1, c2, . . . , cm} be the set of m distinct colors. The vertices (ui, vj) where
1 ≤ i ≤ m and 1 ≤ j ≤ 2 can be colored with color ci. Thus χs(Km �Kn) = m.
Suppose χs(Km � Kn) < m, say m − 1. Then the vertices (ui, vj) where 2 ≤ i ≤
m, 1 ≤ j ≤ 2 has to be colored with one of the existing colors {1, 2, . . . ,m − 1}
which results in improper coloring and also gives bicolored paths on four vertices
(since the vertices (ui, v1), 1 ≤ i ≤ m and the vertices (ui, v2), 1 ≤ i ≤ m forms
bipartite graphs) and so contradicts the star coloring. Hence χs(Km �Kn) = m.
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Case(ii): When m ≥ 2 and n > 2
Let {c1, c2, . . . , cn(m−1)} be the set of n(m − 1) distinct colors. For 1 ≤ i ≤ 2 and
1 ≤ j ≤ n, the vertices (ui, vj) can be colored with color cj , and for 3 ≤ i ≤ m
and 1 ≤ j ≤ n, the vertices (ui, vj) can be colored with color c(i−2)n+j . Thus
χs(Km �Kn) = n(m− 1) when m ≥ 2, n ≥ 3.
Suppose χs(Km �Kn) < n(m− 1), say n(m− 1)− 1. Then the vertex (um, vn) has
to be colored with one of the existing colors {1, 2, . . . , n(m−1)−1} which results in
improper coloring and also gives bicolored paths on four vertices (since (um, vn) is
adjacent to every vertices (ui, vj), 1 ≤ i ≤ m−1, 1 ≤ j ≤ n−1) and this contradicts
the star coloring. Hence χs(Km �Kn) = n(m− 1). �

2.2. Star chromatic number of Pm �Kn.

Theorem 2. For any positive integers m,n > 1,

χs(Pm �Kn) =


3, when m > 4, n = 2
n, when m = 2, 3 and n > 2
n+ 1, when m = 4, n ≥ 2
2n, Otherwise.

Proof. Let Pm be the path graph on m vertices and Kn be the complete graph on
n vertices. Let

V (Pm) = {ui : 1 ≤ i ≤ m}
and

V (Kn) = {vj : 1 ≤ j ≤ n}.
By the definition of the modular product, the vertices of Pm � Kn is denoted as
follows:

V (Pm �Kn) =

m⋃
i=1

{(ui, vj) : 1 ≤ j ≤ n}.

Case(i): When m > 4 and n = 2
Let {c1, c2, c3} be the set of 3 distinct colors. Then the vertices (ui, vj) where
1 ≤ i ≤ dm2 e and 1 ≤ j ≤ 2 are colored with color c1. For i ≡ 2 (mod 4), 1 ≤ i ≤ m
and 1 ≤ j ≤ 2, the vertices (ui, vj) can be colored with color c2. Similarly, the
vertices (ui, vj) where i ≡ 0 (mod 4), 1 ≤ i ≤ m and 1 ≤ j ≤ 2 can be colored with
color c3. It is obvious that χs(Pm �Kn) = 3 when m > 4 and n = 2.
Case(ii): When m = 2, 3 and n > 2

Let {c1, c2, . . . , cn} be the set of n distinct colors. The vertices (ui, vj) where
1 ≤ j ≤ n and i = 1, 2, 3 can be colored with color cj . Thus χs(Pm �Kn) = n when
m = 2, 3 and n > 2.
Suppose χs(Pm �Kn) < n, say n− 1. Then the vertices (ui, vn), 1 ≤ i ≤ m has to
be colored with one of the existing colors {1, 2, . . . , n−1} which results in improper
coloring since the vertices (ui, vn), 1 ≤ i ≤ m is adjacent to the vertices colored with
colors 1, 2, . . . , n− 1 and so contradicts the star coloring. Hence χs(Pm �Kn) = n.
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Case(iii): When m = 4 and n ≥ 2
Let {c1, c2, . . . , cn+1} be the set of n + 1 distinct colors. For 1 ≤ i ≤ 3 and
1 ≤ j ≤ n, the vertices (ui, vj) can be colored with color cj . And the vertices
(u4, vj), 1 ≤ j ≤ n, can be given the color cj+1. Thus χs(Pm �Kn) = n + 1 when
m = 4 and n ≥ 2.
Suppose χs(Pm �Kn) < n+ 1, say n. Then the vertices (u4, vj), 1 ≤ j ≤ n has to
be colored with the jth color which results in bicolored paths on four vertices and
so contradicts the star coloring. Hence χs(Pm �Kn) = n+ 1.
Case(iv): When m > 4 and n ≥ 3

Let {c1, c2, . . . , c2n} be the set of 2n distinct colors. The vertices (ui, vj) where
i ≡ 1, 2, 3 (mod 4), 1 ≤ i ≤ m and 1 ≤ j ≤ n can be colored with color cj , and the
vertices (ui, vj) where i ≡ 0 (mod 4), 1 ≤ i ≤ m and 1 ≤ j ≤ n can be given the
color cn+j . Thus χs(Pm �Kn) = 2n when m > 4 and n ≥ 3.
Suppose χs(Pm � Kn) < 2n, say 2n − 1. Then the vertices (ui, vn) where i ≡ 0
(mod 4), 1 ≤ i ≤ m has to be colored with one of the colors {1, 2, . . . , 2n−1} which
results in bicolored paths on four vertices and so contradicts the star coloring.
Hence χs(Pm �Kn) = 2n. �
2.3. Star chromatic number of K1,m �Kn.

Theorem 3. For any positive integers m ≥ 2 and n ≥ 3,

χs(K1,m �Kn) = n.

Proof. Let K1,m be the star graph on m+1 vertices and Kn be the complete graph
on n vertices. Let

V (K1,m) = {u1} ∪ {ui : 2 ≤ i ≤ m+ 1}
and

V (Kn) = {vj : 1 ≤ j ≤ n}.
By the definition of the modular product, the vertices of K1,m �Kn is denoted as
follows:

V (K1,m �Kn) =

m+1⋃
i=1

{(ui, vj) : 1 ≤ j ≤ n}.

Let {c1, c2, . . . , cn} be the set of n distinct colors. The vertices (ui, vj) where 1 ≤
i ≤ m+1 and 1 ≤ j ≤ n can be colored with the color cj . Thus χs(K1,m �Kn) = n.
Suppose χs(K1,m �Kn) < n, say n − 1. Then the vertices (ui, vn), 1 ≤ i ≤ m + 1
has to be colored with one of the existing colors {1, 2, . . . , n − 1} which results in
improper coloring (since the vertices (ui, vn), 2 ≤ i ≤ m + 1 is adjacent to every
vertices (u1, vj), 1 ≤ j ≤ n− 1 which are colored 1, 2, . . . , n− 1 and also since the
vertex (u1, vn) is adjacent to every vertices (ui, vj), 2 ≤ i ≤ m + 1, 1 ≤ j ≤ n − 1
which are colored 1, 2, . . . , n − 1 and this contradicts the star coloring. Hence
χs(K1,m �Kn) = n, when m ≥ 1, n ≥ 3. �
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