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Some Divisibility Properties of Lucas Numbers
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ABSTRACT. The Lucas number sequence is a popular number sequence that has been described as similar to the
Fibonacci number sequence. A lot of research has been done on this number sequence. Some of these studies are
on the divisibility properties of this number sequence. Carlitz (1964) examined the requirement that a given Lucas
number can be divided by another Lucas number. After that, many studies have been done on this subject. In the
present article, we obtain some divisibility properties of the Lucas Numbers. First, we examine the case L1y /Ln
and then we obtain L), using different forms of Lucas numbers.
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1. INTRODUCTION

L, nth term of Lucas sequence with Ly = 2, L; = 1, and L, = L, + L,—;, n > 0. The first few Lucas numbers are
2,1,3,4,7,11,18,29,47,76,123,199, 322, ...

Leta = ”T‘B and 8 = I‘T\@ are the roots of the quadratic equation x> — x — 1 = 0, then L,, = o + 8". It is obvious
thata+8=1,a8=-1,0>=a+1land > =B+ 1.

Many studies have been conducted on the divisibility properties of Lucas numbers. Carlitz [1] proved that "L, 1 L,
= n = (2k — 1)m, m > 1”. Carlitz and Hunter [2] have reached the following equations;

2
I A 2[2.02-5-1]",

n+1
L, -Ly-L, = S5LyaLL,|2.L7-5(-1)"],
2
L, -L L, = T7LyLL, [2.L5 —5(—1)"] .

Also, Carlitz [3] obtained [a*L, + 3] = Lysg ,n > k+2 k> 2.
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Hoggatt [5] achieved the following equations in his work titled Lucas triangle;

L= L,
L} = Ly, +2(-1)",
L3 = Lg, +8(-1)"LS —20.L} + 16(-1)"L> - 2.

Vajda [11] has reached many equations regarding Lucas Numbers. Some of these are
i. Let t odd prime, L, = L¥ + Z%i/lzj ’7‘ (=1)it+D .Ltk_zi(k;:]),

ii. If (s,t) = d, than (L, L;) = Ly,

iii. Lyyy + (=1)" Ly, = L,.Ly,

iv. (Ly)* = Loy + (-1)" .2,

v. If p is prime, than L, = 1(mod p).

Koshy has done some studies on Lucas numbers. Some of these are given below:
i [8] L2m+2n + L2m—2n = L2m-L2n and L%Jrr + Lgf,ﬁ = L2n-L2r + 4'(_1)n+r’

ii. [9] Li + Ll%-H = Lo+ Logsa, L2+1

and Lm+r'Lm+r+l + Lm—r~Lm—r+l = L2m+1 + L2r + 2'(_1)m+r’

iii. [101 12, — L2 = L, y.Lys2, L3, = L. [Lyy — (=1)"]and L,_y L,y — L2 = 5.(-1)"Lr> 1.

n+1

+ Lfl - Lz—l = 5L3n, Linir-Linsrst + Linr Lin—r11 = Lomi2rs1 + Lop2r41 + 2.(_1)m+r

In addition, Hoggatt and Bergum [6] examined the divisibility and congruance relationships in Lucas numbers.
Keskin and Bitim [7] studied on Fibonacci and Lucas congruences and obtained divisibility properties of Fibonacci

and Lucas numbers. In [4] authors obtained congruences including Fibonacci and Lucas numbers.

2. SoME DivisiBILITY PROPERTIES OF LucAs NUMBERS

Theorem 2.1. Let m is a naturel number, then

L /L _ (L3m/Lm)2 - (L3m/Lm) - 1, mis Odd
SEm = (Lap/ L) + (Lam /L) — 1, m is even.

Proof. Let m be odd and consider the Binet’s formula L, = " + 8", then

2 _ —
(L'im/Lm) (L3m/Lm) 1 am +ﬁm am +Bm

(a3m +ﬁ3m)2 ~ (a,3m +ﬁ3m) L
= ((az’” +ﬁ2’”) + 1)2 - (az"’ + B2+ 1) -1
— a4m _ (a.ﬁ)m 'QZm _ (O/ﬂ)m '182111 + aZm'ﬁZm +ﬁ4m

(am +ﬁm) (a4m _ aSm.ﬁm + a2m'182m _ a,m.ﬁ3m +[g4m)

( am + ﬂm)

= Lsy, / Ly,.

The proof is similar for m is even.

Theorem 2.2. Let m,n are naturel numbers, for n > 3, then

(L(2n—3)m /Lm) . (L(2n+1)m/Lm) + (L3m/Lm) + 1, m is odd

Lon-tym/Ln)* = .
( @ l)m/ m) { (L(Zn—S)m/Lm) . (L(2n+1)m/Lm) = (Lam/Ln) + 1, mis even.
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Proof. Let m be even and consider the Binet’s formula L, = " + ", then

(L(Zn—3)m/Lm) . (L(2n+1)m/Lm) - (L3m/Lm) +1
(2n-3)m (2n—3)m 2n+1)m (2n+1)m 3m 3m
a +8 . a +8 (" +B 1
am+ pm a™ + g a™+ gm
CZ(Zn—l)Zm + (a.ﬂ)Zmn . (a,—?)m‘ﬁm + a/m.ﬁ—Sm) +B(2n—l)2m _ a,4m
(@™ + ™) (@™ + ")
_a,m.lg'jm _ﬁm.aﬁim _’B4m + a,Zm +2. (a,ﬁ)m +ﬁ2m

(@™ +pm) (™ + ™)

a(Zn—l)Zm +ﬁ4m + a,4m +IB(2n—l)2m _ a,4m _IBZm _ a,2m _ﬁ4m + a,2m +2 +B2m

@+ ") (@ + ")
a(Zn—l)Zm +2 +ﬁ(2n—1)2m
@+ B (@ + B
a,(Zn—l)Zm +2 (a,'lB)(Zn—l)m +ﬁ(2n—l)2m
@+ ™) (@ + B")

(a(Zn—l)m n B(Zn—l)m)z

(m +pmy?
(Len-tym/ L)’ -

The proof is similar for m is odd.

Theorem 2.3. Let m > 3 and n > 4 are naturel numbers, then

Lon—tym/ Ly = {

Proof. Let m be odd and consider the Binet’s formula L, = " + ", then

(Lam/Lm) - [(Lan-3m/ L) — (Lan-5ym/ Lin)] + (L@n=7ym/Lm)

(a,3m +ﬁ3m) [a(2n—3)m +ﬂ(2n—3)m _ a(2n—5)m _’3(2n—5)m} . (Q(Zn—7)m +[3(2n—7)m

a™ + IBm a™ + ﬂm am + IBm
aan + aSm"B(Zn—:i)m _ a,(2n—2)m _ a,3m"B(2n—5)m +ﬁ3m‘a,(2n—3)m +ﬁ2nm

(@™ +pB").(a™ +p")

. _ﬂ3m'a,(2n—5)m _ﬁ(Zn—Z)m + a,(2n—6)m + a,m'ﬁ(Zn—7)m +ﬁm'a,(2n—7)m +IB(2n—6)m

(@™ +pm).(a™ + pm)
a4 grm 4 g2 g~ (ﬁ3’".a4’" —B.aP"m — oo+ BT+ cx’”)
(@™ +pm). (@™ +pm)
B B (o g~ o g By o 4 B
’ @+ ) (@ + B
a2 4 ﬂan + g2 o~ Tm. (_a,Sm) + ﬁ2nm‘ﬁ—7m. (_IBSm)
(@™ +pm). (" +p")
¥ 4 (@B 0P 4 B 4 (o B G 20
(@™ +pm). (" +pm)
@ (@M + B + BB (@ 4 BT
(@™ +pm). (@™ + ")
Q@n=m . gen=nm
o+ B
Lon-1ym/ L.

(Lam/Lw) - [(Len-3ym/ L) = (Len=sym/Lm)] + (Ln=1ym/Lw), m is odd
(L3m/Lm) . [(L(Zn—3)m/Lm) + (L(Zn—S)m/Lm)] - (L(Zn—7)m/Lm) , m is even.

|
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The proof is similar for m is even. O

Theorem 2.4. Let m, n are naturel number, n > 3, then

(len + 2) Lon-3ym = Lon-sym,»  mis odd
L(Zn hm = 2 .
(Lm - 2) Lon-3yn — Lon-5ym, m is even.

Proof. Let m be even and consider the Binet’s formula L, = o + ", then

(L,Zn - 2) Lon-3m = Lan-sm

— [(am +ﬂm)2 _ 2] . (a,(Zn—3)m +ﬁ(2n—3)m) _ a(2n—5)m _B(Zn—S)m
_ a(2n—1)m + a,2m ﬁ(Zn—3)m +B2m a(2n—3)m +B(2n—l)m _ a,(2n—5)m _B(Zn—S)m

— a(2n—1)m +B(2n—l)m + a,2nm.a—5m. [(a.ﬂ)Zm _ l] +ﬂ2nm'ﬁ—5m' [(a'ﬂ)Zm _ l]

a,(2n—l)m +B(2n—1)m — L(2n—1)m~

The proof is similar for m is odd. O

Theorem 2.5. Let m, n are naturel number, then

n+l _2n+1  (2n-r+1\ y2n- 2r+3 .

L(2 m = r=1 2n—2r+3( r—1 )L mis Odd;
rebm ntl _2ntl_(2n-r+1) 720-2r43 (_1yr+l .

r=1 2n—2r+3( r—1 >'Lm (=D, mis even.

Proof. Let m be odd.
The statement is true forn = 1 and n = 2
Assume the correctness of the statement for n = k — 1 and for n = k, and prove the statement for n = k + 1.
By using Theorem 2.4 when m is odd and assumption, we obtain

k+1
2
Lokam = (Lm + 2)

241 (2Kk=r+1) o
2k—2r+3 r—1 )"

_Z 2k—-1 (2k-r-1 22l
2k-2r+1\ r—1 7™

2k+1 (2k-r+1 [2k-2r45
— 2k —2r+3 T

G 4k+2 (Zk —r+ 1)'L2,(_2,+3

r—1

2k—2r+3 r—1
_Z 2k—1 (2k-r—-1 [2k-2r+]
2%k -2r+1\ r—-1 |7

2k+1  (2k—-r—1
— L2k+3 + 2k+1 L2k+1 + s 'sz—2r+l
( )- Z 2k—=2r—1\ r+1 "

4k +2 (2k—-r
2L Gk ) Ly Y 22
( ) Z 2k=2r+1\ r "
k1

—Qk—-1).L, - 2k —1 (2]‘_ rl_ 1) 7 2k=2r+1

— 2k=2r+1\ r- o
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= L2 4 Qk+3).L22" + 2k +3).L,

k—1 2.2k+1).(k—r)
LS (PR oo Ckn. k- T
+1 “Lm . 2.2k+1).(r+1) _ r.(2k—1).(r+1)
r=1 r (2k=2r+1).2k—r+1) (2k—r)(2k=2r+1)(2k—r+1)

= L2 4 Qk+3).L2" + 2k +3).L,

+ki 2k=r+1) oo 2k+3
o r+1 7" 2k -2r+1

8 2%+3 (2k-r+3 [2karss
C 42k-2r+5\ r—-1 )"
The proof is similar for m is even. O
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