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ABSTRACT.  In this paper, we present Binet’s formulas, generating functions, and the summation formulas for
generalized Hexanacci numbers, and as special cases, we investigate Hexanacci and Hexanacci-Lucas numbers
with their properties. Also, we define Gaussian generalized Hexanacci numbers and as special cases, we investi-
gate Gaussian Hexanacci and Gaussian Hexanacci-Lucas numbers with their properties. Moreover, we give some
identities for these numbers. Furthermore, we present matrix formulations of generalized Hexanacci numbers and
Gaussian generalized Hexanacci numbers.
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1. INTRODUCTION AND PRELIMINARIES

In this paper, we investigate generalized Hexanacci numbers and give properties of Hexanacci and Hexanacci-Lucas
numbers as special cases. We also define Gaussian generalized Hexanacci numbers and give properties of Gaussian
Hexanacci and Gaussian Hexanacci-Lucas numbers as special cases. First, in this section, we present some background
about generalized Hexanacci numbers.

There have been so many studies of the sequences of numbers in the literature which are defined recursively. Two
of these type of sequences are the sequences of Hexanacci and Hexanacci-Lucas which are special case of generalized
Hexanacci numbers. A generalized Hexanacci sequence {V,},50 = {V.(Vo, Vi, V2, V3, V4, Vs)lus0 is defined by the
sixth-order recurrence relations

Vi=Vig+ Vi + Vi3 + Vg + Vs + Vi, (1.1

with the initial values Vy = cg, V| = ¢1, V2 = ¢2, Va3 = ¢3, V4 = ¢4, V5 = ¢s not all being zero.
The sequence {V,},>0 can be extended to negative subscripts by defining

Vo=V )y = Ve = Vo3 = Veedy = Veuos) + Vouos)s

forn = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
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The first few generalized Hexanacci numbers with positive subscript and negative subscript are given in the follow-
ing Table 1:

Table 1. A few generalized Hexanacci numbers

n V V_u

0 Co Co

1 C1 —C)—C] —Cp—C3—C4q4+C5
2 Co 2C4 —C5

3 Cc3 2C3 — C4

4 Cy 262 —C3

5 Cs 26‘1 —C

6 cot+cr+cy+c3t+cg+cs 2¢co — ¢y

7 Co+2C] +2C2+ZC3 +2€4+2C5 —36‘0—26’1 —26‘2—26‘3 —ZC4+2CS
8 2co+ 3¢y +4cy +4ces + ey + 4des co+cp+cy+c3+5cq—3cs
9 dco + 6¢1 + Tep + 8¢z + 8¢a + 8cs dey —dey + 5

10 8c¢p + 12¢y + 14¢y + 15¢3 + 16¢4 + 16¢5 dey —4des + ey

11 16c¢o + 24c; +28c, + 30c3 + 31cy + 32¢5 dcy —4er + c3

We consider two special cases of V,, : V,(0,1,1,2,4,8) = H, is the sequence of Hexanacci numbers (sequence
A001592 in [20]) and V,(5,1,3,7,15,31) = E, is the sequence of Hexanacci-Lucas numbers (A074584 in [20]). In
other words, Hexanacci sequence {H,},>0 and Hexanacci-Lucas (or companian Hexanacci or Esanacci ) sequence
{E,}.>0 are defined by the sixth-order recurrence relations

H,=H, \+H,2+H, 3+H, 4+H, s+H,6 Hy=0, H =1, Hy =1, Hy =2, Hy =4, H5 =8,
and
E,, =F, 1+ En—2 + En—3 + E,1_4 +En_5 + En_(,, EO =0, E, = 1, E, = 3, E3 = 7, E, = 15, E5 = 31,

respectively. Hexanacci sequence has been studied by many authors, see [14, 18].
Next, we present the first few values of the Hexanacci and Hexanacci-Lucas numbers with positive and negative
subscripts in the following Table 2:

Table 2. A few Hexanacci and Hexanacci-Lucas Numbers
n -10 -9 -8 -7 -6 -5 4 -3 -2 -1 0123 4 5 6 17 8 9 10
H, 0 o o 0o -11 0 O O O o1 1 2 4 8 16 32 63 125 248
E, -1 -1 -1 -8 11 -1 -1 -1 -1 -1 6 1 3 7 15 31 63 120 239 475 943

Exact formulas for the nth Hexanacci number and the nth Hexanacci-Lucas number can be given explicitly in terms
of the six roots of of the equation

x6—x5—x4—x3—x2—x—1=0,

as follows: for all integers n, usual Hexanacci and Hexanacci-Lucas numbers can be expressed using Binet’s formulas

an+4 IBn+4
H, =
(a = B)a —y)a—o)a - D(a— ) " B-a)B-y)B-0)B-DB—w
yn+4 6n+4
i -y =By =)y -y —p " (0—a)0=P)0 —y)6— D6 —p)
/ln+4 Hn+4

A=A - NA=-)A—p) - - P - -0 — )’
(see Theorem 2.2) or

-1 -1 -1 60—1 A-1 -1
Hn — a an—l + ,8 ﬁn—l + Y ,yn—l + n—1 + n—1 + H ﬂn—l’
Ta —12 6 —-12 Ty —12 76 -12 TA—-12 Tu—12

(1.2)
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(see [5]) or

H B al’l ﬂn ,.yl‘l
w = + +
—P+a3+202+10a-1 - +p3+282+108-1 -y +9y3+292+10y-1
6}1 /"ln #n

+ + + ,
P+ +202+106-1 - +B+22+101-1 —pwS+pd+2u2+10u-1

(see, for example, http://mathworld.wolfram.com/HexanacciNumber.html)
and

E,=a"+B"+y"+8"+ 2"+ ",
respectively, where x| = @, x, = 8,x3 = v, x4 = 6, x5 = A and xg = yu are the roots of the equation
B - -F-xP-x-1=0. (1.3)

Note that we can write the Binet’s formulas for H, and E,, as follows:

6 n+4
X
P
H, = Z 6 ’
p=1 n(xp_xq)
q=1
pq
6
x,—1
H — Z 14 n 1’
" Tx, — 1277
p=1
6 n
Xp
He = 2= S0+ 2.2+ 10x, - 1
X X+ 2x Xp
and
6
E, = ng,
p=1
respectively.

Moreover, the approximate value of @, 3, ¥, d, 4 and y are given by

a = 1.9836,
B = -0.84031,

y = 0.39029 +0.817 86 i,
§ = 039029 -0.81786,
A = -046193+0.71914 1,
g = -046193-0.71914 .

In fact, there are no solutions of the characteristic equation (1.3) in terms of radicals, see [28].
Note that we have the following identities:

19
-1

a+B+y+o+A+pu
afyoip

2. PrOPERTIES OF GENERALIZED HEXANACCI NUMBERS
In this section, we present Binet’s formulas, the generating functions, and the summation formulas for generalized
Hexanacci numbers.

First, we give the ordinary generating function ), V,x" of the sequence V.
n=0
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Lemma 2.1. Suppose that fy (x) = », V,x" is the ordinary the generating function of the generalized Hexanacci
n=l
sequence {V,},>0.Then fy, (x) is given by

Vo+r (Vi=Vo)x+ (Vo= Vi = Vo)x? + (V3 = Vo = Vi = Vo)
+(Vy=V3 =V, =V, — V())x4 + (Vs =Vy4—-V3-V, =V - V()))CS

fo ) = l—x—x2—-x3—x*—x5—x 2D
Proof. Using (1.1) and some calculation, we obtain
Fo,(0) = Xy, () = 2 fir,(0) = 2 fy,(x) = & f, (2) = 2 fi, () = x° fy, (%)
= Vo+(Vi=Vo)x+ (Vo= Vi = Vo) + (V3 = Vo = Vi = Vo)
+(Va=V3=Vo= Vi = Vo)x* + (Vs = Vi = V3 = Vo = V| = V),
which gives (2.1). O

The previous Lemma gives the following results as particular examples. The generating function of the Hexanacci
sequence H, is

[e] . x
fH,,<x)=nZ:;an i p sy 2.2)
and the generating function of the Hexanacci-Lucas sequence E,, is
N 6—5x—4x> =33 -2x* - ¥
= E.x" = .
Je() ,,Z:(; l—x—-x2-x3-x*-x —xb
We next find Binet’s formula for Hexanacci numbers by the use of the generating function for H,,.
Theorem 2.2. (The Binet’s formula for Hexanacci numbers)
n+4 n+4
H, = @ + B 2.3)
(@-Pla-ya-d)a-Da-p B-a)B-y)B-0)B—-DPB -
,yn+4 5"+4
+ +
Y- =By -0y -Dy-mw E-a)d—-B)6 -y - —p)
/ln+4 /ln+4
+ + .
A=) A=-BA=Y)A=0)A-p) W—-a)u—-B—y)u-0)(u-2)
Proof. Let
hix)=1 —x-X - ===
Then, for some @, 3, y, 6, A and u, we write
h(x) = (1 = ax)(1 = Bx)(1 — yx)(1 = 6x)(1 = Ax)(1 — px),
ie.,
l—x—-x>=x—x* =X =2 =1 - ax)(1 = Bx)(1 —yx)(1 = 6x)(1 — Ax)(1 — pax). (2.4)
Hence é, é, }y, (1;, % ve ﬁ are the roots of h(x). This gives «,f,v, 9, A and u as the roots of
1 1 1 1 1 1 1
M=)=l-—-—--—-——-— - — =0.
(x) x x2 X x* X x°
This implies - -x-x*-x>-—x-1=0.Now, by (2.2) and (2.4), it follows that
- X
= H,x" = .
)= e = = T = 70T =61 = A1 —
Then, we write
B B B
al = Loy 2 > 2.5)
(1 = ax)(1 = Bx)(1 = yx)(1 = 6x)(1 — Ax)(1 — ux) (I-ax) (A-Bx) A-yx)
B, Bs Bs

=60 (d-a0 (-0
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So,
x = Bi(1-8x)(1-vyx)(1-06x)(1—-Ax)(1 —ux)+ Br(1 —ax)(1 —yx)(1 —6x)(1 — Ax)(1 — ux)
+B3(1 —ax)(1 = Bx)(1 —ox)(1 — Ax)(1 — ux) + B4(1 — ax)(1 — Bx)(1 —yx)(1 — Ax)(1 — ux)
+Bs(1 — ax)(1 = Bx)(1 —yx)(1 = 6x)(1 — ux) + Be(1 — ax)(1 — Bx)(1 —yx)(1 — ox)(1 — Ax).

. _ 1 1 _ B Y ) P! H : : _ o
If w.e consider x = o we get — = Bi(1 — 2)(1 = 2)(1 — 2)(1 = 2)(1 = 2). This gives By = o s oy
Similarly, we obtain

n+4 n+
B2 = ﬁ > 33 = 4 : >
B-a)B—=y)B-0)B—-DB - Y-y =By -0y —-D(y—p
n+4 n+4
By = 0 , Bs = A ,
@ =a)6 =B —y)S— D — ) (A=) A=) =y)(A=6)A—p)
#"+4
Bg =

=) =Bp=Wu=0)u-21

Thus, (2.5) can be written as
fi, () = Bi(1 —ax)™" + By(1 = Bx) ™" + B3(1 —yx)™" + B4(1 = 6x)™" + Bs(1 = Ax)™" + Bg(1 — pux)™".
This gives

Su,(x)

B i a'X"+ By iﬂ”x” + B3 i v'x" + By i 0"x" + Bs i A"X" + Bg i,u”x"
n=0 n=0 n=0 n=0 n=0 n=0

Z(Bla/" + Bof" + B3y + Byd" + BsA" + Beu")x".
n=0

Using the values of B;, B,, B3, By, Bs and Bg, we get

fa () = > Hyx"
n=0
_ i( an+4 . ﬁn+4
i (a-pla-ya-0)a-De-w B-a)B-y)B-0)B-DPB-u
,yn+4 6n+4
+ +
Y=y =Py -0 -Dy - -a)d—-B)6-y)6- D6 —p
n+4 n+4
. A + H ).
A=) A=A =y)A=)A-p) (u—a)u-PB)p—y)(u=056)u—-1)
Therefore, comparing coefficients on both sides of the above equality, we get (2.3). O

Next, we give an identity related with generalized Hexanacci numbers and Hexanacci numbers.
Theorem 2.3. Forn > 0 and m > 0, the following identity holds:
Vm+n = Hm—S Vn + (Hm—5 + Hm—6)Vn+l + (Hm—S + Hm—6 + Hm—7)Vn+2 (26)
+(Hm—5 + Hm—6 + Hm—7 + Hm—S)Vn+3
+(Hm—5 + Hm—ﬁ + Hm—7 + Hm—S + Hm—9)Vn+4 + Hm—4Vn+5

H, sVy + (26: H,,_S] Vi + [27: Hn—s] V) + {281 Hn—s] Vi + (29: H,,_S] V4 + H,_4Vs.
s=5 §s=5 5

5s=5 3 §=5 s=

Proof. We prove the identity by induction on m. If m = 0 then

Vi = HsVy+Hs+H )V +(Hs+Hg+H7)Vio+(Hs+ Hg+ Hq+ Hg)Vis
+(H_s+H g+ H 7+ H_g+H _g)V,p4+ H_4Vyys
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which is true because H_4 =0, H.s = 1, H.¢ = -1, H.7 = 0, H_g = 0, H_¢ = 0. Assume that the equaliy holds for all
m < k. Form = k+ 1, we have

Viks1yn

Vark + Vi1 + Va2 + Vi s + Viea + Vs

Hy_sV, + (Hy_s + Hi—6)Vyps1 + (Hy_s + Hi—g + Hy_7)Vyo + (Hios + Hy_g + Hi—7 + Hy_g) V13

+(Hy-s5 + Hi—6 + Hy—7 + Hi—g + Hi—9)Vira + HigViys + Hi1 5V,
+Hi 15V + (Hio1-5 + Hie1-6) Vi + (Hio1-5 + Hio126 + Hie1-7) Vg
+(Hi-1-5 + Hi1-6 + Hio127 + Hi1-8) Vs

+(Hy-1-5 + Hi-1-6 + Hy—1-7 + Hy—1-8 + Hr-1-9)Vsa + Hi-1-4 V45
+Hi 25V + (Hi—2-5 + Hi2-6)Vir1 + (Hi-2-5 + Hy—2-6 + Hi—2-7)Vis2
+(Hy-2-5 + Hy2-6 + Hi2-7 + Hi2-8) Vi3

+(Hy2-5+ Hy 26+ Hi2 7+ Hiog + Hi 2 9)Viga + HiaaViys
+Hy3-5Vy + (Hi—3-5 + Hi—3-6)Vir1 + (Hi—3-5 + Hy—3-6 + Hi—3-7)Vus2
+(Hy-3-5 + Hi—3-6 + Hi—3-7 + Hr3-8) V13

+(Hy3-5 + Hi 36 + Hi 37+ Hi3-8 + Hi39) Vs + Hi34Voys
+Hi 45V + (Hi4-5 + Hi4-6)Vir1 + (Hiaos + Hi46 + Hia-7)Vir2
+(Hp4-5 + Hi—g-6 + Hi—a-7 + Hy—4-8)Vi13

+(Hpa-s5 + Hyg6 + Hi47 + Hy4- g + Hi4-9) Vs + Hy_ 4 4 Vs
+Hi-s5-5Vy + (Hi-s5-5 + Hi5-6)Vps1 + (Hi—5-5 + Hy—5-6 + Hi—5-7) V42
+(Hp—s-5 + Hy—s5-6 + Hi—5-7 + Hy—5-8)Vi13

+(Hy-s5-5 + Hi—5-6 + Hy—5-7 + Hy—5-8 + Hi—5-9)Vysa + Hi5-4Vy45

Hy 4Vy + (Hy—g + Hio5)Vigy + (Hpeg + Hios + Hy6) Vg

+(Hy—4 + Hi_s + Hi6 + Hi-7)Viis

+(Hi-4 + Hy—s + Hy—6 + Hi—7 + Hi—8)Viia + Hi3 Vs

Hir1)-5Vi + (Hgr1)=5 + Hips1y-6) Vir1 + (Hgr1)=5 + Hips1y—6 + Hiper1y-7) Va2

+(Her1y-5 + Hir1)-6 + Hie1)-7 + Hgr1)-8) Ve

+(Hr1y-s + Hagay-6 + Hus)-7 + Hir1y-8 + Hgr1)-9) Vira + Hir1y-4 Vs

By induction on m, this proves (2.6).

The previous Theorem gives the following results as particular examples: for n > 0 and m >

Vi = Hn)

and similarly

Hm+n = Hm—SHn + (Hm—S + Hm—é)HVHl + (Hm—S + Hm—6 + Hm—7)Hn+2

+(Hm—5 + Hm—6 + Hm—7 + Hm—S)Hn+3 +
(Hm—S + Hm—6 + Hm—7 + Hm—S + Hm—9)Hn+4 + Hm—4Hn+59

Em+n = Hm—SEn + (Hm—S + Hm—6)En+1 + (Hm—S + Hm—6 + Hm—7)En+2

+(Hm—5 + Hm—6 + Hm—7 + Hm—S)ErHS

+(Hm—5 + Hm—6 + Hm—7 + Hm—8 + Hm—9)En+4 + Hm—4En+5~

Next, we present the Binet’s formula for the generalized Hexanacci sequence.

Lemma 2.4. The Binet’s formula for the generalized Hexanacci sequence {V,} is given as

H, sVo+H,-s +H, ¢)Vi+H,.s +H, ¢+ H, 7)Vo+(H,_5s+H,¢+H, 7+ H, 3)V3

Va

+(Hn—5 + Hn—6 + Hn—7 + Hn—S + Hn—9)v4 + Hn—4V5~

O

0, we have (taking
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Proof. Take n = 0, and then replace n with m in Theorem 2.3. O

For another proof of the Lemma 2.4, see [18]. This Lemma is also a special case of a work on the nth k-generalized
Fibonacci number (which is also called k-step Fibonacci number) in ( [2], Theorem 2.2).

Corollary 2.5. The Binet’s formula for the generalized Hexanacci sequence {V,}

Vn — Ala”_lo+A2ﬂ”‘lO+A3y”_'O+A46”_10+A5/1”_10+A6,u"_'0

6
— n—10
= EApxp ,
p=1

where
A = %(sz + (Vo+ Vi + Vot Vs + V)t + (Vi + Va + Vs + Vo)
+(Va+ V3 4+ Vi)a? + (V3 + Va + Vi),
A = 72: 12(\/5/35 +(Vo+ Vi+ Vot Vs + VB + (Vi + Vo + V3 + Vi)
+(Va + V3 + V) + (V3 + Vi)B + Vi),
A; = 77: 12(‘/575 +(Vo+ Vit Vot Vs + Vayt + (Vi + Vo + Vs + Va)y?
+(Va + V3 + Va)y? + (Vs + Va)y + V),
Ay = 7g: 12(V565 +Vo+Vi+Vo+V3+ V4)64 + (Vi + Vot Va4 Vi)
+(Va + V3 + V)% + (Vs + V)6 + V),
As = 7;: 12(V5/15 +(Vo+Vi+ Vot Va+ VA + (V) + Vo + Vi + VA°
+(Vo + V3 + VO + (V3 + VA + Vy),
A¢ = 7Z: iz(v:-,/f +(Vo+Vi+ Vot Vs+ Vot + (Vi + Vo + Vi + Vi
+(Va + V3 + Va? + (Vs + Vi) + Vo).
Proof. The proof follows from Lemma 2.4 and (1.2). O

In fact, Corollary 2.5 is a special case of a result in ( [2], Remark 2.3).
The following Theorem presents some summation formulas of the generalized Hexanacci numbers.

Theorem 2.6. For n > 0, we have the following formulas:

@): T Vi = $(Vies = Vius = 2Via = 3Vt + Vi = Vs + V3 + 2V, + 3V +4V)),
(b): o Va1 = 2BVania + 2Vay = Vayot + Vayo = 2Vauo3 + 2Vs — 5V, + 3V3 — 4V, + 4V = 3V)),
(o): ZZ:O Vo = é(_2V2n+2 +5Vons1 +2Vo, +4Vou_1 + Voo + 3Vo,3 = 3Vs + 5V, = 2V5 + 6V, — V| + TV)).

Proof.

(a): Using the recurrence relation
Vi=Vig+Via+Vi3+Viu+Vis+ Vi,

ie.

Vn - Vn—l = Vn—2 + Vn—3 + Vn—4 + Vn—S + Vn—6 = Vn—() + Vn—S + Vn—4 + Vn—3 + Vn—2,



On Generalized Hexanacci and Gaussian Generalized Hexanacci Numbers

we obtain
Ve—Vs = Vo+Vi+WV+V3+V,,
Vi-Ve = Vi+Vo+V3+V4+Vs,
Ve—=V; = Vo+Vi+Vi+Vs+ Vg,
Vo—Vg = Vis+Vi+Vs+Vg+ Vs,
Vio—-Vy = V4+Vs+Vg+Vy+ Vg,
Vi=Viar = Vieg+Vis+Via+t Vst Vo,
Vit =Vu = Vs + Vs + Vs + Voo + Vg,
Viro= Va1 = Vad Vs + Vo + Vi + Vs
Vors = Vi = Vazs + Vi + Vit + Vi + Vi,
Vieda = Vs = Vo + Vi + Vi + Vit + Vo,
Virs = Vira = Vot + Vi + Vi + Vi + Vi,
Viee = Vs = Vit Vi + Vo + Vs + Vs,

If we add the both sides of the above equations, we get

Vi = Vs = D Vi+ [VM ~Vo+ ) Vk] + (vm Vi = Vi=Vo+ ) Vk]
k=0 k=0 k=0

+(Vn+3 + Vi + Vi1 =Vo = Vi = Vo + Z Vk]
=0

n
+(Vn+4 Vi3 + Vi + Vi =V -V -V = Vo + Z VkJ,
=0

or

5 Z Vi = Viie = Vira = 2Vyu3 = 3Vi2 =4V = Vs + V3 + 2V, + 3V + 4V,
=y

which maybe reduced easily to (a) by using (1.1) and dividing both sides by 4. Note that

Vi = Vs = 2V3 =3V =4Vi1 = (Vs + Vs + Vs + Vep + Ve + V)
“Vn+d — 2Vn+3 - 3Vn+2 - 4‘Vn+1
= Vs = Vo3 =2V, =3V, + V.

(b),(c): We have the following equations;

Vii= Vu=-Vo-Vi=-Vo-V_ -V,
Vs = Ve=Vy=V3-V, -V =V,
Vii= Veg=Ve—=Vs=V4-V3-V,,
Vo = Vio=Veg—=V7-Ve—-V5-V,,
Vit = Vi2=Vio=Vo—-Vg—=V; -V,
Vis, = Viu=Vio=Vii—=Vig—Vo— Vs,
Vis = Vie=Via—=Viz =V =V =V,
Vonet = Vou=Vouo = Vau3 = Voyg = Vopos = Vauos,

Vonri = Voo = Vo = Vo1 = Voo = Vo3 — Vo,
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Now, adding these equations we have

n n
-Vi+ Z Vore1r = ( Vo=Vo+ Voo + Z VZk) + [Vo Vsz
=0

=0
(V2n+l Z V2k+1] + (VZn Vo |+ [V2n+l + Vo1 — Vo - Z Vaks1
=0 =0 =0
n
+ (VZn + Vo2 =V - Z Vzk),
=0

or

n n
3 Z Vo1 = =Vo+ Vi = Voo = Vo1 + Voo + 2Vo1 +2Vo + Vot + Voun =2 Z Vo,
=0 =0

orusingV_1 = V5—V4—V3—V2—V1—Voal’ldv_2:V4—V3—V2—V1—V0—V_1
3 Z Vore1 = =Va+ V3 + 2V + Vo + Vopgo + 2V + 2V, + Vot + Voo — 22 Vax.
k=0 k=0
Note that

Vo=V, = =V4+Viz+Vo+Vi+V,
—Vo+Vi=V,L-V,4 = Vot Vi+(Vy+V3+Vo+Vi+Vy)==-Vs+V3+2Vi+ V.

Similarly, we have the following equations;

Vo = V3=Vi=-Vy-V_=-V_,-V_,
Vo = Vs=WV3 =V, =V =Vy-V_4,
Vo = Vi=Vs—-V4-V3-V,-Vj,
Ve = Vo—-V;-Ve—-V5-V,-V;3,
Vio = Vii—-Vo-Vg—=V;-Vg—Vs,
Vio = Viz=Vii=Vio—=Vo-Vg =V,
Vie = Vis=Viz=Vio=Vi1 =Vig - Vs,
Vono = Vopr = Vans = Vonea = Vouos = Vo = Voo,
Voo = Vonr1t = Vouot = Vauo = Vo3 = Vooa — Voo,

Now, adding these equations, we have

Vo + Z Vok (—V1 + Z V2k+1) + [V2n+1 - Z V2k+1] + (VZn - Z Vzk)
=0 =0 =0 =0
+ (V2n+l + Vo1 = Vo = Z V2k+1\J + (VZn—Z + Vo = Voo - Z VZkJ
k=0 k=0

n
+ (V2n+] + Vo1 + Vo3 =V = V3 - Z V2k+1],
=0

or

3 Z Vor = (V3 = Vo =2V_1 + Vo = V1) + 3Voup1 + 2V, + 2Vou 1 + Vo + Vo3 = 2 Z Vor+1s
k=0 k=0
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or llSil’lg V_3 = V3 - V2 - V[ - V() - V_| - V_z,

3 Z Vo = (—V5 +V4+2Vo+ V) + 3V()) + 3V2n+] + 2V2n + 2V2n_| + Voo + Vo3 — 22 Voksl-

k=0 k=0
Note that
—V3-V,=-2V4+Vyg=V, = —=(Vz=Vo-=-Vi=Vog=V_1=V,L)-V,=-2V_1+Vy-V;

= Vz3+Vo+2Vy=-V_1==V3+ Vo +2Vyg = (Vs = V4 = V3=V, =V, = V)
= —Vs+V4+2V,+V; +3V,.

Solving the following system

3 Z Voretr = =Va+ Vi +2Vi+ Vo + Voo + 2Voup1 +2Vo, + Vo + Vo =2 Z Var,
k=0 k=0
3 Z Voo, = (Vs +Va+2Vo+ Vi +3Vo) + 3V + 2V + 2V 1 + Voo + Vo3 = 2 Z Vaks1,
k=0 k=0
we find that

1
§(3V2n+2 + 2V2n —Vouo1 + Voo — 2V2n_3 + 2V5 - 5V4 + 3V3 - 4V2 + 4V1 - 3V0),

n
Z Vaks1
=0
n
2V
=0

Letting V, = Hi(resp. Vi = E;) in Theorem 2.3, we have the following two Corollaries which present some
summation formulas for Hexanacci and Hexanacci-Lucas numbers.

1
g(—2V2n+2 + 5V2n+1 + 2V2n + 4V2n_1 + Vzn_z + 3V2n_3 - 3V5 + 5V4 - 2V3 + 6V2 - V1 + 7V()).

Corollary 2.7. Forn > 0, we have the following formulas:
(@): Yo Hi = (Hues — Huz = 2Hyup = 3Huy + H, — ).
(b): Yo Hawer = $3Housz + 2Hpy — Houoy + Houy = 2Hoy 3 + 2).
(©): YioHux = %(—2H2n+2 +5Ho,41 +2Hy, + 4Hy,_1 + Hyyp + 3Hy,3 — 3).

Corollary 2.8. For n > 0, we have the following formulas:
@) Yio Ex = 5(Enss = Enss = 2Eni2 = 3Epar + E, +9).
(b): i oEx+1 = é(3E2n+2 +2E5, — Epy_1 + Epyn — 2E5, 3 — 18).
(©): YioEx = $(=2Epus2 + 5Eapi1 + 2Ep, + 4E2_1 + Epyy + 3E,3 + 27).

3. GaussiaN GENERALIZED HExaNacct NUMBERS

In this section, we introduce Gaussian generalized Hexanacci numbers and present Binet’s formulas, the generating
functions, and the summation formulas for Gaussian generalized Hexanacci numbers.

First, we recall Gaussian integers. A Gaussian integer z is a complex number whose real and imaginary parts are
both integers, i.e., z = a + ib, a, b € Z. These numbers are denoted by Z[i]. For more information about this kind of
integers, see [6].

If we use together sequences of integers defined recursively and Gaussian type integers, we obtain a new sequences
of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell, Gaussian Pell-Lucas and Gaussian
Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers.

In 1963, Horadam [11] introduced the concept of complex Fibonacci number called as the Gaussian Fibonacci
number. Pethe [17] defined the complex Tribonacci numbers at Gaussian integers, see [7]. There are other several
studies dedicated to these sequences of Gaussian numbers such as the works in [1,3,4,8-10,12,13,15,16,21-23,25-27],
among others.

Gaussian generalized Hexanacci numbers {GV,},50 = {GV,(GVy, GV, GV, GV3, GV4, GVs)},s0 are defined by

GVn = GVn_l + GVn_z + GVn_3 + GVn_4 + GVn_s + GV,,_(,, (31)
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with the initial conditions

GVy = co+(—co—c1—cr—c3—cq4+c5)i, GV =c1 +coi, GV = + i,
GV3 = 3+ Col, GV4 =cC4 + C3i, GV5 =c5+ Cql,

not all being zero. The sequences {GV,},>¢ can be extended to negative subscripts by defining

GV_y = =GV -1y = GV_(n-2) = GV_(4-3) = GV_(n-4) = GV_(u-5) + GV_n6),

forn = 1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0

and

GV,, = Vn + iVn_l,

GV_,=V_,+iV_,_.

Some Gaussian generalized Hexanacci numbers are with positive and negative integers are given in the following

two tables.

Table 3. A few Gaussian generalized Hexanacci numbers with positive subscript

n GV,

0 co+(—co—c1—cr—c3—cC4+C5)i

1 c1 + col

2 ¢+l

3 c3 + ol

4 c4 + c3i

5 Cs + ¢yl

6 (co+cr+cr+c3+cq+cs5)+csi

7 (co + 2¢1 + 2¢y + 2¢3 + 2¢4 + 26‘5) +(co+ci+cr+c3+cy+cs)i

8 (26‘0 + 301 + 46‘2 + 4C3 + 4C4 + 4C5) + (CO + 26‘1 + 26‘2 + 26‘3 + 2C4 + 26‘5)i

9 (4co +6¢1 +Tcy + 8¢z + 8¢y + 8¢s) + (2co + 3¢ + 4y + 4es + dey + 4es)i

10 (8co + 12¢y + 14cy + 15¢3 + 16¢4 + 16¢5) + (deg + 6¢1 + Tcy + 8¢z + 8¢y + 8¢s)i

11 (16co + 24c¢1 +28¢y + 30c¢3 + 31cy + 32¢5) + (8co + 12¢1 + 14¢, + 15¢5 + 16¢4 + 16¢5)i
Table 4. A few Gaussian generalized Hexanacci numbers with negative subscript

n GV_,

0 co+(—co—c1—cy—c3—c4+C5)i

1 (—co—c1—cp—cC3 —C4+6‘5)+(2C4—C5)i

2 (2cy —¢5) + (2cz — ¢y)i

3 2c3 —cq4) + 2cy — c3)i

4 2cy —c3) + ey — )i

5 2ci —c2) + 2co — )i

6 2co — c1)+ (=3cop —2¢c1 —2¢5 — 2¢3 — 2¢4 + 2¢5)i

T (=3cog—2c; —2¢p —2¢3 —2¢4 + 2¢5) + (co + ¢ + ¢ + ¢3 + 5¢4 — 3¢5)i

8 (co+c1+cr+c3+5¢4 —3¢5) + (dez —4cy + ¢5)i

9 (4cy —4dcq +c5) + (Aey —4es + cy)i

10 (4cy —4cs +cq) + (e — 4y + 3)i

11 (4C1 —4cy + c3) + (4co —4cy + )i

In particular, GV, (0,1, 1 +i,2 +i,4 +2i,8 + 4i) (resp.GV,(6 —i,1 +6i,3 +1i,7 +3i,15 + 71,31 + 15i)) is called the
sequence of Gaussian Hexanacci (resp.Gaussian Hexanacci-Lucas) numbers and denoted by GH, (resp.GE,) . More
precisely, we define formally them as follows.

Gaussian Hexanacci numbers are defined by

GH” = GH,,_l + GHn_z + GH,1_3 + GHn_4 + GH,,_S,

with the initial conditions

GHy =0,GH, =1, GH, = 1 +i, GHy =2 + i, GHy = 4 + 2i, GHs = 8 + 4i,
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and Gaussian Hexanacci-Lucas numbers are defined by
GE,=GE, 1 +GE, »+GE, 3 +GE,_4 +GE,_s,
with the initial conditions
GEy=6-1i, GE, =1+6i, GE; =3+1i, GE3 =7+3i, GE4 =15+ 7i, GEs = 31 + 15i.

Note that forn > 0
GH, =M, +iM,_;, GE, =R, +iR,_1,
and
GH_,=M_,+iM_,_,GE_, =R_, +iR_,_;.

Next, we present the first few values of the Gaussian Hexanacci and Hexanacci-Lucas numbers with positive and
negative subscripts in the following Table 4:

Table 4. A few Gaussian Hexanacci and Hexanacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8
GH, 0 1 1+ 2+i 4+2i 8 +4i 16+8i 32+ 16 63 + 32i
GH_, 0 0 0 0 i 1-i -1 0 0
GE, 6-i 1+6i 3+i 7+3i 15+7i 31+15 63+31i 120+63i 239+ 120i
GE., 6-i -1-i —-1-i -1-i -1-i -1+11i 11-8i -8—1i -1-i

The following Theorem presents the generating function fgv,(x) = > GVx" of Gaussian generalized Hexanacci
n=0
numbers.

Theorem 3.1. The generating function of Gaussian generalized Hexanacci numbers is given as

GV() + (GV1 - GV())X + (GV2 - le - GV()))C2 + (GV3 - GV2 - GV1 - GV()))C3
HGVy = GV3 — GVy — GV, — GVo)x* + (GVs — GVy — GVs — GV, — GV, — GV)x®

Jov,(x) = l—x—x2—x3—x*—x5—x° (3.2)
Proof. Using (3.1) and some calculation, we obtain
fov,(¥) = xfov,(x) = X fov,(x) = X fov,(x) = x* fov, () = X fov,(x) = x° fov, (x)
= GVy+(GVi = GVy)x + (GVs = GV = GVp)x> + (GV3 — GV, — GV} — GVy)x®
+(GVy = GV3 = GV, — GV = GVo)x* + (GVs — GVy — GV3 — GV, — GV — GV)x°,
which gives (3.2). O

The previous Theorem gives the following results as particular examples: the generating function of Gaussian
Hexanacci numbers is
x +ix?

GH,(X) =
for, () l—x—x2—x3—x*—x>—x0

and the generating function of Gaussian Hexanacci-Lucas numbers is
6-)-G5-THx—4+4D) x> -3+3) X -2 +2)x* — (1 +i)x°

I x— 22— 3 — % x5 _ 6

fee,(x) =

We now present the Binet’s formula for the Gaussian generalized Hexanacci numbers.

Theorem 3.2. Binet’s formula for the Gaussian generalized Hexanacci numbers

6 6
GVn = ZAP-X};;_IO + iZApx;_ll,
p=1 p=1

where Ay, Ay, A3, A4, As and Ag are as in Corollary 2.5.
Proof. The proof follows from Corollary 2.5 and GV,, = V,, + iV,_;. a
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The previous Theorem gives the following results as particular examples: The Binet’s formula for the Gaussian
Hexanacci numbers are
n+4 6 xn+3
P

6 xp .
GHy = ) s———+i ), 5.
p=1 Hl(xp — xq) p=1 Hl(xp _ xq)
q= q=
P#q P#q

6
x, — 1 x, — 1
GH. = P ol P X2,
" Z7xp—12 » ’Z7xp—12 »
p=1 p=
and the Binet’s formula for the Gaussian Hexanacci-Lucas numbers are
6

GE, = ix;,ﬂzx;’;l.

p=1 p=1

or

Following the method as staded in the proof of Theorem 2.6, we obtain the following three results.

Theorem 3.3. For n > 0 we have the following formulas:

(a): (Sum of the Gaussian generalized Hexanacci numbers)

< 1
Z GVk = g(GVnJrs - GV,,+3 - ZGV,HQ - SGV,H] + GV,, - GV5 + GV3 + 2GV2 + 3GV1 + 4GV()),
k=0

(b): i oGVars1 = %(3GV2n+2+2GV2n—GV2n_1+GV2,,_2—2GV2n_3+2GV5—5GV4+3GV3—4GV2+4GV1—3GV0),
(c): ZZ:O GVy = %(—ZGVZ,H.Z + 5GVo41 + 2G Vs, + 4GVoy + GVopp + 3G V5,3 — 3GVs + SGV, — 2GV3 +
6GV, — GV, +7GVy).

Proof. (a), (b) and (c) can be proved exactly as in the proof of Theorem 2.6. m|

As special cases of the above Theorem, we have the following two Corollaries. First one present summation formu-
las of Gaussian Hexanacci numbers.

Corollary 3.4. For n > 0 we have the following formulas:

(a): (Sum of the Gaussian Hexanacci numbers)
- 1
D GHi = 5(GHyus ~ GHyys = 2GHyuy = 3GH,1 + GH, = 1),
k=0

(b): ¥}_o GHoet = $(3GHauiz + 2GHoy — GHoyoy + GHayy — 2GHy, 3 + 2),
(C): ZZ:O Gsz = é(—ZGHg,H.z + 5GH2n+1 + 2GH2,, + 4GH2,1_1 + GHz,l_z + 3GH2,1_3 - 3)

Corollary 3.5. For n > 0 we have the following formulas:

(a): (Sum of the Gaussian Hexanacci-Lucas numbers)
& 1
D, GEx = 5(GEyus = GEy3 = 2GEy2 = 3GEu1 + GE, +9).
k=0

(b): Y}y GExst = 1(3GEu2 + 2GEs, — GEpy_y + GEyy — 2GEp,_3 — 18),
(C): ZZ:O GEQk = %(—2GE2,H_2 + 5GE2VL+1 + 2GE2n + 4GE2n_1 + GEzn_g + 3GE2,1_3 + 27)

4. Basic RELATIONS AND S1MSON ForRMULAS

In this section, we obtain some identities of Hexanacci numbers and Hexanacci-Lucas numbers and some identities
of Gaussian Hexanacci numbers and Gaussian Hexanacci-Lucas numbers. Moreover, we present Simson formulas of
these numbers.

Some basic relaton between {H,} and {E,,} (resp.{GH,} and {GE,} ) are demonstrated in the following two theorems.
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Theorem 4.1. The following equalities are true:
E, = -Hyu+H,»+ 9[{n+l - 2Hn -H,,, (41)
Ey.1 = -235H,.4 - 686H,,3 +2393H,,, — 80H,.1 — 75H, — 58H,,_1,
E,, = -113H,.4-352H,,3 +1195H,,, — 33H,.; —42H, — 33H,_;,
and
205937H,, = 2401E,, .4 + 1715E,, .5 + 539E,,., — 1477E, .1 —4933E, + 18 562E,_;.
Proof. The last six identities. For example, to show (4.1), writing
E. = 21Hpya + 22Hn3 + 23Hpao + 24Hyy + 25Hy + 26Hy- 1,
and solving the system of equations
Ey = z1H4+20H3 +23Hy + 24Hy + z5Ho + 26H
E\ = z1Hs+22Hy + z3H3 + 24Hy + 75H| + z6H),
E2 = Z]HG + ZZHS + Z3H4 + Z4H3 + Z5H2 + ZﬁH],
Es = z1H7 +20He + 23Hs + z4Hy + z5H3 + 26 H>,
Ey = z1Hg+z20H7 + 23Hg + 24Hs + z5Hy + 76 H3,
Es = z1Ho + 20Hg + 73H7 + z24Hg + 25Hs + 76 Hy,
we find thatz; = —1,20 = 0,23 = 1,24 = 9, zs = =2, zg = —1. The other equalities can be proved similarly. O
Theorem 4.2. The following equalities are true:
GE, = -GH,,4++GH,»+9GH,., —-2GH,-GH,_4, “4.2)
GE>,,1 = -235GH,.4 —686GH, 5 +2393GH,,, — 80GH,,, — 75GH, — 58GH,_;,
GE,, = -113GH,;4 —352GH, s + 1195GH,,, — 33GH,.; —42GH, — 33GH,_,

and
205937GH, = 2401GE, .4 + 1715GE, .3 + 539GE,» — 1477GE, ., — 4933GE, + 18 562GE,_;.

Proof. The last four identities. For example, to show (4.2), writing
GE, = 21GHyy4 + 22GHyy3 + 3GH 1y + 24GH iy + 25GH,, + 26GH 1,

and solving the system of equations

GEy = z1GH4+ 22GH3 + 23GHy + 24GHy + 2sGHy + z6GH_1,
GE, = 71GHs+ 720GHy + :3GH3 + 24GH» + 7z5GH| + z6GH,,
GE, = z1GHg+ 20GHs + 73GHy + z24GH5 + zsGH, + z4GH,,
GE; = z1GH7 + 20GHg + 3GHs + z24GHy + zsGH3 + z4GH,,
GE, = z1GHg +2GH7 + 23GHg + 24GHs + zsGHy + 726G Hj3,
GEs = 7z1GHy + 70GHg + z3GH7 + 24GHg + 75GHs + 76 GH},
we find thatz; = —1,20 = 0,23 = 1,24 = 9, zs = =2, 76 = —1. The other equalities can be proved similarly.

Using the relations GH,, = H,, +iH,_1, GE,, = E,, +iE,_; and the identity E, = —H,+4 + Hy4» +9H,, 1 —2H,, — H,,

(see Theorem 4.1) we obtain the identity (4.2). In fact, note that
GE, = E,+IiE,
= (-Hu4+Hy2+9H,1 - 2H, — Hy 1) + i(=Hp3 + Hyyy +9H, — 2H, 1 — H,, )
= —(Hpsa + iHpi3) + (Hpso + iHpi1) + Y(Hysy + iHy) — 2(Hy + iHp-1) — (Hy-1 + iHy-2)
= -GH,.4 +GH,» +9GH,., —2GH, - GH,_;.

The other equalities can be proved similarly.

We present an identity related with Gaussian generalized Hexanacci numbers and Hexanacci numbers.
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Theorem 4.3. Forn > 0 and m > 0, the following identity holds:

va+n = Hm—SGVn + (Hm—S + Hm—G)GVnJrI + (Hm—S + Hm—6 + Hm—7)GVn+2 (43)
+(Hin-s5 + Hy—6 + Hy-7 + Hy-8)G Vi3 + (Hy-s + Hy—6 + Hy—7 + Hy-g + Hy9)G Vi + Hya G Vs

Proof. The identity (4.3) can be proved by induction on m as in Theorem 2.3. O

In particular, taking GV,,1,, = GHyypy (n > 0, m > 0), we have,
GH,,, = H,sGH,+ (H,_s+H,_¢GH,., +(H,_s+H, ¢+ H, 7)GH,.»
+(Hy-s+H,¢+H,7+H, 3)GH,,3+ (H,_ 5+ H, ¢+H,7+H,s+H,)GH,++ H, +.GH,.s.
and similarly
GEnin = HusGE, + (Hpy-s + Hu-6)GEn1 + (Hy-s + Hy-6 + Hy-7)GE;12
+(Hpy—s + Hy—6 + Hy—7+ Hy8)GE i3 + (Hys + Hy—¢ + Hy—7 + Hy—g + Hy—9)GE o4 + Hy 4GE; 5.
One of the oldest and best known identities for the Fibonacci sequence {F,} is
Fus1Foot = Fy = (=1,
which was derived first by R. Simson in 1753 [19]. This can be written in the form

Fn+l Fn

Fn Fn,1 = (_1) s

and called as Simson or Cassini formula (Identity). The following Theorem gives a generalization of this result to
generalized Hexanacci numbers.

Theorem 4.4. (Simson’s formula of generalized Hexanacci numbers) For all integers n, we have

Virs Vass Vs Vo ViV, Vs Va V3 Vo ViV
Viea Varzs Var Vi Vi Vi Vo V3 Vo Vi Vo V4
Viez Vao Vi Vi Vi Vi Vim Vo, Vi Vo Vo Vo,

= (-1)" 44
Ver Vit Va Var Vao Vas |- v v v v v, v 4
Vier Vo Voo Via Vi Vg Vi Vo Voo Vo Vi Vg
Vi Vaar Vur Vis Vg Vs Vo Voo Voo Vi3 Vg Vs
Proof. (4.4) is given in Soykan [24]. O

Corollary 4.5. For all integers n, we have

(a): (Simson’s formula of Hexanacci numbers)

Hn+5 Hn+4 Hn+3 Hn+2 Hn+l Hn
Hn+4 Hn+3 Hn+2 Hn+l Hn Hn—l
Hn+3 Hn+2 Hn+l Hn Hn—l Hn—2 — (_l)n
Hn+2 Hn+l Hn Hn—l Hn—2 Hn—3 ’
Hn+1 Hn Hn—l Hn—2 Hn—3 Hn—4

Hn Hn—l Hn—Z Hn—3 Hn—4 Hn—5

(b): (Simpson’s formula of Hexanacci-Lucas numbers)

En+5 En+4 En+3 En+2 En+1 En
En+4 En+3 En+2 En+1 En En—l
En+3 En+2 En+1 En En—l En—2
En+2 En+] En En—l En—2 En—3
En+1 En En—l En—2 En—3 En—4
En En—l En—2 En—3 En—4 En—S

= —205937(=1)" = 205937(-1)"*".
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(¢): (Simpson’s formula of Gaussian Hexanacci numbers)

GHn+5
GHn+4
GHn+3
GHn+2
GHn+1
GH,

GHn+4
GHn+3
GHn+2
GHn+l
GH,
GHn—l

GHn+3 GHn+2 GHrHl GHn
GHn+2 GH/HI GHn GHn—l
GHrH—l GHn GHn—l GHn—Z
GH, GH,, GH,, GH, s
GHn—l GHn—2 GHn—3 GHn—4
GHn—Z GHn—3 GH11—4 GHn—5

(d): (Simpson’s formula of Gaussian Hexanacci-Lucas numbers)

GEn+3 GEn+2 GEn+l GEn
GEn+2 GEn+1 GEn GEn—l

GErHS
GEn+4
GEn+3
GE11+2
GEn+1
GE,

GEn+4
GEn+3
GEn+2
GEn+1
GE,
GEn—l

GErH—l GEn GEn—l GEn—2

GE

n GEn—l GEn—2 GEn—3

GEn—l GEn—2 GEn—3 GEn—4
GEn—Z GEn—3 GEn—4 GEn—S

5. Marrix FormuLaTiONs oF V,, aND GV,

=@2-d=D",

= -205937(2 - i)(—-1)".

In this section, we present some matrix formulation of generalized Hexanacci numbers and Gaussian generalized

Hexanacci numbers.

We define the square matrix A of order 6 as:

1111 11
100000
4_| 010000
001000}
0007100
000010

such that det A = 1. Induction proof may be used to establish

Hn + Hn—l + Hn—2 + Hn—3 Hn + Hn—] + Hn—2
Hn—l + Hn—2 + Hn—3 + Hn—4 Hn—l + Hn—2 + Hn—3
Hn—2 + Hn—3 + Hn—4 + Hn—S Hn—2 + Hn—3 + Hn—4
Hn—3 + Hn—4 + Hn—S + Hn—6 Hn—3 + Hn—4 + Hn—S
Hy4+H, s+H,6+H,7 Hys+H,5s+H,, s
Hn—S + Hn—6 + Hn—7 + Hn—S Hn—5 + Hn—6 + Hn—7

Hn+] an

H, ax

A = Hy, 1 ax
Hy, > agp

H, 3 as

Hn—4 ae2

where

ap =
ap =
as; =
Ay =
asy =

ey =

H,+H, 1 +H,>+H,3+H,4,

Hy,1+H, >+ H, 3+ Hys+H,s,
Hy>+H,3+H, 4+H,s5+H,s,
Hy3+ Hy-s + Hy5 + Hy6 + Hy-7,
H, 4+H,s+H, ¢+H,7+H,s,
H,s+H,¢+H,7+H, 3+ H,o.

Matrix formulation of H,, and E,, can be given as

Hn+5
Hn+4
Hn+3
Hn+2
Hn+1
H,

SO OO = =

S OO = O -

SO =R OO -

S—= OO O -

—_— o OO o

S oo oo
=

H,+H,
Hn—l + Hn—2
Hn—2 + Hn—3
Hn—3 + Hn—4
Hy 4+ H, s
H, 5+ H,
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and .
E,..s 1 1 1 1 1 1 Es
E, 4 1 0 0 00O E,
E.z | |0 1 0 0 00 E;
E.o | ]0 01 000 E, |’
Eq 00 01 0O E,
E, 0 0 0 0 1 0 Ey
which are proved by induction on n. Similarly, matrix formulation of V,, can be given as
Vies 1 1 1 1 1 1Y Vs
Viia 1 0 00 0O Vs
Vaes | ] O 1 0 0 0 O Vs
Vaero |10 0 1 0 0 O Vs
Vst 0 0 01 00 Vi
V, 0 0 0 0 1 0 Vo
Consider the matrices Ny, My defined by
8+4i 4+2i 2+i 1+i 1 0
44+2i 241 141 1 0 0
Ny = 240 1+ 1 0 o0 0
o= 1+i 1 0 o o0 o |
1 0 0 0O O i
0 0 0 0 i 1-i
GHn+5 GHn+4 GHn+3 GHn+2 GHrH—] GHn
GHn+4 GHn+3 GH11+2 GHn+1 GHn GHn—l
M _ GHn+3 GHn+2 GHn+1 GHn GHn—I GHn—2
o= GHn+2 GHn+1 GHn GHn—l GHn—Z GH11—3
GHn+1 GHn GHn—l GHn—Z GHn—3 GHn—4
GH, GH,, GH,, GH,; GH,4 GH,;
The next Theorem presents the relations between A”, Ny and My.
Theorem 5.1. For n > 4, we have
A"Nyg = My.
Proof. The proof requires some lengthy calculation, so we omit it.
Consider the matrices Ng, Mg defined by as follows:
31+151 15+7i 7+3i 3+i 1+6i 6-1i
15+7i 7+3i 3+i 1+6i 6-i —-1-i
7+ 3i 341 1+6i 6-1 -1-i -1-i
NE = . . . . . .
3+1i 1+6i 6-i -1-i —-1-i -1-i
1+6i 6-i -1-i -1-i —-1-i -1-i
6—1i -1-i -1-i -1-i -1-i —-1+11i
GErHS GEn+4 GEn+3 GEn+2 GEn+l GEn
GEn+4 GEn+3 GEn+2 GEn+1 GEn GEn—l
M _ GEn+3 GEn+2 GErH—l GEn GEn—l GEn—2
* 7 | GEw2 GEui  GE, GE,\ GE,; GE,;
GEn+1 GEn GEn—l GEn—Z GEn—3 GEn—4
GE, GE,, GE,, GE,s3 GE,4, GE,s

The following Theorem presents the relations between A", Ng and M.

Theorem 5.2. We have

A"Ng = M.

)



On Generalized Hexanacci and Gaussian Generalized Hexanacci Numbers 42

Proof. The proof requires some lengthy calculation, so we omit it. O

6. CONCLUSIONS

o In the section 1, we present some background about generalized Hexanacci numbers.

o In the section 2, we present Binet’s formulas, the generating functions, and the summation formulas for gen-
eralized Hexanacci numbers.

o In the section 3, first we recall Gaussian integers and then we define Gaussian generalized Hexanacci numbers
and as special cases, we investigate Gaussian Hexanacci and Gaussian Hexanacci-Lucas numbers, with their
properties such as the generating functions, Binet’s formulas and sums formulas of these Gaussian numbers.

e In the section 4, we obtain some identities of Hexanacci numbers and Hexanacci-Lucas numbers and some
identities of Gaussian Hexanacci numbers and Gaussian Hexanacci-Lucas numbers. Furthermore, we present
Simson formulas of those numbers.

o In the section 5, we give some matrix formulation of generalized Hexanacci numbers and Gaussian generalized
Hexanacci numbers.
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