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The eigenvalues of circulant matrices with generalized tetranacci numbers

Genellestirilmis tetranacci sayilari ile tanimli circulant matrislerin ozdegerleri
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Abstract
Let the sequence (7;,),ey be the generalized tetranacci sequence. Define the n x n circulant matrix C(7") by
T_; j=>i
j—i ’

Cj = {T | <t fori,j =1,2,..,n. In this paper, the eigenvalue of C(7) is studied. By using this value, the
n+j—-i

determinant value of this matrix is delivered.
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Oz
(T nen genellestirilmis tetranacci dizisi ve C(T) ,n X ntipinde i,j = 1,2, ... ,n i¢cin
{ T L, j=i
U gt o J <
bi¢imde tanmimli circulant matris olsun. Bu ¢alismada, C(T") 'nin 6zdegerleri ¢alisilmigtir. Bu deger kullanilarak, circulant
matrisin determinant degeri hesaplanmigtir.

Anahtar kelimeler: Determinant, Ozdeger, Tetranacci sayilar

*2 Fatma YESIL BARAN; ftm1618ysl@gmail.com, Tel: (0553)533 65 85, orcid.org/ 0000-0001-8613-2706

ISSN: 2146-538X http://dergipark.gov.tr/gumusfenbil



Yesil Baran | GUFBED 11(2) (2021) 417-423

1. Introduction

The calculation of the eigenvalues and
eigenvectors of a system is high-level subject in
mathematics and engineering, where it is
mentioned in such many applications as analysis
and small oscillations of vibrating systems. Also
eigenvalues are often introduced in the context of
matrix theory. Developments of eigenvalues were
initiated by Cauchy in (Cauchy, 1829). He proved
that the eigenvalues of a symmetric matrix are real.
This was extended by Hermite in (Hermite, 1855)
to what are now called Hermitian matrices. After
these progresses, many mathematicians worked in
these problems for improving theory of eigenvalue.

An n —step Fibonacci sequence (F,En))k is
=1

defined by letting F™ =0 for k<0 ,F™ =
FZ(”):l, and other terms according to the
following linear recurrence relation Fk(") =

?=1F,§2 for k > 2. Tetranacci numbers are the

n =4 case of the Fibonacci n —step numbers.
Firstly the tetranacci numbers which also called
Quadranacci were described in (Feinberg, 1963).
Waddill generalized the tetranacci series in his
work in (Waddill, 1992). Then, some new
properties and results for tetranacci numbers were
obtained in (Kirkpatrick, 1977; Spickerman,1982;
Spickerman and Joyner, 1984; Zaveri and Patel,
2015).
There is no hesitation that circulant and r—circulant
matrices have a wide range of applications in some
differential equations, communication linear
forecast, coding theory and so on. The r —circulant
matrix C, = [d;;], which is j — i = k (mod n), is
defined as form

d;_; , j=i
di.={ It ] for i,j=1,2,...,n.
Jordpyjo, J <t

Particularly, for r = 1, The matrix C = [c;;] of type
nxn, is called the circulant matrix and generic
element is shown as

2. Preliminaries

C.. = Cj—i , ] =1
Yo lenjoi o J <1U°

Circulant matrices via special numbers have widely
applications in several studies for example Solak’s
paper (Solak, 2005; Bahsi and Solak, 2014). For
instance, Kocer et al. (Kocer et al, 2007) have
studied the norms of circulant matrices which
terms are Horadam numbers. In (Shen and Cen,
2010), Shen and Cen have obtained the bounds for
the norms of r —circulant matrices Bahsi in (Bahsi,
2015) has computed norms of circulant matrices
with the generalized Fibonacci and Lucas numbers.
In (Tuglu and Kizilates, 2015a; Kizilates and
Tuglu, 2016; Kizilates and Tuglu, 2018), Tuglu and
Kizilates have given some matrix norms of
circulant, r—circulant and geometric circulant
matrices with the special Fibonacci numbers. Also,
Bahsi calculated the matrix norms of circulant
matrices with Tribonacci sequence (Bahsi, 2015).
Then, Ozkog and Ardiyok calculated the spectral
and Euclidean norms of the circulant and
negacyclic matrices via tetranacci sequence
(Ozko¢ and Ardiyok, 2016). Tas¢t and Acar
studied Gaussian tetranacci numbers with their
initial values being Gaussian integer (Tasct and
Acar, 2017). Yesil Baran et al. calculated some
matrix norms for the circulant matrices consisting
of elements of the generalized tetranacci number
sequence (Yesil Baran and Yetis, 2019). Also
Tuglu et al. obtained the norms of some special
matrices with Fibonacci numbers (Tuglu and
Kizilates, 2015b). In addition to this, Kizilates et al.
showed that some properties of Harmonic
Fibonacci numbers and Quadra Lucas-Jacobsthal
numbers (Kizilates,2017; Tuglu et al., 2015).

In the light of these informations, the target of this
study is to present eigen values and determinants of
circulant matrix which terms are generalized
tetranacci sequence with the help of fourth
recurrence relation. Now, we give some
preliminaries about concept of circulant matrix and
tetranacci sequence.

Firstly, because of that results of this study, we need to introduce some concepts which include special

sequences.

Tetranacci sequence which is shown (M,,),ex iS defined by the recurrence relation

My=Mp1+My 2 +My3+Myy (n=4) @

where initial conditions for M, = M; = 0, M, = M5 = 1 .The elements of this sequence are called Tetranacci
numbers (Waddill, 1992). Binet formula for this sequence is

_ an Bn yn 61’1.
My = (a-pB)(a-y)(a-6) + (B-a)(B-Y)(B-96) + - y-p)(y-9) + (6-a)(6-B)(6-Y)
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(Zaveri and Patel, 2015). Here a, 8, y, § are the roots of the characteristic equation of (1).
The sequence (7;,),en is defined as the generalized tetranacci sequence with recurrence relation as

T =0Th1+qln o+ 1T 3+sThy (n2=4) 2)
where initial conditions for 7y =a, 73 =b, T, =c¢, 3, =d and 1 —p—q—r —s # 0 (Yesil Baran and
Yetis,2019). Let a, B,y and & are the roots of characteristic equation of (2) . Binet formula for (7;,)nen IS
obtained as

_ Aa™ Bp™ cy™ DS&™
"~ (a-p)(a-y)(a—5) + (B-a)(B-y)(B-6) + y-a)(y-p)y-98) + (6-a)(6-p)(6-Y) 3)

Tn

where

D=d—-cp—bgq—ar

C=U—-8)[c—bp—aql+D

B =(b—ap)ly - {)(6 — )] - P

A= a(a—ﬂ)(a—y)(a—S)(B—y)(ﬁ—5)+B(a—y)g/a—5) + —Cla—p)(a—-5)(B—8)+D(a—p)(a-y)(B-Y) .
B-r)(B-6) B-V)(B-6)(y-6)

Vieta’s formula is about to the coefficients of a polynomial to sums and products of its roots.
For a # 0, Vieta’s formula for the quartic

ax* +bx3 +cx?+dx+e=0=(x—x7)(x —x;)(x — x3)(x — x4)

gives in four variables as

-b
X1 +x2+x3+X4 :7
Cc
X1Xo + X1X3 + X1Xg + xZX3 + XXy + X3x4 = E
—-d
xleX3 + X1X2X4 + X1X3X4 + xe3x4 = 7

e
X1XpX3Xg =~
Lemma2.1. Let A = C(ay, ay,+,a,—1) be an n X n circulant matrix. Then we have
— yn-1 -j
/1_](‘/1) - ;{120 agw Ik

2mi

wherew =en,i=+v—-1,j=0,1,---,n— 1 (Davis,1979).

2mi

Lemma 2.2. Let the w = e satisfy the n — th primitive root of unity, where i =+—1 and a, b, ¢, d, geC,
following equation holds

Por(a = bw ™+ cw 2k — dw k) = am — a4 (27 — 2172m)pn 4 21 (S280) y gn (40
4ac+b)n +

n_o(a—bw ™+ cwmk — dwT3k 4 gwHK) = g™ 4 g" + 22720 (p™ + d7) + 21737 (—a
4p2-4n (B)n
a
Proof: The proof of lemma 2.2. was shown in (Davis,1979).

3. Main section

In this section, we formulate eigenvalues and determinants of circulant matrix with fourth recurrence
relation. Firstly the nxn circulant matrix which terms are generalized tetranacci numbers is defined by

419



Yesil Baran | GUFBED 11(2) (2021) 417-423

o T T2 - T
Tn—l :T(‘) Tl :Tn 2
C(T) =Th—2 Tner Too - Tn 3
T I T3 - T

The following theorem gives us to the eigenvalues of C (7).

Theorem 3.1. Let C(J") be circulant matrix. The eigenvalues of matrix A are

s {7;1_1 + éA* + %B* +%c* + %D*}w‘” +{—qT + pTp1 — Tpyp + LIw™
2@y = T =Ty — [ = A+ @ =B+ —1)C" + p =D Pw + T, —{A"+ B + "+ D)
/ —swH —rw=3 —qw H +pw i +1
where

L=A"(By +B5+y6)+ B (ay +ad +y8)+C*(af + ad + B6) + D*(aff + ay + By) .

and
. _ A . _ B . _ c . _ D

_(a—ﬁ)(a—y>(a—6)'B _(ﬁ—a)(ﬁ—y)(ﬁ—S)’C _(V—a)(y—ﬁ)(V—S)'D T (-a)(-B(-Y)

Proof: From Lemma 2.1. and (3), we have

HE@) = ) Tyw

n—-1

= Z(A*ak + BB* + C*y* + D* 6% )wik
k=0
Slaw )1 (w1 w ) (w)
aw—J—1 +B pwi-1 +C yw=i-1 +D Swi-1 °

For the (aw™)" = a™, (Bw )" = g™, (yw™)" =y, (6w7)" = 6™, the RHS of equation equals to

A (@*-D)(pwT-1)(yw I -1) (w7 -1)
+B* (B (aw /1) (yw I -1)(swI-1)
+C* (=) (aw ™ -1)(pw I -1) (6w -1)
+D*(6"-1)(awJ-1)(Bw T -1)(yw ™I -1)

(aw=i-1)(Bpw=i-1)(yw—i-1)(6w—i-1) °

Aj(C(T)) =

After regulations of numerator, we obtain

{aﬂy6{A*an‘1 + BT+ Cy T 4+ D*6”‘1}}
—{A*ByS + B*ayS + C*a6 + D*afy}

+{ A*a™(By + 6 +v6) + B* B (ay + ad +yd) }w‘zi
+C*y"(af+ad + LS6)+D*6™"(af +ay +By) — L

{ Aa®(f+y+6)+ B (a+y+8)+Cy* (a+p+6) } _j
+D* 5" (a+ L +y)—AB+y+6)—B(a+y+8)—-C(a+B+8)—D"(a+B+Yy)

+A*a™ 4+ BB + C*y" + D*B +y + 86" — (A* + B* + C* + D*).
Using Vieta formulas and (3), if we replace
afys = —
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Aa™t+ Bl 4 Cry 4 DS =7,
p+y+6=p—a,
a+y+6=p-—-3,
a+pf+65=p—vy,
a+p+y=p-—56,

then we get
ZB"+2C" 43D w3 + (—qT, + Py — T + Liw ™Y

B y s qJn bIn+1 n+2 w .
HpTo ~ Torr = [0~ QA+ @ = B)B" + (0 —V)C" + (p— D Pw™ + T, —{A" + B" + C* + D"}

—s{Ty+oA"+

After regulations of denominator, we obtain

[aByéw™ — (aPy + aBS + ays + ByS)w™ + (af + ay + a8 + By + S + yS)w™% —
(@a+B+y+ow +1].

Using Vieta formulas, if we change

afyd = —s,afy + aff§ +ayd + pys =r,
af+ay+ad+ Ly +B5+ys =—q,
a+pf+y+6=-p,

we reach

[-sw™ —rw™ —qw™H —(@a+ B +y+8) +pw T +1].

Finally we obtain the eigenvalues of matrix C (7") are

-5 {:rn_1 + %A* + %B* +%C* + %D*}W'” +{=qT, + pTps1 — Tppip + LW

+HpT =T = [ —)A + @ = BB + @ —VC + =D BPw/ + T, —{A"+ B +C" + D}
—swH —rw=3 —qw H +pw +1

Aj(C(T)) =

Theorem 3.2. Let C(7") be circulant matrix. The determinant value of matrix C(T") is
1, 1, 1"
FB 4 C 45D } )
=27 -2 )P =Tn+1~[(P- ) A"+~ B)B*+(p~y)C*+(p-8)D'}"

n
+21‘"({—an+an+1—Tn+2+L}—2(Tn—{A*+B*+C*+D*})S{Tn_1+%A*+%B*+%C*+%D*})

1 1 14,1 n
Tn—{A*+B*+C*+D*}s{Tn_1+—A*+—B*+—C*+—D*}
+2" a p v $
~{PTn-Tn+1-[P-0)A*+(p-B)B*+(-y)C*+(p—-8)D*]}

(Tn—{A*+B*+C*+D*})n+(—s{Tn_1+§A*+

det(4) = -

1+(=5)"+22720((=p)"+1™)+21 73" (—4q—p) "+ 2274 (—p)"

Proof: From Theorem 3.1., we have

det(C(T)) = [1}25 4,(C(T))
—s{Tn_1+§A*+%
HPT=Tn41=[(P=D A" +(P=B)B"+(=Y)C* +®=8)D* 3w/ + T —{A*+B"+C"+D"}

—sw4—rw=3i—qw~2j+pw—i+1

B*+%C*+%D*}W_3j+{—an+an+1 ~Tnp+LIw™2)

By considering Lemma 2.2., we obtain
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(Tn—{A*+B*+C*+D*})"+(—S{Tn_1+%A*+
-2 =212 (pT—Tn41—[(p- @) A" +(p—B)B*+(p—y)C* +(p—8)D*]}"
+21‘"({—an+an+1—Tn+2 +L}—2(Tn—{A*+B*+C*+D*})s{Tn_1 +%A*+

%B*+%C*+§D*}n>
%B*+%C*+%D*})n

1

n
Tn—{A* +B*+C*+D*}s{Tn_1+%A*+ B*+lC*+%D*}
+2n B~ ¥
—{PTn-Tn+1-[(P-@)A*+(p—-B)B*+(p-y)C*+(p—-8)D*]}

det(C(T)) =+

Therefore the proof is completed.
4. Conclusion

In this paper, we investigate the eigenvalue of C(7")
which is defined by tetranacci numbers. Tetranacci
series of numbers each term is added to the next
term by adding the four terms before and they ara
a continuing sequence of numbers. So tetranacci
series of numbers is generalization of Fibonacci
numbers. So all theorems and conclusions, which
are found for tetranacci numbers, can be applied to
Fibonacci numbers. Consequently, These theorems
are generalization of the eigenvalues and
determinants of the circulant matrix which is
defined by Fibonacci numbers.
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