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Abstract

Fixed point theory is one of the most important theories and has been studied extensively by researchers
in many disciplines. One of these studies is its application to integral equations. In this work, we have
shown that the iteration method given in [30] converges to the solution of the more general Volterra
integral equation in two variables by using Bielecki’s norm. Also, a data dependence result for the

solution of this integral equation has been proven.
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1. Introduction

Various problems in nature can be expressed in
nonlinear equations. Reaching the solution of nonlinear
equations is significant for many disciplines. There are
many methods to obtain this solution in mathematics.
One of them is the fixed-point theory. One of the study
areas of nonlinear analysis is integral equations and one
way to show the existence and uniqueness of the
solutions of integral equations is iteration methods in
fixed point theory. Iteration methods have become an
intriguing method for solving nonlinear equations. In
this context, a large literature has emerged with the
definition of new iteration methods (see [1-5]). Fixed
point iteration methods have been studied by many
researchers to solve integral equations (see [8-29]). The
basic approach in this method is to construct iteration
methods by including the integral equations in an
operator classification under certain conditions and to
determine the appropriate conditions for the sequence
obtained from this iteration to converge to the fixed
point of the operator, in other words, to the solution of
the integral equation. In this regard, Lungu and Rus [6]
have proved that defined Volterra-Fredholm integral
equation (1.1) under the conditions given below (c1-c6)
has only unique solution.

In more general form, Volterra-Fredholm
equation [6] in two variables can be seen as

integral
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g(x,y) = f(xxy! (h(g))(x!y))) +

fox nyK(x, y,s,t,g(s,t))dsdt x,y € R,. (1.2)
Let (E,|IlD be a Banach space. Let K € C(R*, X
E, E) be class of continuous functions. Bielecki’s norm
[7] on X, defined as

gl = sup (llgCx,y)[De ") 1.2)
x,YER+
such that
X, = {geC(R?,,E)|aM(g) > 0:|g(x,y)| <
e T+ < M(g)}. (1.3)

for > 0.
Itis clear that (X, ||-||.) is a Banach space.

Teorem 1.1 Let us assume that the following conditions
are satisfied:

(cl) feC(R*,. XE,E),K € C(R*, X E,E),
(c2) vx,y € R,,Vu,v € X, h: X, - X, such that
AL, > 0:[|(h(w) (x,¥)) — (h(¥) (x, y)) |
< Lyllu — vl e™™**),

(c3) Vx,y € R,,Vw;,w, € E;

ALy > 0:[If (x, y,w1) = f(x, 7, W)l < Lellwy — wel,
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(c4) vx,y,s,t € R, Vw,,w, € E; 2. Main Results
ELK(X,}/,S, t) > 0: ”K(x:va, t,Wl) - K(X,y,s, tv W2)||
< Lg(x,y,s,0)|lwy, —wy||, Teorem 2.1 Let {a,}p-; and {B,}n=. are real

(c5) vx,y € Ry,

Lg € C(R*,,R,) and fox foy Li(x,y,s,t)e™™Ddsdt <
Le‘r(x+y)'

(CG) Lth +L<1.

Then (1.1) has a unique solution [6].

The following iteration method has defined in [30].
Xy € X,
(1-an)

ix"“ =7 (L ry, 4 (1- )7y,

(1.4)

where {a,}n-; and {B,}n=,are real sequences in [0,1],
k,n €N and T is any self-operator. The iteration
method (1.4) can be demonstrated as follows:

Xo € X,
Xn1 = Tuy
_ (1-an) (1-an)
n= ST, + (12 1y, (15)
Yo =Top

Lv, = Ol 4 (1- (1—kﬁn)) Tx,.

Definition 1.2 Let X be a Banach space and C be a
nonempty, closed, convex subset of X. Let S,T:C - C
be two mappings. We say that the S is an approximate
mapping pair of T if for all x € C and for a fixed € = 0,
we have ||Tx — Sx|| < € [31].

Lemma 1.3 Let {0, }7-o be nonnegative real sequence.
Assume that there exists n, € N, such that for all the
n = n, one has the inequality

Ons1 = (1 - An)an + Anmn

where 4, € (0,1) for all n€N, Yx 4, =, and
m,, = 0. Then the following inequality holds:

0 < limsup o, < lim sup m,, [31].
n—-oo n—-oo

Consider the equation (1.1), we have
T: X, — X, defined by

Teen (e, 3)) = £ (%3, (R(x)) (x,1)))

+f0x foy K(x,y,5,t,x,(s,t))dsdt x,y € R,. (1.6)
In this work, we have shown that the iteration method
(1.5) converges to the solution of Volterra-Fredholm
integral equation given by (1.1) in Banach space X for
the initial point x, € X. Also, we have obtained the data
dependence result for the solution of equation (1.1)
under conditions in Theorem 1.1.
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sequences in [0,1]. Then under the assumptions of
Theorem 1.1, the equation (1.1) has a unique solution,
say x,, and the iteration method (1.5) is convergent
strongly to x,,.

Proof Let {x,, };—, be an iterative sequence generated by
iteration method (1.5) as follows:

e (e, 3)) = £ (%3, (), 3)) +

fox ny K(x,y,5,t,x,(s,t))dsdt x,y € R, (2.1

where T: X; — X;.

We will show that x, - x, as n — c. From (1.1),
iteration method (1.5), and the assumptions (c1)-(c6) of
Theorem 1.1, we obtain

21 — xp”T = ||Tu, - Txp”T =

subyer, (||Tun(x,y) = Tx, (x, ) [le7¢+)  (2.2)

and
| Tun G, ) = T, (x, ) || =
f (23, ((un)@.9)))
+ 7 [T K (x5, t (s, 0)dsdt
~f (22,1 (5,00 0))
—f K (x, ¥,5,t,%,(s, t)) dsdt
< ||£Cey, (@)@ ) -
f (27, (G @) || +
55 K(x,y,5,t,u,(s, ) )dsdt —
fox nyK (x, Y, S, t, %, (s, t)) dsdt”
< Le[| (hua)) (6, 3) = (R(xp) )| +
IR || Goys tan(s, 0) -
K (x, Y,5,t,xp(s, t))| dsdt
< LyLplun — xp”TeT(Hy) +
JE I Lie(x,,5, 0 |[un(s, ) = x,(s, 0| dsdt
< Lyl [lun = x| €7 + [|u, —
oll S S LiCey, s, £)e™¢+0 dsdt
< Lth”un — xp”fet(xﬂ/) + L||un — xp”TeT(Xer)

< (LpLp + L) || — x| 7+

and we have
o1 = 2| < LpLn + L)[|un — x|, (2.3)

and
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[T G, ) = T e, ) || =
f (7, (R (6, 1)
+Jo ) K(xy,s,t,2,(s, 1)) dsdt
~f (.2, (G )

_ fox foy K (x, Y,5,t,%,(s, t)) dsdt
(6, (G @) = £ (2,3, () ) )| +
Jo I3 K@y, 5,65, (s, 0))dsdt —
fgx foy K (x, Y, 5,t,%x5(5, t)) dsdt ||
< Le||(h(x)) (%, %) = (RCep)) () || +
I3 B ||K Gerys, (s, 09) =
K (x, Y, 85, t, x5 (s, t)) | dsdt
< LpLp | = xp[| ™) +
S22 L y,5,0)||xa(s, ©) = x, (s, 0| dsde
< LeLp||xn — xp||TeT(X+y)
+L||xn - xp”Tef(Hy)

< (Ll + L) |Jn — xp || ™)

<

and we obtain

[T = Tacp || < (LpL + L)||xn = x| - (2.4)

Similarly,

”Tyn - Txp”.[ = Supx,yelR+(||TYn(x: Y) -
Tx, (x,y)||e”* )

and we have

1Ty — Txp”, = (Ll + D)|[yn = xp”,
(2.5)

and similarly,

”yn - xp”.[ = Supx,yelR+(||Yn(x: Y) -
xp (x, ) [|e77C+)

and

|y, %) = 2, e, V|| = [T Cx,y) — T, (x, 3) ||
f(x,y, (h(v)(x, 7))
+ 7 [ K(x,y,5,t,va(s, 1) )dsdt

~f (%7, (G )
- f(f nyK (x, Y,5,t,xp(s, t)) dsdt
< || FGey, @ @) - £ (23, B )| +
”fox IS K (x,9,5,t,0,(s,1))dsdt —
fox nyK (x. Y, 8, t, % (5, t)) dsdt”
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< L[| (h () (@, y) = (h(x,)) G )| +

L K Goyos oG, ) —

K (x, Y,5,t,xp(s, t))| dsdt

< LyLy|lvn - xp”TeT(ery) +

I3 I3 Lk (e, 3,5, 0)|[vnls, ) = x, (s, ) || dsdle

< Lth”vn — xp||rer(x+y) + L”Un _ xp”TeT(Xer)

< (LiLp + L)||Jvn — xp”TeT("“’) .

Then, we have

llvm = %ol < (Lyln + L) [|vn — x| -
(2.6)

By using (2.4), we obtain

o 5l = |52+ (1~ ) e,

(1-Bn) (1-Bn)
< S |, — x|, + (1 = L) (1720 —
< 8Bl — s ||+ Upln + 1) (1= L2 |, -

xp”, < [|x - xp”T (2.7)

and combining (2.4), (2.5), (2.6), and (2.7)

oo s, = |52, 4

< (1-an)
- k

55 T =

(1-an)
1750 = I, + (1 = 9=2) 73, — |,

< 8 (1 Ly + L)l — x|, + Ly +
(1-ap)
L) (1 - ka ) [l = xv”,

< 8 (1 Ly + L)l — x|+ (gl + 1)7 (1 -
(1-an)

- kan ) [[vn - xp”,

< 8 (1 Ly + L)l — x|+ (gl + 1)7 (1 -

(1-an)
1%) ”xn - xp”,

< (Lyln + L) |Jxn = x| (2.8)

and we have

[[2tns1 — xp”T < ||Tu, - xp”,
< (LyLp + L) ||Jun — xp||T
< (LLn + L)?||xn = x|

by induction we obtain
tnes =2 ll, < (Lpln + )P0 — x|

Taking the limit on both sides of (2.9) and using
(L¢Lp + L) < 1, we obtain

(2.9)

lim ||xn - xp”T =0.

n—oo

We consider the equation (1.1), we have
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S(wn(x, 1)) = f1(x, 5, (W) (x,9)) +
fox nyKl(x,y,s, t,wy(s,t))dsdt x,y € R,.

(2.10)
We have
Teorem 2.2 We suppose that
i) f, K, f,, Ky, h satisfy conditions c1-c6 in Theorem 1.1
ii) there exits ; > 0 such that
If G,y w) = fi(x, y,wllc < &

forallx,y e R,,w € E;
iii) there exits €, > 0 such that

IK(x,y,s,t,w) — K, (x,y,s,t, w)|l; < Le,
forall x,y,s,t € R,,Vw € E;

iv) {w,}-; be an iterative sequence generated by

[ Wn+1 = Snn
_ (1 - an) (1 - an)
N = TSWn + (1 - T) Stn
Hn = SCy
k{n _ (1 _kﬁn) w, + (1 _ (1 _kﬁn)) SWn.

Then

a) the equations (1.6) and (2.10) have a unique solution
X, Wy respectively;

1+(L/Lh+L)+(Lth+L)2+(Lth+L)3
1—(Lth+L)2

b)

ng).

Iy =l < | o

Proof The assumptions (c1)-(c6) of Theorem 1.1, we
obtain

”Txn SWTL"T - Sup (”Txn(x Y) -

X,YE
Swy (x, y)|le T+

and

T, (x, y) = Swn (x, I <
f(xy, (h(x))(x,9))
+f0x foy K(x,y,5,t,x,(s,t))dsdt
~fi(x,y, (h(wn))(x, )
—fox foy K (x,y,5,t,wy(s, t))dsdt
< || (x v, (hGe)) (x, 3)) = £ (%, 5, (h(wa)) (x, 1) || +
£ (2.3 h(wnGe. ) ) = £y, (rwa)) G ) || +
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112 K (x,y,5,t, 2, (5,0 ) dsdlt —

fox foy K(x,y,s,t,w,(s,t))dsdt| +

||f0x foyK(x,y,& t,wy (s, t))dsdt —

S I Ky (6,9, 5,6, wa (s, ©))dsd|

< Lell(h(x2) (, ¥) — (Rwn) e, | + &,€7CH) 4

Jo I L@, 3,5, D) 1x, (s, ) — wy (s, D)l dsdt +
ngeT(x+y)

< LeLpllx, — wyll, €70 + £,e™® ) 4 L|x, —
Wnllrer(x+y) + nger(x+y)

< [(LeLp + L)llxy, — wyll; + (g1 + Ley)|e™™ 4. (2.11)
By using (2.11), we have

”Txn - SWn“r < (Lth + L)”xn - Wn“r + & + LEZ

(2.12)
and we obtain

(1-Bn)

1o = Galle < |22, + (1 = 2222) T, —
(0, (1 ) s, |
<0 ’3") 1, = wallz + (1 = 22 17, — Sw
(”Wm—mm(bﬁﬁQWu+
L)l = walle + (1= S22 (e, + Ley)

< by —walle + (1 - 522) (e +Lep). (213)
Similarly to (2.11),

lyn = tall = 1T = SSull < [(LpLp + L) llvy —

Golle + (g1 + Lez)]ef(“y) )

Thus, we have

Iy = tnlle = 1TV = SGallz < (LeLp + L)llvy —

Cullz + (g1 + Ley) (2.14)
and

Ty = Stnlle = sup (IITy,(x,y) —

x,YER}

Sun (e, y)le"E+))

and

1Ty = Suall < ||£ (%3 RO 3))) -

£y, ) o) || + 117 Gy, (G @, ) —
fi(x, 3, h(h () (e, ) || +

||f0x foy K(x,y,st,y,(s,t))dsdt —

fox foyK(x,y,s, t, tn(s, ©))dsdt || +

||f0x foyK(x,y,s, t, un(s, £))dsdt —

fox foy K (x,7,5,t, n(s, ) )dsdt||
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< L IROWI ) = (Gl + e @ B (1 ), 4 (1~ w) (LyLn +
{(}nggréﬁgy)@ ¥, 5, Oy (s, t) — puy (s, t)lldsdt + L)2€1+L (1 _a- an)) (LeLy + L) &
< [(LeLp + L)llyn = tnlle + (&1 + Ley)]e™&H), 215 and we get
By using (2.15), we have (Lth n L)Z —(1-6)
Ty, = Sktalle < (LrLp + L)y — pinlls + &1 + LZ -16) Then, we have
Combining (2.12), (2.13), (2.14), and (2.16), we have %41 = Wnall < (1 = Ollxy — wall + 6 W
2 2

I =l < S22 1, — Sw,l + (1 - e ] (e ten) e
a- an)) Ty, — Sﬂnllf Denote that
<= “") [(LiLp + L), — wyll; + & + Ley| + Onir = 1Xnss — Wipas

1= ) (1,1, + Ll = il + 51+ L] % =l = wall 2
< (e an) (LyLn + L)l — walle + (1—kan> e + An=6=1-(LsL, +L) , .

a- “") (1 a- “”)) (LLp + L)llyn = tnll + n= Llj((LLffLth:LL))z (LfL}:Zf;(:fLL)TL) ] (1 + Lez).

4o
i
(1-
<
(1-
& + Le,

w](L Ly + L)len —wylls +& +Ley +
(1- o Q9 (LpLiy + L) N = Galle + (LpLn +
L) (1= g4 (1 - 20 (1L, + L)e,

< - “") (Lth + L)llxn — Wyl + & + L&, +
(1 o Q) (LpLy + L)t — wll + (1 —
Qoend) (1 - B (1pny + 1) e + 1 (1 -
Goend) (1 - B (11 + 1) e, + (1 -

) (LyLy + L)eg+L (1 = =22) (LeLy + L)e,

K
< (LeLp + L)y — wyll; + & + Le, + (1 -

“a- an> e
1(1 an) ) +L(1 . )52

(Lth + L)”xn - WTL”T + 51 + ng
(1 n
L2 (LeLy + L)y = talle
(1-ap
@ )(Lth + L)%y — wulle + & + Le, +

- an)) (Ll + L)[(LrLy + L)llvy = ol +

(1-an) (1-Bw) 2
;k—“)) (1- ;T)) (LyLy + L)zsl +1(1-
Qo) (1 — 8 (1L + L) e, + (1 -

Cnd) (LpLy + L)ey+L (1= 5222) (LyLy + L)e;
and similarly

”xn+1 - Wn+1”r = ”Tun - Sr]n”r =< (Lth +
L)”un - nn”‘r + & + ng

< (LeLy + L)2||xn —Wylle + (LeLy + L), +
L(LLy + L)e, + & + Ley + (1 - %) (1 _
Q) (LyLy + 1) ey + L (1= =220 (1 -
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It can be seen that (2.17) satisfies all the conditions in
Lemma 1.3, and hence it follows from its conclusion
that

14+ (Ll L)+ (LLp+L) +(LyLp+L)
1-(LsLp+L)?

ey = wpll = | (e + Ley)

3. Conclusion

In this work, we have shown that the iteration method
(1.5) converges to the solution of the more general
Volterra integral equation in two variables (1.1).
Finally, we have proved a data dependence result can be
obtained for the solution of the integral equation (1.1).
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