
 

               Celal Bayar University Journal of Science  
                Volume 17, Issue 3, 2021, p 313-318 

                Doi: 10.18466/cbayarfbe.837062                                                                                                  S.Maldar 

 

313 

Celal Bayar University Journal of Science 

  

On Iteration Method to The Solution of More General Volterra Integral 

Equation in Two Variables and a Data Dependence Result 
 

Samet MALDAR1*  

  
1 Aksaray University, Faculty of Science and Letters, Department of Mathematics, Aksaray, Turkey 

*mmaldar@aksaray.edu.tr 
*Orcid: 0000-0002-2083-899X 

 

Received: 7 December 2020 

Accepted: 16 September 2021 

DOI: 10.18466/cbayarfbe.837062 

 

 

Abstract 

 

Fixed point theory is one of the most important theories and has been studied extensively by researchers 

in many disciplines. One of these studies is its application to integral equations. In this work, we have 

shown that the iteration method given in [30] converges to the solution of the more general Volterra 

integral equation in two variables by using Bielecki’s norm. Also, a data dependence result for the 

solution of this integral equation has been proven. 
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1. Introduction 

 

Various problems in nature can be expressed in 

nonlinear equations. Reaching the solution of nonlinear 

equations is significant for many disciplines. There are 

many methods to obtain this solution in mathematics. 

One of them is the fixed-point theory. One of the study 

areas of nonlinear analysis is integral equations and one 

way to show the existence and uniqueness of the 

solutions of integral equations is iteration methods in 

fixed point theory.  Iteration methods have become an 

intriguing method for solving nonlinear equations. In 

this context, a large literature has emerged with the 

definition of new iteration methods (see [1-5]). Fixed 

point iteration methods have been studied by many 

researchers to solve integral equations (see [8-29]). The 

basic approach in this method is to construct iteration 

methods by including the integral equations in an 

operator classification under certain conditions and to 

determine the appropriate conditions for the sequence 

obtained from this iteration to converge to the fixed 

point of the operator, in other words, to the solution of 

the integral equation. In this regard, Lungu and Rus [6] 

have proved that defined Volterra-Fredholm integral 

equation (1.1) under the conditions given below (c1-c6) 

has only unique solution. 

 

In more general form, Volterra-Fredholm integral 

equation [6] in two variables can be seen as  

 

 

 

𝑔(𝑥, 𝑦) = 𝑓 (𝑥, 𝑦, (ℎ(𝑔))(𝑥, 𝑦))) +

∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑔(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
  𝑥, 𝑦 ∈ ℝ+.              (1.1) 

 

Let (𝐸, ‖∙‖) be a Banach space. Let 𝐾 ∈ 𝐶(ℝ4+ ×
𝐸, 𝐸) be class of continuous functions. Bielecki’s norm 

[7] on 𝑋𝜏 defined as  

 

‖𝑔‖𝜏 = sup
𝑥,𝑦∈ℝ+

(‖𝑔(𝑥, 𝑦)‖)𝑒−𝜏(𝑥+𝑦)                   (1.2) 

 

such that  

 

𝑋𝜏 = {𝑔𝜖𝐶(ℝ
2
+, 𝐸)|∃𝑀(𝑔) > 0: |𝑔(𝑥, 𝑦)| ≤

𝑒−𝜏(𝑥+𝑦) ≤ 𝑀(𝑔)}.                                                    (1.3) 

for  𝜏 > 0. 
 

It is clear that (𝑋𝜏 , ‖∙‖𝜏) is a Banach space. 

 

Teorem 1.1 Let us assume that the following conditions 

are satisfied:  

 

(c1) 𝑓 ∈ 𝐶(ℝ2+ × 𝐸, 𝐸), 𝐾 ∈ 𝐶(ℝ
4
+ × 𝐸, 𝐸),  

 

(c2) ∀𝑥, 𝑦 ∈ ℝ+, ∀𝑢, 𝑣 ∈ 𝑋𝜏, ℎ: 𝑋𝜏 → 𝑋𝜏 such that   

∃𝐿ℎ > 0: ‖(ℎ(𝑢))(𝑥, 𝑦)) − (ℎ(𝑣))(𝑥, 𝑦))‖

≤ 𝐿ℎ‖𝑢 − 𝑣‖𝜏𝑒
𝜏(𝑥+𝑦), 

(c3) ∀𝑥, 𝑦 ∈ ℝ+, ∀𝑤1, 𝑤2 ∈ 𝐸;  

 

∃𝐿𝑓 > 0: ‖𝑓(𝑥, 𝑦, 𝑤1) − 𝑓(𝑥, 𝑦, 𝑤2)‖ ≤ 𝐿𝑓‖𝑤1 − 𝑤2‖, 
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(c4) ∀𝑥, 𝑦, 𝑠, 𝑡 ∈ ℝ+, ∀𝑤1, 𝑤2 ∈ 𝐸; 

∃𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡) > 0: ‖𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑤1) − 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑤2)‖
≤ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑤1 − 𝑤2‖, 

(c5) ∀𝑥, 𝑦 ∈ ℝ+, 

𝐿𝐾 ∈ 𝐶(ℝ
4
+, ℝ+) and  ∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑒

𝜏(𝑠+𝑡)𝑑𝑠𝑑𝑡 ≤
𝑦

0

𝑥

0

𝐿𝑒𝜏(𝑥+𝑦), 
(c6) 𝐿ℎ𝐿𝑓 + 𝐿 < 1. 

 

Then (1.1) has a unique solution [6]. 
 

The following iteration method has defined in [30]. 
 

{
 

 
𝑥0 ∈ 𝑋,

𝑥𝑛+1 = 𝑇 (
(1−𝛼𝑛)

𝑘
𝑇𝑥𝑛 + (1 −

(1−𝛼𝑛)

𝑘
) 𝑇𝑦𝑛)

𝑦𝑛 = 𝑇 (
(1−𝛽𝑛)

𝑘
𝑥𝑛 + (1 −

(1−𝛽𝑛)

𝑘
)𝑇𝑥𝑛)

          (1.4) 

 

where {𝛼𝑛}𝑛=1
∞  and  {𝛽𝑛}𝑛=1

∞ are real sequences in [0,1],  
𝑘, 𝑛 ∈ ℕ and 𝑇 is any self-operator. The iteration 

method (1.4) can be demonstrated as follows: 

 

{
 
 

 
 

𝑥0 ∈ 𝑋,
𝑥𝑛+1 = 𝑇𝑢𝑛

𝑢𝑛 =
(1−𝛼𝑛)

𝑘
𝑇𝑥𝑛 + (1 −

(1−𝛼𝑛)

𝑘
) 𝑇𝑦𝑛

𝑦𝑛 = 𝑇𝑣𝑛

𝑣𝑛 =
(1−𝛽𝑛)

𝑘
𝑥𝑛 + (1 −

(1−𝛽𝑛)

𝑘
) 𝑇𝑥𝑛 .

                    (1.5) 

 

Definition 1.2 Let 𝑋 be a Banach space and 𝐶 be a 

nonempty, closed, convex subset of 𝑋. Let 𝑆, 𝑇: 𝐶 → 𝐶 

be two mappings. We say that the 𝑆 is an approximate 

mapping pair of 𝑇 if for all 𝑥 ∈ 𝐶 and for a fixed 𝜖 ≥ 0, 
we have ‖𝑇𝑥 − S𝑥‖ ≤ 𝜖 [31].   
 

Lemma 1.3 Let {𝜎𝑛}𝑛=0
∞  be nonnegative real sequence. 

Assume that there exists 𝑛0 ∈ ℕ, such that for all the 

𝑛 ≥ 𝑛0 one has the inequality 
 

𝜎𝑛+1 ≤ (1 − 𝜆𝑛)𝜎𝑛 + 𝜆𝑛𝑚𝑛  
 

where  𝜆𝑛 ∈ (0,1) for all 𝑛 ∈ ℕ, ∑ 𝜆𝑛 = ∞,∞
𝑛=0  and 

𝑚𝑛 ≥ 0. Then the following inequality holds:  
 

0 ≤ lim
𝑛→∞

𝑠𝑢𝑝 𝜎𝑛≤ lim
𝑛→∞

𝑠𝑢𝑝𝑚𝑛  [31]. 

 

Consider the equation (1.1), we have  

𝑇: 𝑋𝜏  → 𝑋𝜏  defined by  
 

T(𝑥𝑛(𝑥, 𝑦)) = 𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦))) 

+∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
  𝑥, 𝑦 ∈ ℝ+.        (1.6) 

 

In this work, we have shown that the iteration method 

(1.5) converges to the solution of Volterra-Fredholm 

integral equation given by (1.1) in Banach space 𝑋 for 

the initial point 𝑥0 ∈ 𝑋. Also, we have obtained the data 

dependence result for the solution of equation (1.1) 

under conditions in Theorem 1.1. 

2. Main Results  

 

Teorem 2.1 Let {𝛼𝑛}𝑛=1
∞  and {𝛽𝑛}𝑛=1

∞  are real 

sequences in [0,1]. Then under the assumptions of 

Theorem 1.1, the equation (1.1) has a unique solution, 

say 𝑥𝑝, and the iteration method (1.5) is convergent 

strongly to 𝑥𝑝. 

 

Proof Let {𝑥𝑛}𝑛=1
∞  be an iterative sequence generated by 

iteration method (1.5) as follows: 

 

T(𝑥𝑛(𝑥, 𝑦)) = 𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦))) +

∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
  𝑥, 𝑦 ∈ ℝ+             (2.1) 

 

where 𝑇: 𝑋𝜏  → 𝑋𝜏.   
We will show that 𝑥𝑛 → 𝑥𝑝 as 𝑛 → ∞. From (1.1), 

iteration method (1.5), and the assumptions (c1)-(c6) of 

Theorem 1.1, we obtain 

 

‖𝑥𝑛+1 − 𝑥𝑝‖𝜏 = ‖𝑇𝑢𝑛 − 𝑇𝑥𝑝‖𝜏 =

𝑠𝑢𝑝𝑥,𝑦𝜖ℝ+(‖𝑇𝑢𝑛(𝑥, 𝑦) − 𝑇𝑥𝑝(𝑥, 𝑦)‖𝑒
−𝜏(𝑥+𝑦))        (2.2) 

 

and 

‖𝑇𝑢𝑛(𝑥, 𝑦) − 𝑇𝑥𝑝(𝑥, 𝑦)‖ =

‖

‖

𝑓 (𝑥, 𝑦, (ℎ(𝑢𝑛))(𝑥, 𝑦)))

+∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑢𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

−𝑓 (𝑥, 𝑦, ℎ (𝑥𝑝(𝑥, 𝑦)))

−∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

‖

‖

                 

≤ ‖𝑓(𝑥, 𝑦, (ℎ(𝑢𝑛))(𝑥, 𝑦)) −

𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑝))(𝑥, 𝑦))‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑢𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖  

≤ 𝐿𝑓‖(ℎ(𝑢𝑛))(𝑥, 𝑦) − (ℎ(𝑥𝑝))(𝑥, 𝑦)‖ +

∫ ∫ ‖𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑢𝑛(𝑠, 𝑡)) −
𝑦

0

𝑥

0

𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡))‖𝑑𝑠𝑑𝑡  

≤ 𝐿𝑓𝐿ℎ‖𝑢𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) +

∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑢𝑛(𝑠, 𝑡)  − 𝑥𝑝(𝑠, 𝑡)‖
𝑦

0

𝑥

0
𝑑𝑠𝑑𝑡                       

≤ 𝐿𝑓𝐿ℎ‖𝑢𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) + ‖𝑢𝑛 −

𝑥𝑝‖𝜏 ∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)𝑒
𝜏(𝑠+𝑡)𝑦

0

𝑥

0
𝑑𝑠𝑑𝑡  

≤ 𝐿𝑓𝐿ℎ‖𝑢𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) + 𝐿‖𝑢𝑛 − 𝑥𝑝‖𝜏𝑒

𝜏(𝑥+𝑦)  

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑢𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦)                                     

 

and we have 

 

‖𝑥𝑛+1 − 𝑥𝑝‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑢𝑛 − 𝑥𝑝‖𝜏                (2.3) 

 

and  
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‖𝑇𝑥𝑛(𝑥, 𝑦) − 𝑇𝑥𝑝(𝑥, 𝑦)‖ =

‖

‖

𝑓(𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦))

+∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

−𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑝))(𝑥, 𝑦))

−∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

‖

‖
   

≤ ‖𝑓(𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦)) − 𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑝))(𝑥, 𝑦))‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖  

≤ 𝐿𝑓‖(ℎ(𝑥𝑛))(𝑥, 𝑦) − (ℎ(𝑥𝑝))(𝑥, 𝑦)‖ +

∫ ∫ ‖𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡)) −
𝑦

0

𝑥

0

𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡))‖𝑑𝑠𝑑𝑡  

≤ 𝐿𝑓𝐿ℎ‖𝑥𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) +

∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑥𝑛(𝑠, 𝑡) − 𝑥𝑝(𝑠, 𝑡)‖
𝑦

0

𝑥

0
𝑑𝑠𝑑𝑡  

≤ 𝐿𝑓𝐿ℎ‖𝑥𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) 

+𝐿‖𝑥𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) 

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦)                           

 

and we obtain 

  

‖𝑇𝑥𝑛 − 𝑇𝑥𝑝‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏.                (2.4) 

 

Similarly, 

 

‖𝑇𝑦𝑛 − 𝑇𝑥𝑝‖𝜏 = 𝑠𝑢𝑝𝑥,𝑦𝜖ℝ+(‖𝑇𝑦𝑛
(𝑥, 𝑦) −

𝑇𝑥𝑝(𝑥, 𝑦)‖𝑒
−𝜏(𝑥+𝑦))                   

 

and we have 

 

‖𝑇𝑦𝑛 − 𝑇𝑥𝑝‖𝜏 = (𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝑥𝑝‖𝜏                     

(2.5)    

 

and similarly, 

 

‖𝑦𝑛 − 𝑥𝑝‖𝜏 = 𝑠𝑢𝑝𝑥,𝑦𝜖ℝ+(‖𝑦𝑛
(𝑥, 𝑦) −

𝑥𝑝(𝑥, 𝑦)‖𝑒
−𝜏(𝑥+𝑦))                   

 

and 

 

‖𝑦𝑛(𝑥, 𝑦) − 𝑥𝑝(𝑥, 𝑦)‖ = ‖𝑇𝑣𝑛(𝑥, 𝑦) − 𝑇𝑥𝑝(𝑥, 𝑦)‖= 

‖

‖

𝑓(𝑥, 𝑦, (ℎ(𝑣𝑛))(𝑥, 𝑦))

+ ∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑣𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

−𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑝))(𝑥, 𝑦))

−∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

‖

‖
  

≤ ‖𝑓(𝑥, 𝑦, (ℎ(𝑣𝑛))(𝑥, 𝑦)) − 𝑓 (𝑥, 𝑦, (ℎ(𝑥𝑝))(𝑥, 𝑦))‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑣𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡)) 𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖  

≤ 𝐿𝑓‖(ℎ(𝑣𝑛))(𝑥, 𝑦) − (ℎ(𝑥𝑝))(𝑥, 𝑦)‖ +

∫ ∫ ‖𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑣𝑛(𝑠, 𝑡)) −
𝑦

0

𝑥

0

𝐾 (𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑝(𝑠, 𝑡))‖𝑑𝑠𝑑𝑡   

≤ 𝐿𝑓𝐿ℎ‖𝑣𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) +

∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑣𝑛(𝑠, 𝑡) − 𝑥𝑝(𝑠, 𝑡)‖𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
  

≤ 𝐿𝑓𝐿ℎ‖𝑣𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) + 𝐿‖𝑣𝑛 − 𝑥𝑝‖𝜏𝑒

𝜏(𝑥+𝑦)  

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑣𝑛 − 𝑥𝑝‖𝜏𝑒
𝜏(𝑥+𝑦) .                                        

 

Then, we have  

 

‖𝑦𝑛 − 𝑥𝑝‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑣𝑛 − 𝑥𝑝‖𝜏 .                            

(2.6) 

 

By using (2.4), we obtain 

 

‖𝑣𝑛 − 𝑥𝑝‖𝜏 = ‖
(1−𝛽𝑛)

𝑘
𝑥𝑛 + (1 −

(1−𝛽𝑛)

𝑘
)𝑇𝑥𝑛 − 𝑥𝑝‖

𝜏
   

≤
(1−𝛽𝑛)

𝑘
‖𝑥𝑛 − 𝑥𝑝‖𝜏 + (1 −

(1−𝛽𝑛)

𝑘
) ‖𝑇𝑥𝑛 − 𝑥𝑝‖𝜏  

≤
(1−𝛽𝑛)

𝑘
‖𝑥𝑛 − 𝑥𝑝‖𝜏 + (𝐿𝑓𝐿ℎ + 𝐿) (1 −

(1−𝛽𝑛)

𝑘
) ‖𝑥𝑛 −

𝑥𝑝‖𝜏 ≤ ‖𝑥𝑛 − 𝑥𝑝‖𝜏                                                  (2.7) 

 

and combining (2.4), (2.5), (2.6), and (2.7) 

 

‖𝑢𝑛 − 𝑥𝑝‖𝜏 = ‖
(1−𝛼𝑛)

𝑘
𝑇𝑥𝑛 + (1 −

(1−𝛼𝑛)

𝑘
) 𝑇𝑦𝑛 − 𝑥𝑝‖

𝜏
   

≤
(1−𝛼𝑛)

𝑘
‖𝑇𝑥𝑛 − 𝑥𝑝‖𝜏 + (1 −

(1−𝛼𝑛)

𝑘
) ‖𝑇𝑦𝑛 − 𝑥𝑝‖𝜏  

 ≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏 + (𝐿𝑓𝐿ℎ +

𝐿) (1 −
(1−𝛼𝑛)

𝑘
) ‖𝑦𝑛 − 𝑥𝑝‖𝜏  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏 + (𝐿𝑓𝐿ℎ + 𝐿)

2 (1 −
(1−𝛼𝑛)

𝑘
) ‖𝑣𝑛 − 𝑥𝑝‖𝜏  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏 + (𝐿𝑓𝐿ℎ + 𝐿)

2 (1 −
(1−𝛼𝑛)

𝑘
) ‖𝑥𝑛 − 𝑥𝑝‖𝜏  

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑥𝑝‖𝜏                                         (2.8) 

 

and we have 

 

‖𝑥𝑛+1 − 𝑥𝑝‖𝜏 ≤ ‖𝑇𝑢𝑛 − 𝑥𝑝‖𝜏  

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑢𝑛 − 𝑥𝑝‖𝜏  

≤ (𝐿𝑓𝐿ℎ + 𝐿)
2‖𝑥𝑛 − 𝑥𝑝‖𝜏  

 

by induction we obtain 

 

‖𝑥𝑛+1 − 𝑥𝑝‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)
2𝑛‖𝑥0 − 𝑥𝑝‖𝜏              (2.9) 

Taking the limit on both sides of (2.9) and using 

(𝐿𝑓𝐿ℎ + 𝐿) < 1, we obtain 

 

lim
𝑛→∞

‖𝑥𝑛 − 𝑥𝑝‖𝜏 = 0. 

 

We consider the equation (1.1), we have 



 

               Celal Bayar University Journal of Science  
                Volume 17, Issue 3, 2021, p 313-318 

                Doi: 10.18466/cbayarfbe.837062                                                                                                  S.Maldar 

 

316 

 

S(𝑤𝑛(𝑥, 𝑦)) = 𝑓1(𝑥, 𝑦, (ℎ(𝑤𝑛))(𝑥, 𝑦)) +

∫ ∫ 𝐾1(𝑥, 𝑦, 𝑠, 𝑡, 𝑤𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
  𝑥, 𝑦 ∈ ℝ+.         (2.10) 

 

We have 

 

Teorem 2.2 We suppose that 

 

i) 𝑓, 𝐾, 𝑓1, 𝐾1, ℎ satisfy conditions c1-c6  in Theorem 1.1 

 

ii) there exits 𝜀1 > 0 such that  

 
‖𝑓(𝑥, 𝑦, 𝑤) − 𝑓1(𝑥, 𝑦, 𝑤)‖𝜏 ≤ 𝜀1 

 

for all 𝑥, 𝑦 ∈ ℝ+, w ∈ 𝐸; 

 

iii) there exits 𝜀2 > 0 such that  

 
‖𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑤) − 𝐾1(𝑥, 𝑦, 𝑠, 𝑡, 𝑤)‖𝜏 ≤ 𝐿𝜀2 

 

for all 𝑥, 𝑦, 𝑠, 𝑡 ∈ ℝ+, ∀𝑤 ∈ 𝐸; 

 

iv)  {𝑤𝑛}𝑛=1
∞   be an iterative sequence generated by  

 

{
  
 

  
 

𝑤𝑛+1 = 𝑆𝜂𝑛

𝜂𝑛 =
(1 − 𝛼𝑛)

𝑘
𝑆𝑤𝑛 + (1 −

(1 − 𝛼𝑛)

𝑘
) 𝑆𝜇𝑛

𝜇𝑛 = 𝑆𝜁𝑛

𝜁𝑛 =
(1 − 𝛽𝑛)

𝑘
𝑤𝑛 + (1 −

(1 − 𝛽𝑛)

𝑘
) 𝑆𝑤𝑛.

 

Then 

 

a) the equations (1.6)  and (2.10) have a unique solution 

𝑥𝑝,  𝑤𝑝  respectively; 

 

b) ‖𝑤𝑝 − 𝑥𝑝‖ ≤ [
1+(𝐿𝑓𝐿ℎ+𝐿)+(𝐿𝑓𝐿ℎ+𝐿)

2
+(𝐿𝑓𝐿ℎ+𝐿)

3

1−(𝐿𝑓𝐿ℎ+𝐿)
2 ] (𝜀1 +

𝐿𝜀2).  
 

Proof The assumptions (c1)-(c6) of Theorem 1.1, we 

obtain 

 

‖𝑇𝑥𝑛 − 𝑆𝑤𝑛‖𝜏 = sup
𝑥,𝑦∈ℝ+

(‖𝑇𝑥𝑛(𝑥, 𝑦) −

𝑆𝑤𝑛(𝑥, 𝑦)‖𝑒
−𝜏(𝑥+𝑦))  

 

and  

 
‖𝑇𝑥𝑛(𝑥, 𝑦) − 𝑆𝑤𝑛(𝑥, 𝑦)‖ ≤

‖

‖

𝑓(𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦))

+∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

−𝑓1(𝑥, 𝑦, (ℎ(𝑤𝑛))(𝑥, 𝑦))

−∫ ∫ 𝐾1(𝑥, 𝑦, 𝑠, 𝑡, 𝑤𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0

‖

‖
  

≤ ‖𝑓(𝑥, 𝑦, (ℎ(𝑥𝑛))(𝑥, 𝑦)) − 𝑓(𝑥, 𝑦, (ℎ(𝑤𝑛))(𝑥, 𝑦))‖ +

‖𝑓 (𝑥, 𝑦, ℎ(𝑤𝑛(𝑥, 𝑦))) − 𝑓1(𝑥, 𝑦, (ℎ(𝑤𝑛))(𝑥, 𝑦))‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑥𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑤𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑤𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾1(𝑥, 𝑦, 𝑠, 𝑡, 𝑤𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖  

≤ 𝐿𝑓‖(ℎ(𝑥𝑛))(𝑥, 𝑦) − (ℎ(𝑤𝑛))(𝑥, 𝑦)‖ + 𝜀1𝑒
𝜏(𝑥+𝑦) +

∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑥𝑛(𝑠, 𝑡) − 𝑤𝑛(𝑠, 𝑡)‖𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
+

𝐿𝜀2𝑒
𝜏(𝑥+𝑦)  

≤ 𝐿𝑓𝐿ℎ‖𝑥𝑛 − 𝑤𝑛‖𝜏𝑒
𝜏(𝑥+𝑦) + 𝜀1𝑒

𝜏(𝑥+𝑦) + 𝐿‖𝑥𝑛 −

𝑤𝑛‖𝜏𝑒
𝜏(𝑥+𝑦) + 𝐿𝜀2𝑒

𝜏(𝑥+𝑦)  

≤ [(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + (𝜀1 + 𝐿𝜀2)]𝑒
𝜏(𝑥+𝑦). (2.11) 

 

By using (2.11), we have 

 

‖𝑇𝑥𝑛 − 𝑆𝑤𝑛‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2                                                                    

(2.12) 

 

and we obtain 

 

‖𝑣𝑛 − 𝜁𝑛‖𝜏 ≤ ‖
(1−𝛽𝑛)

𝑘
𝑥𝑛 + (1 −

(1−𝛽𝑛)

𝑘
)𝑇𝑥𝑛 −

(1−𝛽𝑛)

𝑘
𝑤𝑛 − (1 −

(1−𝛽𝑛)

𝑘
) 𝑆𝑤𝑛‖  

≤
(1−𝛽𝑛)

𝑘
‖𝑥𝑛 −𝑤𝑛‖𝜏 + (1 −

(1−𝛽𝑛)

𝑘
) ‖𝑇𝑥𝑛 − 𝑆𝑤𝑛‖𝜏  

≤
(1−𝛽𝑛)

𝑘
‖𝑥𝑛 −𝑤𝑛‖𝜏 + (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ +

𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + (1 −
(1−𝛽𝑛)

𝑘
) (𝜀1 + 𝐿𝜀2)  

≤ ‖𝑥𝑛 − 𝑤𝑛‖𝜏 + (1 −
(1−𝛽𝑛)

𝑘
) (𝜀1 + 𝐿𝜀2).             (2.13) 

 

Similarly to (2.11), 

 

‖𝑦𝑛 − 𝜇𝑛‖ = ‖𝑇𝑣𝑛 − 𝑆𝜁𝑛‖ ≤ [(𝐿𝑓𝐿ℎ + 𝐿)‖𝑣𝑛 −

𝜁𝑛‖𝜏 + (𝜀1 + 𝐿𝜀2)]𝑒
𝜏(𝑥+𝑦) .                                              

 

Thus, we have 

 

‖𝑦𝑛 − 𝜇𝑛‖𝜏 = ‖𝑇𝑣𝑛 − 𝑆𝜁𝑛‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑣𝑛 −

𝜁𝑛‖𝜏 + (𝜀1 + 𝐿𝜀2)                                                  (2.14)                

 

and  

 

‖𝑇𝑦𝑛 − 𝑆𝜇𝑛‖𝜏 = sup
𝑥,𝑦∈ℝ+

(‖𝑇𝑦𝑛(𝑥, 𝑦) −

𝑆𝜇𝑛(𝑥, 𝑦)‖𝑒
−𝜏(𝑥+𝑦))  

 

and 

 

‖𝑇𝑦𝑛 − 𝑆𝜇𝑛‖ ≤ ‖𝑓 (𝑥, 𝑦, ℎ(𝑦𝑛(𝑥, 𝑦))) −

𝑓(𝑥, 𝑦, (ℎ(𝜇𝑛))(𝑥, 𝑦))‖ + ‖𝑓(𝑥, 𝑦, (ℎ(𝜇𝑛))(𝑥, 𝑦)) −

𝑓1(𝑥, 𝑦, ℎ(ℎ(𝜇𝑛))(𝑥, 𝑦))‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝑦𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝜇𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖ +

‖∫ ∫ 𝐾(𝑥, 𝑦, 𝑠, 𝑡, 𝜇𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡 −
𝑦

0

𝑥

0

∫ ∫ 𝐾1(𝑥, 𝑦, 𝑠, 𝑡, 𝜇𝑛(𝑠, 𝑡))𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
‖  
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≤ 𝐿𝑓‖(ℎ(𝑦𝑛))(𝑥, 𝑦) − (ℎ(𝜇𝑛))(𝑥, 𝑦)‖ + 𝜀1𝑒
𝜏(𝑥+𝑦) +

∫ ∫ 𝐿𝐾(𝑥, 𝑦, 𝑠, 𝑡)‖𝑦𝑛(𝑠, 𝑡) − 𝜇𝑛(𝑠, 𝑡)‖𝑑𝑠𝑑𝑡
𝑦

0

𝑥

0
+

𝐿𝜀2𝑒
𝜏(𝑥+𝑦)  

≤ [(𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝜇𝑛‖𝜏 + (𝜀1 + 𝐿𝜀2)]𝑒
𝜏(𝑥+𝑦).                                              

  (2.15) 

By using (2.15), we have 

 

‖𝑇𝑦𝑛 − 𝑆𝜇𝑛‖𝜏 ≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝜇𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 .                                                   

(2.16) 

Combining (2.12), (2.13), (2.14), and (2.16), we have 

  

‖𝜂𝑛 − 𝑢𝑛‖𝜏 ≤
(1−𝛼𝑛)

𝑘
‖𝑇𝑥𝑛 − 𝑆𝑤𝑛‖𝜏 + (1 −

(1−𝛼𝑛)

𝑘
) ‖𝑇𝑦𝑛 − 𝑆𝜇𝑛‖𝜏  

≤
(1−𝛼𝑛)

𝑘
[(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2] +

(1 −
(1−𝛼𝑛)

𝑘
) [(𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝜇𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2]  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 +

(1−𝛼𝑛)

𝑘
𝜀1 +

𝐿
(1−𝛼𝑛)

𝑘
𝜀2 + (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝜇𝑛‖𝜏 +

(1 −
(1−𝛼𝑛)

𝑘
) 𝜀1 + 𝐿 (1 −

(1−𝛼𝑛)

𝑘
) 𝜀2  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 +

(1 −
(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)‖𝑦𝑛 − 𝜇𝑛‖𝜏  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 +

(1 −
(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)[(𝐿𝑓𝐿ℎ + 𝐿)‖𝑣𝑛 − 𝜁𝑛‖𝜏 +

𝜀1 + 𝐿𝜀2]  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 +

(1 −
(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
‖𝑣𝑛 − 𝜁𝑛‖𝜏 + (𝐿𝑓𝐿ℎ +

𝐿) (1 −
(1−𝛼𝑛)

𝑘
) 𝜀1+𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)𝜀2  

≤
(1−𝛼𝑛)

𝑘
(𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 +

(1 −
(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
‖𝑥𝑛 − 𝑤𝑛‖𝜏 + (1 −

(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
𝜀1 + 𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
𝜀2 + (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)𝜀1+𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)𝜀2  

≤ (𝐿𝑓𝐿ℎ + 𝐿)‖𝑥𝑛 − 𝑤𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2 + (1 −
(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
𝜀1 + 𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
𝜀2 + (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)𝜀1+𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)𝜀2  

 

and similarly 

 

‖𝑥𝑛+1 −𝑤𝑛+1‖𝜏 ≤ ‖𝑇𝑢𝑛 − 𝑆𝜂𝑛‖𝜏 ≤ (𝐿𝑓𝐿ℎ +

𝐿)‖𝑢𝑛 − 𝜂𝑛‖𝜏 + 𝜀1 + 𝐿𝜀2  

≤ (𝐿𝑓𝐿ℎ + 𝐿)
2
‖𝑥𝑛 − 𝑤𝑛‖𝜏 + (𝐿𝑓𝐿ℎ + 𝐿)𝜀1 +

𝐿(𝐿𝑓𝐿ℎ + 𝐿)𝜀2 + 𝜀1 + 𝐿𝜀2 + (1 −
(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

3
𝜀1 + 𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (1 −

(1−𝛽𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

3
𝜀2 + (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ +

𝐿)
2
𝜀1+𝐿 (1 −

(1−𝛼𝑛)

𝑘
) (𝐿𝑓𝐿ℎ + 𝐿)

2
𝜀2  

 

and we get 

 

(𝐿𝑓𝐿ℎ + 𝐿)
2
= (1 − 𝜃)  

 

Then, we have 

‖𝑥𝑛+1 −𝑤𝑛+1‖ ≤ (1 − 𝜃)‖𝑥𝑛 − 𝑤𝑛‖ + 𝜃 [
1+(𝐿𝑓𝐿ℎ+𝐿)

𝜃
+

(𝐿𝑓𝐿ℎ+𝐿)
2
+(𝐿𝑓𝐿ℎ+𝐿)

3

𝜃
] (𝜀1 + 𝐿𝜀2).                              (2.17) 

Denote that 

 

𝜎𝑛+1 = ‖𝑥𝑛+1 − 𝑤𝑛+1‖  

𝜎𝑛 = ‖𝑥𝑛 − 𝑤𝑛‖  

𝜆𝑛 = 𝜃 = 1 − (𝐿𝑓𝐿ℎ + 𝐿)
2
  

𝑚𝑛 = [
1+(𝐿𝑓𝐿ℎ+𝐿)

1−(𝐿𝑓𝐿ℎ+𝐿)
2 +

(𝐿𝑓𝐿ℎ+𝐿)
2
+(𝐿𝑓𝐿ℎ+𝐿)

3

1−(𝐿𝑓𝐿ℎ+𝐿)
2 ] (𝜀1 + 𝐿𝜀2).   

 

It can be seen that (2.17) satisfies all the conditions in 

Lemma 1.3, and hence it follows from its conclusion 

that  

 

‖𝑥𝑝 − 𝑤𝑝‖ = [
1+(𝐿𝑓𝐿ℎ+𝐿)+(𝐿𝑓𝐿ℎ+𝐿)

2
+(𝐿𝑓𝐿ℎ+𝐿)

3

1−(𝐿𝑓𝐿ℎ+𝐿)
2 ] (𝜀1 + 𝐿𝜀2).  

 

3. Conclusion 

 

In this work, we have shown that the iteration method 

(1.5) converges to the solution of the more general 

Volterra integral equation in two variables (1.1). 

Finally, we have proved a data dependence result can be 

obtained for the solution of the integral equation (1.1). 
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