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Abstract. In this work, we discuss and introduce the novel literature about

Raina–convex function and its algebraic properties. In addition, we elaborate

and investigate Hermite-Hadamard and Fejér–type inequalities for newly dis-
cussed definition. Finally, using the newly introduced definition, we find and

prove amazing new integral type inequalities and applications for mean to pos-

itive real numbers. The amazing techniques and wonderful ideas of this paper
may inspire and motivate for further activities and research in this direction

furthermore.

1. Introduction

During the whole of the 20th century, an enormous and extreme research activity
was done and fruitful ideas and magnificent results were obtained in mathematical
analysis, functional analysis , convex analysis, mathematical economics and non–
linear optimization. But interesting and tremendous book namely “Inequalities”,
which is written by Hardy, Littlewood and Polya. This book has played an el-
egant role in popularization and importance of the subject of convex functions.
The modern and amazing viewpoint on convexity entails a powerful, enlighten and
distinguish interaction between analysis and geometry, which makes and enables
the readers to shear a sense of excitement. The theory of convexity encompasses
a large variety of classes of convex functions like functions, s–convex, p–convex,
log–convex, h–convex, quasi convex and exponential type convex functions while it
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is good to understand and what they have in common, it is of equal importance to
look inside their own field. The theory of convexity also played a magnificent act
in the advances of theory of inequalities. Inequalities have a lot of applications in
statistical problems, probability and numerical quadrature formulas. Due to rich
and paramount history, convex analysis and inequalities have become an attrac-
tive, interesting and absorbing field for the researchers and for the attention of the
reader, see [1, 3, 4, 8, 9, 16,18–22].
In recent years, many researchers working in the direction of convexity and gener-
alized convexity of Raina type using meaningful ideas and magnificent techniques
to bring a new dimension to mathematical analysis and applied mathematics with
different features in the literature. Interested readers see the references [2,7,14,15].
So that is the main aim and motivation of our work. Before we start, we need
the following necessary known definitions and literature and throughout the paper,
“(H–H)” means Hermite–Hadamard inequality and “diff mapp” means differential
mapping.

2. Preliminaries

In this section we recall some basic definitions.

Definition 1. [10] A ζ : H → R is called convex, if

ζ (κτ1 + (1− κ) τ2) ≤ κζ (τ1) + (1− κ) ζ (τ2) , (1)

holds ∀ τ1, τ2 ∈ H and κ ∈ [0, 1].

The well known and remarkable inequality concerning convex function is Hermite–
Hadamard inequality given as:

Theorem 1. [6] If ζ : H = [τ1, τ2] → R is a convex function, then

ζ

(
τ1 + τ2

2

)
≤ 1

τ2 − τ1

∫ τ2

τ1

ζ(ν)dν ≤ ζ(τ1) + ζ(τ2)

2
. (2)

The double inequality (2) is in reverse order if ζ is a concave function.

Theorem 2. If ζ : H = [τ1, τ2] → R is a convex function, then

ζ

(
τ1 + τ2

2

)∫ τ2

τ1

ξ(ν)dν ≤
∫ τ2

τ1

ζ(ν)ξ(ν)dν ≤ ζ(τ1) + ζ(τ2)

2

∫ τ2

τ1

ξ(ν)dν. (3)

In 1906, L. Fejér [5] proved the above integral inequality (3) which is known in
the literature as Fejér inequality. Since the researchers have shown interest in the
above inequality and as a result, various generalizations and improvements have
have been appeared in the literature. This inequality has remained an area of great
and vital field for research activities due to its widespread views and robustness
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applications in the field of mathematical and convex analysis.
In 2005, Raina [12] introduced a class of functions defined formally by

Fℵ
κ,λ(z) = Fℵ(0),ℵ(1),...

κ,λ (z) =

+∞∑
k=0

ℵ(k)
Γ(κk + λ)

zk, (4)

where ℵ = (ℵ(0), . . . ,ℵ(k), . . .) and κ, λ > 0, |z| < R.

If κ = 1, λ = 0 and ℵ(k) = (α)k(β)k
(γ)k

for k = 0, 1, 2, . . . , where α, β and γ are

parameters which can take arbitrary real or complex values (provided that γ ̸=
0,−1,−2, . . .), and the symbol αk denote the quantity

(α)k =
Γ(α+ k)

Γ(α)
= α(α+ 1) . . . (α+ k − 1), k = 0, 1, 2, . . . ,

and restrict its domain to |z| ≤ 1 (with z ∈ C), then we have the classical hyperge-
ometric function, that is

F(α, β; γ; z) =

+∞∑
k=0

(α)k(β)k
k!(γ)k

zk.

Also, if ℵ = (1, 1, . . .) with κ = α, (Re(α) > 0), λ = 1, then

Eα(z) =

+∞∑
k=0

zk

Γ(1 + αk)
.

The above function is called a classical Mittag–Leffler function.

Theorem 3. [11] Suppose ζ : H ⊆ [0,∞) → R be a diff mapp on H o of H such
that ζ ′′ ∈ L1[τ1, τ2], where τ1, τ2 ∈ H with τ1 < τ2. If |ζ| is convex on [τ1, τ2],
then∣∣∣∣∣ζ(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(ν)dν

∣∣∣∣∣ ≤ (τ2 − τ1)
2

192

{
|ζ ′′(τ1)|+6

∣∣∣ζ ′′(τ1 + τ2
2

)
∣∣∣+|ζ ′′(τ2)|

}
.

(5)

Theorem 4. [11] Suppose ζ : H ⊆ [0,∞) → R be a diff mapp on H o such that
ζ ′′ ∈ L1[τ1, τ2], where τ1, τ2 ∈ H with τ1 < τ2. If |ζ ′′|ℓ for ℓ ≥ 1 is convex on
[τ1, τ2], then∣∣∣∣∣ζ(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(ν)dν

∣∣∣∣∣ ≤ (τ2 − τ1)
2

48

(3
4

) 1
ℓ

(6)

×

{(
|ζ ′′(τ1)|ℓ

3
+ |ζ ′′(τ1 + τ2

2
)|ℓ
) 1

ℓ

+

(∣∣∣ζ ′′(τ1 + τ2
2

)
∣∣∣ℓ + |ζ ′′(τ2)|ℓ

3

) 1
ℓ
}
.
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Lemma 1. [17] Suppose ζ : H ⊆ R → R be a diff mapp on H o such that
ζ ′ ∈ L1[τ1, τ2], where τ1, τ2 ∈ H with τ1 < τ2. If α, β ∈ R, then

αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(ν)dν =
τ2 − τ1

4
(7)

×
∫ 1

0

[
(1− α− κ)ζ ′

(
κτ1 + (1− κ)

τ1 + τ2
2

)
+ (β − κ)ζ ′

(
κ
τ1 + τ2

2
+ (1− κ)τ2

)]
dκ.

Lemma 2. [17] For L > 0 and 0 ≤ ε ≤ 1,we have∫ 1

0

|ε− κ|L dκ =
εL+1 + (1− ε)L+1

L + 1
(8)∫ 1

0

κ|ε− κ|L dκ =
εL+2 + (L + 1 + ε)(1− ε)L+1

(L + 1)(L + 2)

Owing to the aforementioned trend and inspired by the ongoing activities in this
absorbing field, we organize the paper in the following pattern. Firstly, we introduce
Raina–convex function and its properties. Secondly, we debate and investigate (H-
H) and Fejér-type integral inequalities for Riana–convex functions. Furthermore,
we find integral inequalities and applications about fractional calculus regarding
Riana–convex functions.

3. Raina–Convex functions and its properties

In this section we are going to add a new definition namely Raina–convex func-
tion and will study some of their algebraic properties..

Definition 2. A function ζ : H → R is said to be Raina–convex function on H ,
if the following inequality

ζ(κτ1 + (1− κ)τ2) ≤ ζ(τ2) + κ Fℵ
κ,λ(ζ(τ1)− ζ(τ2)) (9)

holds ∀ [τ1, τ2] ∈ H and κ ∈ [0, 1], where κ, λ > 0 and ℵ = (ℵ(1),ℵ(2), ...,ℵ(κ)) is
a bounded sequence of positive real no.

Note that when we choose Fℵ
κ,λ(ζ(τ1) − ζ(τ2)) = ζ(τ1) − ζ(τ2), then Raina–

convex function collapse to the classical convex function.

Theorem 5. Let ζ, ξ : H = [τ1, τ2] → R. If ζ and ξ are Raina–convex functions
then
(i) ζ + ξ is Raina–convex function.
(ii) For c ∈ R and (c ≥ 0) then cζ is Raina–convex function.

Proof. (i) Let ζ and ξ be a Raina–convex functions, then

(ζ + ξ)(κτ1 + (1− κ)τ2)

= ζ(κτ1 + (1− κ)τ2) + ξ(κτ1 + (1− κ)τ2)

≤ ζ(τ2) + κ Fℵ
κ,λ(ζ(τ1)− ζ(τ2)) + ξ(τ2) + κ Fℵ

κ,λ(ξ(τ1)− ξ(τ2))
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≤ (ζ + ξ)(τ2) + κ Fℵ
κ,λ((ζ + ξ)(τ1)− (ζ + ξ)(τ2)).

(ii) Let ζ be a Raina–convex function and c ∈ R, then

(cζ)(κτ1 + (1− κ)τ2)

= c
[
ζ(κτ1 + (1− κ)τ2)

]
≤ c
[
ζ(τ2) + κ Fℵ

κ,λ(ζ(τ1)− ζ(τ2))
]

≤ (cζ)(τ2) + κ Fℵ
κ,λ((cζ)(τ1)− (cζ)(τ2)),

which completes the proof. □

Theorem 6. Let ζ : H → J be a Raina–convex function and ξ : J → R is
non-decreasing function. Then ξ ◦ ζ : H → R is Raina–convex function.

Proof. ∀ τ1, τ2 ∈ H and κ ∈ [0, 1], we have

(ξ ◦ ζ) (κτ1 + (1− κ)τ2)

= ξ(ζ(κτ1 + (1− κ)τ2))

≤ ξ

[
ζ(τ2) + κ Fℵ

κ,λ(ζ(τ1)− ζ(τ2))

]
≤ ξ(ζ(τ2)) + κξ Fℵ

κ,λ(ζ(τ1)− ζ(τ2))

= (ξ ◦ ζ)(τ2) + κ Fℵ
κ,λ((ξ ◦ ζ)(τ1)− (ξ ◦ ζ)(τ2)),

which completes the proof. □

Theorem 7. Let ζi : H = [τ1, τ2] → R be an arbitrary family of Raina–convex
functions and let ζ(τ) = supi ζi(τ). If H = {τ ∈ [τ1, τ2] : ζ(τ) < +∞} ≠ ∅, then
H is an interval and ζ is Raina–convex function.

Proof. ∀ τ1, τ2 ∈ H and κ ∈ [0, 1], we have

ζ(κτ1 + (1− κ)τ2)

= sup
j

ζj(κτ1 + (1− κ)τ2)

≤ sup
j

ζj (τ2) + κ Fℵ
κ,λ(sup

j
ζj(τ1)− sup

j
ζj(τ2))

= ζ (τ2) + κ Fℵ
κ,λ(ζ(τ1)− ζ(τ2)) < +∞,

which completes the proof. □

4. New version of H–H and Fej́er–type inequalities

Theorem 8. Let ζ : H ⊆ R → R be a Raina–convex function with ζ ∈ L1[τ1.τ2],
where τ1, τ2 ∈ H with τ1 < τ2, then

ζ
(τ1 + τ2

2

)
− 1

2(τ2 − τ1)

∫ τ2

τ1

Fℵ
κ,λ(ζ(τ1+τ2−µ)−ζ(µ))dµ ≤ 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

(10)
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≤ ζ(τ2) +
1

2
Fℵ

κ,λ(ζ(τ1)− ζ(τ2)).

Proof. Using (9), with µ = κτ1 + (1 − κ)τ2, ν = (1 − κ)τ1 + κτ2 and κ = 1
2 , we

find that

ζ
(τ1 + τ2

2

)
≤ ζ
(
(1−κ)τ1+κτ2

)
+
1

2
Fℵ

κ,λ

(
ζ(κτ1+(1−κ)τ2)−ζ((1−κ)τ1+κτ2)

)
Thus by integrating, we obtain

ζ
(τ1 + τ2

2

)
≤
∫ 1

0

ζ
(
(1− κ)τ1 + κτ2

)
dκ+

1

2

∫ 1

0

Fℵ
κ,λ

(
ζ(κτ1 + (1− κ)τ2)

−ζ((1− κ)τ1 + κτ2)
)
dκ

≤ 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ+
1

2(τ2 − τ1)

∫ τ2

τ1

Fℵ
κ,λ

(
ζ(τ1 + τ2 − µ)− ζ(µ)

)
dµ

So that

ζ
(τ1 + τ2

2

)
− 1

2(τ2 − τ1)

∫ τ2

τ1

Fℵ
κ,λ

(
ζ(τ1+τ2−µ)−ζ(µ)

)
dµ ≤ 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ.

(11)
This completes the proof of left side of above inequality. For the right side using
µ = τ1 and ν = τ2 in (9), and integrating over [0, 1], we have

1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ ≤ ζ(τ2) +
1

2
Fℵ

κ,λ(ζ(τ1)− ζ(τ2)). (12)

By simplification, the inequalities (11) and (12), we get the inequality (10). □

Remark 1. Taking Fℵ
κ,λ(µ− ν) = µ− ν, we reduce (10) to inequality (2).

Remark 2. Under the assumption of Theorem 8, if we take ℵ = (1, 1, ...) with
κ = α, λ = 1, we get the following inequality involving classical Mittag–Leffler
function

ζ
(τ1 + τ2

2

)
− 1

2(τ2 − τ1)

∫ τ2

τ1

Eα(ζ(τ1 + τ2 − µ)− ζ(µ))dµ ≤ 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

(13)

≤ ζ(τ2) +
1

2
Eα(ζ(τ1)− ζ(τ2)).

Theorem 9. Let ζ and ξ be non-negative generalized convex functions of Raina
type with ζξ ∈ L1[τ1, τ2], where τ1, τ2 ∈ H , τ1 < τ2. Then

1

τ2 − τ1

∫ τ2

τ1

ζ(µ)ξ(µ)dµ ≤ M ′(τ1, τ2) (14)

where

M ′(τ1, τ2) = ζ(τ2)ξ(τ2) +
1

2
ζ(τ2) Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
+

1

2
ξ(τ2) Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
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+
1

3
Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
Proof. Since ζ and ξ be a Raina–convex functions, we have

ζ
(
κτ1 + (1− κ)τ2

)
≤ ζ(τ2) + κ Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
ξ
(
κτ1 + (1− κ)τ2

)
≤ ξ(τ2) + κ Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
For all κ ∈ [0, 1]. Since ζ and ξ are non–negative, we have

ζ
(
κτ1 + (1− κ)τ2

)
ξ
(
κτ1 + (1− κ)τ2

)
≤ ζ(τ2)ξ(τ2) + κζ(τ2) Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
+κξ(τ2) Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
+ κ2 Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
integrating over [0, 1] both sides, we have∫ 1

0

ζ
(
κτ1 + (1− κ)τ2

)
ξ
(
κτ1 + (1− κ)τ2

)
dκ ≤ ζ(τ2)ξ(τ2)

+
1

2
ζ(τ2) Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
+

1

2
ξ(τ2) Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)
+

1

3
Fℵ

κ,λ

(
ζ(τ1)− ζτ2)

)
Fℵ

κ,λ

(
ξ(τ1)− ξ(τ2)

)
then

1

τ2 − τ1

∫ τ2

τ1

ζ(µ)ξ(µ)dµ ≤ M ′(τ1, τ2).

□

Remark 3. Taking Fℵ
κ,λ(µ−ν) = µ−ν in above inequality (14), we get inequality

(1.4) in [13].

Remark 4. Under the assumption of Theorem 9, if we take ℵ = (1, 1, ...) with
κ = α, λ = 1, we get the following inequality involving classical Mittag–Leffler
function

1

τ2 − τ1

∫ τ2

τ1

ζ(µ)ξ(µ)dµ ≤ M ′(τ1, τ2) (15)

where

M ′(τ1, τ2) = ζ(τ2)ξ(τ2) +
1

2
ζ(τ2)Eα

(
ξ(τ1)− ξ(τ2)

)
+

1

2
ξ(τ2)Eα

(
ζ(τ1)− ζ(τ2)

)
+
1

3
Eα

(
ζ(τ1)− ζ(τ2)

)
Eα

(
ξ(τ1)− ξ(τ2)

)
Theorem 10. Let ζ be a Raina–convex function with ζ ∈ L1[τ1, τ2], where τ1, τ2 ∈
H , τ1 < τ2, and ξ : H = [τ1, τ2] → R be non–negative, integrable symmetric
about τ1+τ2

2 , then∫ τ2

τ1

ζ(µ)ξ(µ)dµ ≤
[
ζ(τ2) +

1

2
Fℵ

κ,λ

(
ζ(τ1)− ζ(τ2)

)] ∫ τ2

τ1

ξ(µ)dµ. (16)
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Proof. Since ζ be a Raina–convex function and ξ is non-negative integrable and
symmetric about τ1+τ2

2 , we find that∫ τ2

τ1

ζ(µ)ξ(µ)dµ =
1

2

[ ∫ τ2

τ1

ζ(µ)ξ(µ)dµ+

∫ τ2

τ1

ζ(τ1 + τ2 − µ)g(τ1 + τ2 − µ)dµ
]

=
1

2

∫ τ2

τ1

[(
ζ(µ) + ζ(τ1 + τ2 − µ)

)
ξ(µ)dµ

]

=
1

2

∫ τ2

τ1

[
ζ
( τ2 − µ

τ2 − τ1
τ1 +

µ− τ1
τ2 − τ1

τ2

)
+ ζ
( µ− τ1
τ2 − τ1

τ1 +
τ2 − µ

τ2 − τ1
τ2

)]
ξ(µ)dµ

≤ 1

2

∫ τ2

τ1

[(
ζ(τ2) +

τ2 − µ

τ2 − τ1
Fℵ

κ,λ(ζ(τ1)− ζ(τ2))
)

+
(
ζ(τ2) +

µ− τ1
τ2 − τ1

Fℵ
κ,λ(ζ(τ1)− ζ(τ2))

)]
ξ(µ)dµ

≤
[
ζ(τ2) +

1

2
Fℵ

κ,λ(ζ(τ1)− ζ(τ2))
] ∫ τ2

τ1

ξ(µ)dµ,

which completes the proof. □

Remark 5. (i) Taking Fℵ
κ,λ(µ − ν) = µ − ν and ξ(x) = 1, then inequality (16)

reduce to the inequality (2).
(ii) Taking Fℵ

κ,λ(µ− ν) = µ− ν, then inequality (16) reduce to the inequality (3).

(iii) Under the assumption of Theorem 10, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∫ τ2

τ1

ζ(µ)ξ(µ)dµ ≤
[
ζ(τ2) +

1

2
Eα

(
ζ(τ1)− ζ(τ2)

)] ∫ τ2

τ1

ξ(µ)dµ. (17)

5. New integral type inequalities via Raina-convex function

Theorem 11. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2],
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ for ℓ ≥ 1 is Raina–convex function on [τ1, τ2]
and 0 ≤ α, β ≤ 1 then∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ τ2 − τ1

8
(
1

6
)

1
ℓ

{
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ + (4− 9α+ 12α2 − 2α3)

× Fℵ
κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)|ζ ′(τ2)|ℓ
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+ (2− 3β + 2β3) Fℵ
κ,λ(|ζ

′(τ1)|ℓ − |ζ ′(τ2)|ℓ)
] 1

ℓ

}
. (18)

Proof. In case ℓ > 1, using lemma (1), Raina–convexity of |ζ ′(x)|ℓ on [τ1, τ2] and
power mean inequality, we have∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ τ2 − τ1

4

[ ∫ 1

0

|1− α− κ|
∣∣∣ζ ′(κτ1 + (1− κ)

τ1 + τ2
2

)
∣∣∣dκ

+

∫ 1

0

|β − κ|
∣∣∣ζ ′(κτ1 + τ2

2
+ (1− κ)τ2)

∣∣∣dκ]
≤ τ2 − τ1

4

[( ∫ 1

0

|1− α− κ|dκ
)1− 1

ℓ
[ ∫ 1

0

|1− α− κ|
(
|ζ ′(τ2)|ℓ + (

1 + κ

2
)

× Fℵ
κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ
] 1

ℓ

+ (

∫ 1

0

|β − κ|dκ)1− 1
ℓ

×
[ ∫ 1

0

|β − κ|
(
|ζ ′(τ2)|ℓ +

κ

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)
dκ
] 1

ℓ
]

(19)

using lemma (2), by simplifications we obtain∫ 1

0

|1− α− κ|

(
|ζ ′(τ2)|ℓ + (

1 + κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ

=

(
|ζ ′(τ2)|ℓ +

1

2
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))∫ 1

0

|1− α− κ|dκ

+
1

2
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)∫ 1

0

κ|1− α− κ|dκ

=

(
|ζ ′(τ2)|ℓ +

1

2
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))(1
2
− α+ α2

)
+

1

12
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)[
(1− α)3 + α2(3− α)

]
=

1

2
(1− 2α+ 2α2)|ζ ′(τ2)|ℓ +

1

12
(4− 9α+ 12α2 − 2α3) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)
and∫ 1

0

|β − κ|

(
|ζ ′(τ2)|ℓ + (

κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ

= |ζ ′(τ2)|ℓ
∫ 1

0

|β − t|dκ+
1

2
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)∫ 1

0

κ|β − κ|dκ
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= |ζ ′(τ2)|ℓ(
1

2
− β − β2) +

1

12
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)(
β3 + (2 + β)(1− β)2

)
=

1

2
(1− 2β + 2β2)ζ ′(τ2)|ℓ +

1

12
(2− 3β + 2β3) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)
,

The following above two inequalities substitute into inequality (19) and according
lemma (2) result in inequality (18) for ℓ > 1.
For ℓ = 1, from lemma (1) and (2) it follows that∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ τ2 − τ1

4

[∫ 1

0

|1− α− κ|

(
|ζ ′(τ2)|+ (

1 + κ

2
) Fℵ

κ,λ(|ζ
′(τ1)| − |ζ ′(τ2)|)

)
dκ

+

∫ 1

0

|β − κ|
(
|ζ ′(τ2)|+

κ

2
Fℵ

κ,λ

(
|ζ ′(τ1)| − |ζ ′(τ2)|

))
dκ

]

=
τ2 − τ1

48

{
(6− 12α+ 12α2)|ζ ′(τ2)|+ (4− 9α+ 12α2 − 2α3) Fℵ

κ,λ(|ζ
′(τ1)| − |ζ ′(τ2)|)

+ (6− 12β + 12β2)|ζ ′(τ2)|+ (2− 3β + 2β3) Fℵ
κ,λ(|ζ

′(τ1)| − |ζ ′(τ2)|)

}
. (20)

□

Remark 6. (i) Choosing Fℵ
κ,λ(µ− ν) = (µ− ν), then the inequality (18) collapse

to the inequality (3.1) in [17].
(ii) Under the assumption of Theorem 11, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
8

× (
1

6
)

1
ℓ

{
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ + (4− 9α+ 12α2 − 2α3)

× Eα

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)|ζ ′(τ2)|ℓ

+ (2− 3β + 2β3)Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)
] 1

ℓ
}
. (21)

(iii) Choosing α = β in above Theorem (11), we derive the following corollary,

Corollary 1. Let ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2],
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ for ℓ ≥ 1 is Raina–convex function on
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[τ1, τ2] and 0 ≤ α ≤ 1then∣∣∣∣∣α2 [ζ(τ1) + ζ(τ2)] + (1− α)ζ
(τ1 + τ2

2

)
− 1

τ1 − τ2
ζ(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ

×

{
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ (22)

+ (4− 9α+ 12α2 − 2α3) Fℵ
κ,λ(|ζ

′(τ1)|ℓ)− |ζ ′(τ2)|ℓ
] 1

ℓ

+
[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ + (2− 3α+ 2α3) Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
.

Remark 7. (i) Choosing Fℵ
κ,λ(µ − ν) = µ − ν in Corollary (1), then inequality

(22) collapse to inequality (3.5) in [17].
(ii) Under the assumption of Corollary 1, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣α2 [ζ(τ1) + ζ(τ2)] + (1− α)ζ

(τ1 + τ2
2

)
− 1

τ1 − τ2
ζ(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ (23)

×

[
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ

+ (4− 9α+ 12α2 − 2α3)Eα(|ζ ′(τ1)|ℓ)− |ζ ′(τ2)|ℓ
] 1

ℓ

+
[
(6− 12α+ 12α2)|ζ ′(τ2)|ℓ + (2− 3α+ 2α3)Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

]
.

(iii) choosing α = β = 1
2 ,

1
3 , respectively, in above Theorem (11), we can obtain the

following inequality,

Corollary 2. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2]
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ for ℓ ≥ 1 is Raina–convex function on
[τ1, τ2] and 0 ≤ α, β ≤ 1, then∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ
(τ1 + τ2

2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(x)dx

∣∣∣∣∣ ≤ τ2 − τ1
16

(
1

12

) 1
ℓ

(24)

×

{[
12|ζ ′(τ2)|ℓ + 9 Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

+
[
12|ζ ′(τ2)|ℓ + 3 Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
,
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(τ1 + τ2

2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(x)dx

∣∣∣∣∣
≤ 5(τ2 − τ1)

72

(
1

90

) 1
ℓ

{[
90|ζ ′(τ2)|ℓ + 61 Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

+
[
90|ζ ′(τ2)|ℓ + 29 Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
.

Remark 8. Under the assumption of Corollary 2, if we take ℵ = (1, 1, ...) with
κ = α, λ = 1, we get the following inequality involving classical Mittag–Leffler
function∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ
(τ1 + τ2

2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
16

(
1

12

) 1
ℓ

(25)

×

{[
12|ζ ′(τ2)|ℓ + 9Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

+
[
12|ζ ′(τ2)|ℓ + 3Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
,∣∣∣∣∣16[ζ(τ1) + ζ(τ2) + 4ζ

(τ1 + τ2
2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ 5(τ2 − τ1)

72

(
1

90

) 1
ℓ

{[
90|ζ ′(τ2)|ℓ + 61Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

+
[
90|ζ ′(τ2)|ℓ + 29Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
.

If we choose ℓ = 1 in Corollary (2), then we take the following inequality,

Corollary 3. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2]
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)| is Raina–convex function on [τ1, τ2]∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ
(τ1 + τ2

2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (26)

≤ τ2 − τ1
16

[
2|ζ ′(τ2)|+ Fℵ

κ,λ

(
|ζ ′(τ1)| − |ζ ′(τ2)|

)]
∣∣∣∣∣16[ζ(τ1) + ζ(τ2) + 4ζ

(τ1 + τ2
2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
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≤ 5(τ2 − τ1)

72

[
2|ζ ′(τ2)|+ Fℵ

κ,λ

(
|ζ ′(τ1)| − |ζ ′(τ2)|

)]
.

Remark 9. (i) Choosing Fℵ
κ,λ(µ − ν) = (µ − ν), then inequalities (24) and (26)

reduce to inequalities (3.6) and (3.7) in [17].
(ii) Under the assumption of Corollary 3, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ
(τ1 + τ2

2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (27)

≤ τ2 − τ1
16

[
2|ζ ′(τ2)|+ Eα

(
|ζ ′(τ1)| − |ζ ′(τ2)|

)]
∣∣∣∣∣16[ζ(τ1) + ζ(τ2) + 4ζ

(τ1 + τ2
2

)]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ 5(τ2 − τ1)

72

[
2|ζ ′(τ2)|+ Eα

(
|ζ ′(τ1)| − |ζ ′(τ2)|

)]
.

Theorem 12. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2],
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ is Raina–convex function on [τ1, τ2] and
0 ≤ α, β ≤ 1, then∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (28)

≤ τ2 − τ1
4

[ 1

2(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

×

{[(
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

)
|ζ ′(τ2)|ℓ

+
(
(ℓ+ 3− α)(1− α)ℓ+1 + (2ℓ+ 4− α)αℓ+1

)
× Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

+
[(

2(ℓ+ 2)(1− β)ℓ+1 + 2(ℓ+ 2)βℓ+1
)
|ζ ′(τ2)|ℓ

+
(
βℓ+2 + (ℓ+ 1 + β)(1− β)ℓ+1

)
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

}
.

Proof. In case ℓ > 1, using the property of Raina–convexity of |ζ ′(µ)|ℓ on [τ1, τ2]
and Hölder’s inequality∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (29)
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≤ τ2 − τ1
4

[ ∫ 1

0

(1− α− κ)|ζ ′(κτ1 + (1− κ)
τ1 + τ2

2
)|dκ

+

∫ 1

0

|β − κ|
∣∣∣ζ ′(κτ1 + τ2

2
+ (1− κ)τ2)

∣∣∣dκ] ≤ τ2 − τ1
4

[
(

∫ 1

0

dκ)1−
1
ℓ

[ ∫ 1

0

|1− α− κ|ℓ|

×
(
|ζ ′(τ2)|ℓ + (

1 + κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ
] 1

ℓ

+ (

∫ 1

0

dκ)1−
1
ℓ

[ ∫ 1

0

|β − κ|ℓ|
(
|ζ ′(τ2)|ℓ + (

κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ
] 1

ℓ

]

≤ τ2 − τ1
4

[[ ∫ 1

0

|1− α− κ|ℓ|
(
|ζ ′(τ2)|ℓ + (

1 + κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ
] 1

ℓ

+
[ ∫ 1

0

|β − κ|ℓ|
(
|ζ ′(τ2)|ℓ + (

κ

2
) Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

))
dκ
] 1

ℓ

]
.

By lemma (2) we have

∫ 1

0

|1− α− κ|ℓ
(
|ζ ′(τ2)|ℓ + (

1 + κ

2
) Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)
dκ

=
(
|ζ ′(τ2)|ℓ +

1

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)∫ 1

0

|1− α− κ|ℓdκ

+
1

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

∫ 1

0

κ|1− α− κ|ℓdκ

=
(
|ζ ′(τ2)|ℓ +

1

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)( (1− α)ℓ+1 + αℓ+1

ℓ+ 1

)
+

1

2
Fℵ

κ,λ

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)( (1− α)ℓ+2 + (ℓ+ 2− α)αℓ+1

(ℓ+ 1)(ℓ+ 2)

)
=

1

2(ℓ+ 1)(ℓ+ 2)

[
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

]
|ζ ′(τ2)|ℓ

+
[
2(ℓ+ 2)(1− α)ℓ+1 + (ℓ+ 2)αℓ+1 + (1− α)ℓ+2 + (ℓ+ 2− α)αℓ+1

]
× Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ) =

1

2(ℓ+ 1)(ℓ+ 2)

[[
2(ℓ+ 2)(1− α)ℓ+1

+ 2(ℓ+ 2)αℓ+1
]
|ζ ′(τ2)|ℓ +

[
(ℓ+ 3− α)(1− α)ℓ+1

+ (2ℓ+ 4− α)αℓ+1
]
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

]
,
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and ∫ 1

0

|β − κ|ℓ
(
|ζ ′(τ2)|ℓ + (

κ

2
) Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)
dκ

= |ζ ′(τ2)|ℓ
∫ 1

0

|β − κ|ℓdκ+
1

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

∫ 1

0

κ|β − κ|ℓdκ

= |ζ ′(τ2)|ℓ
(βℓ+1 + (1− β)ℓ+1

ℓ+ 1

)
+

1

2
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

×
(βℓ+2 + (ℓ+ 1 + β)(1− β)ℓ+1

(ℓ+ 1)(ℓ+ 2)

)
=

1

2(ℓ+ 1)(ℓ+ 2)

[
[2(ℓ+ 2)(1− β)ℓ+1 + 2(ℓ+ 2)βℓ+1]|ζ ′(τ2)|ℓ

+ [βℓ+2 + (ℓ+ 1 + β)(1− β)ℓ+1] Fℵ
κ,λ(|ζ

′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

]
.

If we put the last two inequalities into inequality (29), as a result we obtain the
inequality (28) for ℓ > 1. If we put ℓ = 1, then the proof is the identitical as that
of (20), and the theorem is investigated. □

Remark 10. (i) Choosing Fℵ
κ,λ(µ − ν) = µ − ν, then the inequality (28) reduces

to the inequality (3.8) in [17].
(ii) Under the assumption of Corollary 12, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣αζ(τ1) + βζ(τ2)

2
+

2− α− β

2
ζ
(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (30)

≤ τ2 − τ1
4

[ 1

2(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

×

{[(
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

)
|ζ ′(τ2)|ℓ

+
(
(ℓ+ 3− α)(1− α)ℓ+1 + (2ℓ+ 4− α)αℓ+1

)
× Eα

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

+
[(

2(ℓ+ 2)(1− β)ℓ+1 + 2(ℓ+ 2)βℓ+1
)
|ζ ′(τ2)|ℓ

+
(
βℓ+2 + (ℓ+ 1 + β)(1− β)ℓ+1

)
Eα

(
|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ

)] 1
ℓ

}
.

Similarly to Corollaries of Theorem (11), we can obtain the following Corollaries
of Theorem (12) .
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Corollary 4. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2]
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ is Raina–convex function on [τ1, τ2] for
ℓ ≥ 1 and 0 ≤ α ≤ 1, then∣∣∣∣∣α2 [ζ(τ1) + ζ(τ2)] + (1− α)ζ(

τ1 + τ2
2

)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ (31)

≤ τ2 − τ1
4

[ 1

2(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

{[(
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

)
|ζ ′(τ2)|ℓ

+
(
(ℓ+ 3− α)(1− α)ℓ+1 + (2ℓ+ 4− α)αℓ+1

)
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

+
[(

2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1
)
|ζ ′(τ2)|ℓ

+
(
αℓ+2 + (ℓ+ 1 + α)(1− α)ℓ+1

)
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
.

Remark 11. Choosing Fℵ
κ,λ(µ − ν) = µ − ν, then inequality (31) collapse to in-

equality (3.11) in [17].

Corollary 5. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈ L1[τ1, τ2]
where τ1, τ2 ∈ H , τ1 < τ2. If |ζ ′(µ)|ℓ is Raina–convex function on [τ1, τ2] for
ℓ ≥ 1 and 0 ≤ α, β ≤ 1, then∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ(

τ1 + τ2
2

)
]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
8

[ 1

4(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

(32)

×

{[(
(4ℓ+ 8)|ζ ′(τ2)|ℓ + (3ℓ+ 6) Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)] 1
ℓ

+
[(

(4ℓ+ 8)|ζ ′(τ2)|ℓ + (ℓ+ 2) Fℵ
κ,λ(|ζ

′(τ1)|ℓ − |ζ ′(τ2)|ℓ)
)] 1

ℓ

}
∣∣∣∣∣16[f(τ1) + ζ(τ2) + 4ζ(

τ1 + τ2
2

)
]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ τ2 − τ1

12

[ 1

18(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

{[(
(3ℓ+ 6)2ℓ+2 + 6(ℓ+ 2)

)
|ζ ′(τ2)|ℓ

+
(
(3ℓ+ 8)2ℓ+1 + (6ℓ+ 11) Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)] 1
ℓ

+
[(

(3ℓ+ 6)2ℓ+2 + 6(ℓ+ 2)
)

|ζ ′(τ2)|ℓ +
(
1 + (3ℓ+ 4)2ℓ+1

)
Fℵ

κ,λ(|ζ
′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
.
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Remark 12. (i) Choosing Fℵ
κ,λ(µ − ν) = µ − ν, then the inequality (32) reduces

to the inequality (3.12) in [17].
(ii) Choosing ℓ = 1 in Corollary (4), then we get Corollary (3).
(iii) Under the assumption of Corollary 5, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣12[ζ(τ1) + ζ(τ2)

2
+ ζ(

τ1 + τ2
2

)
]
− 1

τ2 − τ1

∫ τ2

τ1

f(µ)dµ

∣∣∣∣∣ ≤ τ2 − τ1
8

[ 1

4(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

×

{[(
(4ℓ+ 8)|ζ ′(τ2)|ℓ + (3ℓ+ 6)Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)] 1
ℓ

+
[(

(4ℓ+ 8)|ζ ′(τ2)|ℓ + (ℓ+ 2)Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)
)] 1

ℓ

}
∣∣∣∣∣16[ζ(τ1) + ζ(τ2) + 4ζ(

τ1 + τ2
2

)
]
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣
≤ τ2 − τ1

12

[ 1

18(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

{[(
(3ℓ+ 6)2ℓ+2 + 6(ℓ+ 2)

)
|ζ ′(τ2)|ℓ

+
(
(3ℓ+ 8)2ℓ+1 + (6ℓ+ 11)Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

)] 1
ℓ

+
[(

(3ℓ+ 6)2ℓ+2 + 6(ℓ+ 2)
)

|ζ ′(τ2)|ℓ +
(
1 + (3ℓ+ 4)2ℓ+1

)
Eα(|ζ ′(τ1)|ℓ − |ζ ′(τ2)|ℓ)

] 1
ℓ

}
. (33)

For further results, we highlight the below Lemma which is proved in [11].

Lemma 3. [11] Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′ ∈
L1[τ1, τ2] where τ1, τ2 ∈ H and τ1 < τ2, then

1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ− ζ(
τ1 + τ2

2
) =

(τ2 − τ1)
2

16
(34)

×

[∫ 1

0

κ2ζ ′′(κ
τ1 + τ2

2
+ (1− κ)τ1)dκ+

∫ 1

0

(κ− 1)2ζ ′′(κτ2 + (1− κ)
τ1 + τ2

2
)dκ

]
.

Theorem 13. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′′ ∈
L1[τ1, τ2], where τ1, τ2 ∈ H and τ1 < τ2. If |ζ ′′(µ)| is Raina–convex function on
[τ1, τ2], then∣∣∣ζ(τ1 + τ2

2
)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
∣∣∣ ≤ (τ2 − τ1)

2

16

[
1

3

(
|ζ ′′(τ1)|+ |ζ ′′(τ1 + τ2

2
)|
)
(35)
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+
1

4

(
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|)
)
+

1

3
Fℵ

κ,λ(|ζ
′′(τ2)| − |ζ ′′(τ1 + τ2

2
)|)

]
.

Proof. From lemma (3), we have∣∣∣ζ(τ1 + τ2
2

)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
∣∣∣ ≤ (τ2 − τ1)

2

16

[ ∫ 1

0

κ2|ζ ′′(κτ1 + τ2
2

+ (1− κ)τ1)|dκ

+

∫ 1

0

(κ− 1)2|ζ ′′(κτ2 + (1− κ)
τ1 + τ2

2
)|dκ

]
≤ (τ2 − τ1)

2

16

[ ∫ 1

0

κ2
(
|ζ ′′(τ1)|+ κ Fσ

ρ,λ(|ζ
′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|)
)
dκ
]

+
(τ2 − τ1)

2

16

[∫ 1

0

(κ− 1)2
(
|ζ ′′(τ1 + τ2

2
)|+ κ Fℵ

κ,λ(|ζ
′′(τ2)| − |ζ ′′(τ1 + τ2

2
)|)
)
dκ

]

=
(τ2 − τ1)

2

16

[
1

3
|ζ ′′(τ1)|+

1

3
|ζ ′′(τ1 + τ2

2
)|+ 1

4
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|)

+
1

12
Fℵ

κ,λ(|ζ
′′(τ2)| − |ζ ′′(τ1 + τ2

2
)|)

]
=

(τ2 − τ1)
2

16

[
1

3

(
|ζ ′′(τ1)|+ |ζ ′′(τ1 + τ2

2
)|
)

+
1

4
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|) +
1

3
Fℵ

κ,λ(|ζ
′′(τ2)| − |ζ ′′(τ1 + τ2

2
)|)

]
.

□

Remark 13. (i) Choosing Fℵ
κ,λ(µ − ν) = µ − ν, then inequality (35) reduce to

inequality (5).
(ii) Under the assumption of Theorem 13, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣ζ(τ1 + τ2

2
)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
∣∣∣ ≤ (τ2 − τ1)

2

16

[
1

3

(
|ζ ′′(τ1)|+ |ζ ′′(τ1 + τ2

2
)|
)
(36)

+
1

4

(
Eα(|ζ ′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|)
)
+

1

3
Eα(|ζ ′′(τ2)| − |ζ ′′(τ1 + τ2

2
)|)

]
.

Theorem 14. Suppose ζ : H ⊆ R → R be a diff mapp on H o with ζ ′′ ∈
L1[τ1, τ2], where τ1, τ2 ∈ H and τ1 < τ2. If |ζ ′′(µ)|ℓ for ℓ ≥ 1 with 1

p + 1
ℓ = 1 is

Raina–convex function on [τ1, τ2], then∣∣∣∣∣ζ(τ1 + τ2
2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
)∣∣∣∣∣ ≤ (τ2 − τ1)

2

16
(
1

3
)

1
p (37)
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×

[(1
3
|ζ ′′(τ1)|ℓ +

1

4
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)|ℓ − |ζ ′′(τ1)|ℓ)
) 1

ℓ

+
(1
3
|ζ ′′(τ1 + τ2

2
)|ℓ + 1

12
Fℵ

κ,λ(|ζ
′′(τ2)|ℓ − |ζ ′′(τ1 + τ2

2
)|ℓ)
) 1

ℓ

]
.

Proof. If p ≥ 1, using lemma (3) and power Mean Inequality, then∣∣∣∣∣ζ(τ1 + τ2
2

)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
)∣∣∣∣∣ ≤ (τ2 − τ1)

2

16

[∫ 1

0

κ2
∣∣∣ζ ′′(κτ1 + τ2

2
+ (1− κ)τ1

)∣∣∣dκ
+

∫ 1

0

(κ− 1)2
∣∣∣ζ ′′(κτ2 + (1− κ)

τ1 + τ2
2

)∣∣∣dκ]

≤ (τ2 − τ1)
2

16
(

∫ 1

0

κ2dκ)
1
p

[ ∫ 1

0

κ2
∣∣∣ζ ′′(κτ1 + τ2

2
+ (1− κ)τ1

)∣∣∣ℓdκ] 1
ℓ

+
(τ2 − τ1)

2

16
(

∫ 1

0

(κ− 1)2dκ)
1
p

(∫ 1

0

(κ− 1)2
∣∣∣ζ ′′(κτ2 + (1− κ)

τ1 + τ2
2

)∣∣∣ℓdκ) 1
ℓ

Because |ζ ′′|ℓ is Raina–convex function, we have∫ 1

0

κ2
∣∣∣ζ ′′(κτ1 + τ2

2
+ (1− κ)τ1

)∣∣∣ℓdκ ≤ 1

3
|ζ ′′(τ1)|ℓ

+
1

4

(
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)|ℓ − |ζ ′′(τ2)|ℓ)
)

and∫ 1

0

(κ− 1)2
∣∣∣ζ ′′(κτ2 + (1− κ)

τ1 + τ2
2

)
∣∣∣ℓdκ ≤ 1

3
|ζ ′′(τ1 + τ2

2
)|ℓ

+
1

12
Fℵ

κ,λ

(
|ζ ′′(τ2)|ℓ − |ζ ′′(τ1 + τ2

2
)|ℓ
)

Therefore we have∣∣∣∣∣ζ(τ1 + τ2
2

)− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ

∣∣∣∣∣ ≤ (τ2 − τ1)
2

16
(
1

3
)

1
p

×

[(1
3
|ζ ′′(τ1)|ℓ +

1

4
Fℵ

κ,λ(|ζ
′′(

τ1 + τ2
2

)| − |ζ ′′(τ1)|ℓ)
) 1

ℓ

+
(1
3
|ζ ′′(τ1 + τ2

2
)|ℓ + 1

12
Fℵ

κ,λ(|ζ
′′(τ2)|ℓ − |ζ ′′(τ1 + τ2

2
)|ℓ)
) 1

ℓ

]
.

□

Remark 14. (i) Choosing Fℵ
κ,λ(µ − ν) = µ − ν, then inequality (37) reduce to

inequality (6).
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(ii) Under the assumption of Theorem 14, if we take ℵ = (1, 1, ...) with κ = α, λ =
1, we get the following inequality involving classical Mittag–Leffler function∣∣∣∣∣ζ(τ1 + τ2

2

)
− 1

τ2 − τ1

∫ τ2

τ1

ζ(µ)dµ
)∣∣∣∣∣ ≤ (τ2 − τ1)

2

16
(
1

3
)

1
p (38)

×

[(1
3
|ζ ′′(τ1)|ℓ +

1

4
Eα(|ζ ′′(

τ1 + τ2
2

)|ℓ − |ζ ′′(τ1)|ℓ)
) 1

ℓ

+
(1
3
|ζ ′′(τ1 + τ2

2
)|ℓ + 1

12
Eα(|ζ ′′(τ2)|ℓ − |ζ ′′(τ1 + τ2

2
)|ℓ)
) 1

ℓ

]
.

6. Applications

In this section, we recall the following special means for two positive real numbers
τ1, τ2 where τ1 < τ2:
(1) The arithmetic mean

A = A(τ1, τ2) =
τ1 + τ2

2
.

(2) The geometric mean
G = G(τ1, τ2) =

√
τ1τ2.

(3) The harmonic mean

H = H(τ1, τ2) =
2τ1τ2
τ1 + τ2

.

(4) The p-logarithmic mean

Lp = Lp(τ1, τ2) =

(
τp+1
2 − τp+1

1

(p+ 1)(τ2 − τ1)

) 1
p

, p ∈ R \ {0}.

(5) The identric mean

I = I(τ1, τ2) =
1

e

(
τ τ2
2

τ τ1
1

) 1
τ2−τ1

.

(6) The heronian mean

Hw,s(τ1, τ2) =


[τs2 + w(τ1τ2)

s
2 + τs2

w + 2

] 1
s

, if s ̸= 0
√
τ1τ2, if s = 0.

These means have a lot of applications in areas and different type of numerical
approximations. However, the following simple relationship are known in the liter-
ature.

If we choose ζ(µ) = µs for s ̸= 0 and x > 0 in Theorems (11) and (12), as a
result we get the following inequalities for means.
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Proposition 1. Let τ1 > 0, τ2 > 0, τ1 ̸= τ2, ℓ ≥ 1 and either s > 1 and
(s− 1)ℓ ≥ 1 or s < 0 Then∣∣∣∣∣A(ατs1, βτ

s
2) +

2− α− β

2
As(τ1, τ2)− Ls(τ1, τ2)

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ (39)

×

[
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|sτs−1

2 |ℓ + (4− 9α+ 12α2 − 2α3)

× Fℵ
κ,λ

(
|sτs−1

1 |ℓ − |sτs−1
2 |ℓ

)] 1
ℓ

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)|sτs−1

2 |ℓ

+ (2− 3β + 2β3) Fℵ
κ,λ(|sτs−1

1 |ℓ − |sτs−1
2 |ℓ)

] 1
ℓ

]
.

Remark 15. Under the assumption of Proposition 1, if we take ℵ = (1, 1, ...) with
κ = α, λ = 1, we get the following inequality involving classical Mittag–Leffler
function∣∣∣∣∣A(ατs1, βτ

s
2) +

2− α− β

2
As(τ1, τ2)− Ls(τ1, τ2)

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ (40)

×

[
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)|sτs−1

2 |ℓ + (4− 9α+ 12α2 − 2α3)

× Eα

(
|sτs−1

1 |ℓ − |sτs−1
2 |ℓ

)] 1
ℓ

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)|sτs−1

2 |ℓ

+ (2− 3β + 2β3)× Eα(|sτs−1
1 |ℓ − |sτs−1

2 |ℓ)
] 1

ℓ

]
.

Proposition 2. Let τ1 > 0, τ2 > 0, τ1 ̸= τ2, ℓ ≥ 1 and either s > 1 and
(s− 1)ℓ ≥ 1 or s < 0∣∣∣∣∣A(ατs1, βτ

s
2) +

2− α− β

2
As(τ1, τ2)− Ls(τ1, τ2)

∣∣∣∣∣ ≤ (τ2 − τ1)

4
[

1

2(ℓ+ 1)(ℓ+ 2)
]
1
ℓ

(41)

×

[[([
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

])
|sτs−1

2 |ℓ +
[
(ℓ+ 3− α)(1− α)ℓ+1

+ (2ℓ+ 4− α)αℓ+1
]
Fℵ

κ,λ(|sτs−1
1 |ℓ − |sτs−1

2 |ℓ)

] 1
ℓ

+
[(

2(ℓ+ 2)(1− β)ℓ+1

+ 2(ℓ+ 2)βq+1
)
|sτs−1

2 |ℓ +
(
βℓ+2 + (ℓ+ 1 + β)(1− β)ℓ+1

)
Fℵ

κ,λ

(
|sτs−1

1 |ℓ − |sτs−1
2 |ℓ

)] 1
ℓ

]
.



1032 S. I. BUTT, M. NADEEM, M. TARIQ, A. ASLAM

If we choose ζ(µ) = lnµ for µ > 0 in theorems (11) and (12), as a result we get
the following inequalities for mean.

Proposition 3. For τ1 > 0, τ2 > 0, τ1 ̸= τ2 and ℓ ≥ 1, we have∣∣∣∣∣ lnG2(τα1 , τ
β
2 )

2
+

2− α− β

2
lnA(τ1, τ2)− lnI(τ1, τ2)

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ

[
(1− 2α+ 2α2)1−

1
ℓ

×
[
(6− 12α+ 12α2)(

1

τ2
)ℓ + (4− 9α+ 12α2 − 2α3) Fℵ

κ,λ

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

(42)

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)(

1

τ2
)ℓ + (2− 3β + 2β3) Fℵ

κ,λ

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

]
.

Remark 16. Under the assumption of Proposition 3, if we take ℵ = (1, 1, ...) with
κ = α, λ = 1, we get the following inequality involving classical Mittag–Leffler
function∣∣∣∣∣ lnG2(τα1 , τ

β
2 )

2
+

2− α− β

2
lnA(τ1, τ2)− lnI(τ1, τ2)

∣∣∣∣∣ ≤ τ2 − τ1
8

(
1

6
)

1
ℓ (43)

×

[
(1− 2α+ 2α2)1−

1
ℓ

[
(6− 12α+ 12α2)(

1

τ2
)ℓ + (4− 9α+ 12α2 − 2α3)Eα

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

+ (1− 2β + 2β2)1−
1
ℓ

[
(6− 12β + 12β2)(

1

τ2
)ℓ + (2− 3β + 2β3)Eα

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

]
.

Proposition 4. For τ1 > 0, τ2 > 0, τ1 ̸= τ2 and ℓ ≥ 1, we have∣∣∣∣∣ lnG2(τα1 , τ
β
2 )

2
+

2− α− β

2
lnA(τ1, τ2)− lnI(τ1, τ2)

∣∣∣∣∣ ≤ τ2 − τ1
4

[ 1

2(ℓ+ 1)(ℓ+ 2)

] 1
ℓ

(44)

×

[[(
2(ℓ+ 2)(1− α)ℓ+1 + 2(ℓ+ 2)αℓ+1

)
(
1

τ2
)ℓ +

[
(q + 3− α)(1− α)ℓ+1 + (2ℓ+ 4− α)αℓ+1

]
× Fℵ

κ,λ

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

+

[(
2(ℓ+ 2)(1− β)ℓ+1 + 2(ℓ+ 2)βℓ+1

)( 1

τ2

)ℓ
+
(
(q + 1 + β)(1− β)q+1 + βq+2

)
Fℵ

κ,λ

(
(
1

τ1
)ℓ − (

1

τ2
)ℓ
)] 1

ℓ

]
.

Finally,

Proposition 5. For τ2 > τ1 > 0, τ1 ̸= τ2, w ≥ 0 and s ≥ 4 or 0 ̸= s < 1, we have∣∣∣∣∣Hs
w,s(τ1, τ2)

H(τs1, τ
s
2)

+H
s
2+1

w,( s
2+1)

(τ2
τ1

+
τ1
τ2

, 1
)
−Hs

w,s

( L(τ21, τ
2
2)

G2(τ1, τ2)
, 1
)∣∣∣∣∣ (45)
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≤ (τ2 − τ1)A(τ1, τ2)

8G2(τ1, τ2)

[
2|s|
w + 2

(
G2(s−1)(τ2,

1

τ1
) +

w

2
Gs− 1

2 (τ2,
1

τ1
)
)

+ Fℵ
κ,λ

( |s|
w + 2

(
G2(s−1)(τ1,

1

τ2
) +

w

2
Gs− 1

2 (τ1,
1

τ2
)
)

− |s|
w + 2

(
G2(s−1)(τ2,

1

τ1
) +

w

2
Gs− 1

2 (τ2,
1

τ1
)
))]

.

Proof. Let ζ(µ) = µs+wµ
s
2 +1

w+2 for µ > 0 and s ̸∈ (1, 4).

ζ ′(µ) =
s

w + 2

(
µs−1 +

w

2
µ

s
2−1
)

(46)

By Corollary (3) . if follows that∣∣∣∣∣12[ζ(
τ2

τ1
) + ζ( τ1

τ2
)

2
+ ζ
( τ2

τ1
+ τ1

τ2

2

)]
− 1

τ2

τ1
− τ1

τ2

∫ τ2
τ1

τ1
τ2

ζ(x)dx

∣∣∣∣∣
=

∣∣∣∣∣12
[
1

2

[τs2 + w(τ1τ2)
s
2 + τs1

τs1(w + 2)
+

τs1 + w(τ1τ2)
s
2 + τs2

τs2(w + 2)

]
+

( τ2

τ1
+ τ1

τ2
)s + w( τ2

τ1
+ τ1

τ2
)

s
2

w + 2

]
− 1

w + 2

[
( τ2

τ1
)s+1 − ( τ1

τ2
)s+1

(s+ 1)( τ2

τ1
− τ1

τ2
)

+ w
( τ2

τ1
)

s
2+1 − ( τ1

τ2
)

s
2+1

( s2 + 1)( τ2

τ1
− τ1

τ2
)

+ 1

]∣∣∣∣∣
=

∣∣∣∣∣Hs
w,s(τ1, τ2)

H(τs1, τ
s
2)

+H
s
2+1

w,( s
2+1)(

τ2
τ1

+
τ1
τ2

, 1)−Hs
w,s

( L(τ21, τ
2
2)

G2(τ1, τ2)
, 1
)∣∣∣∣∣

×
τ2

τ1
− τ1

τ2

16

[
2

∣∣∣∣∣ζ ′∣∣τ2τ1 ∣∣+ Fℵ
κ,λ

(∣∣ζ ′(τ1
τ2

)
∣∣− ∣∣ζ ′(τ2

τ1
)
∣∣)∣∣∣∣∣
]

=
τ22 − τ21
16τ1τ2

[
2
∣∣∣ s

w + 2

(
(
τ2
τ1

)s−1 +
w

2
(
τ2
τ1

)
s
2−1
)∣∣∣ (47)

+ Fℵ
κ,λ

(∣∣∣ s

w + 2

(
(
τ1
τ2

)s−1 +
w

2
(
τ1
τ2

)
s
2−1
)∣∣∣− ∣∣∣ s

w + 2

(
(
τ2
τ1

)s−1 +
w

2
(
τ2
τ1

)
s
2−1
)∣∣∣)]

=
(τ2 − τ1)A(τ1, τ2)

8G2(τ1, τ2)

[
2|s|
w + 2

(
G2(s−1)(τ2,

1

τ1
) +

w

2
Gs− 1

2 (τ2,
1

τ1
)
)

(48)

+ Fℵ
κ,λ

(
|s|

w + 2

(
G2(s−1)(τ1,

1

τ2
) +

w

2
Gs− 1

2 (τ1,
1

τ2
)
)
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− |s|
w + 2

(
G2(s−1)(τ2,

1

τ1
) +

w

2
Gs− 1

2 (τ2,
1

τ1
)

))]
,

obviously (47) and (48) yield (45). □

7. Conclusion

In this paper, we have defined and proved some Hermite-Hadamard and Féjer-
type inequalities for generalize convex functions of Riana type. In addition, we
find some interesting integral inequalities. All these results are new and amazing
in literature. These results of the convex analysis are the basis and argument for
many inequalities in pure and applied sciences. One thing to keep in mind, in the
field of convex analysis and inequalities if we face problems, generalized notions and
conceptions about convex functions are required to obtain pertinent and applicable
results. It is high time to find the applications of these inequalities along with
efficient numerical methods. We believe that our new results regarding generalize
convex function of Raina type will have a very deep research in this fascinating
field of inequalities and also in pure and applied sciences. The amazing techniques
and wonderful ideas of this paper can be extended on the co-ordinates along with
fractional calculus. In the future our goal is that we will continue our research work
in this direction furthermore.
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