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Abstract. In this paper, we investigate the resolvent operator of the singular q-
Sturm-Liouville problem de�ned as

�1
q
Dq�1 [Dqy (x)] + [r (x)� �] y (x) = 0;

with the boundary condition

y (0; �) cos� +Dq�1y (0; �) sin� = 0;

where � 2 C, r is a real-valued function de�ned on [0;1), continuous at zero
and r 2 L1q;loc[0;1). We give a representation for the resolvent operator and
investigate some properties of this operator. Furthermore, we obtain a formula
for the Titchmarsh-Weyl function of the singular q-Sturm-Liouville problem.

1. Introduction

Quantum (or q) calculus is a very interesting �eld in mathematics. It has nu-
merous in statistic physics, quantum theory, the calculus of variations and number
theory; see, e.g., [12, 1, 11, 14, 15, 18, 21, 24]). The �rst results in q-calculus be-
long to the Euler. In 2005, Annaby and Mansour investigated q-Sturm-Liouville
problems [10]: Later in [9], the authors studied the Titchmarsh-Weyl theory for
q-Sturm-Liouville equations. In [3,4], the authors proved the existence of a spectral
function for q-Sturm-Liouville operator.
In this article, we investigate the following q-Sturm-Liouville problem de�ned as

� 1
q
Dq�1Dqy (x) + u (x) y (x) = �y (x) ; (1)
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where 0 < x < 1: The resolvent operator for this problem is constructed. Using
the spectral function, an integral representation is obtained. Furthermore, some
properties of this operator are investigated. A formula for the Titchmarsh-Weyl
function of Eq. (1) is given. Historically, in 1910, H. Weyl was �rst obtained a
representation theorem for the resolvent of Sturm-Liouville problem de�ned by

� (py0)0 + qy = �y; x 2 (0;1);

where p; q are real-valued and p�1; q 2 L1loc[0;1). Similar representation theorems
were proved in [25,20,2, 5, 6, 7].

2. Preliminaries

In this section, we give a brief introduction to quantum calculus and refer the
interested reader to [17,8, 12].
Let 0 < q < 1 and let A � R is a q-geometric set, i.e., qx 2 A for all x 2 A: The

Jackson q-derivative is de�ned by

Dqy (x) = ��1 (x) [y (qx)� y (x)] ;

where � (x) = qx� x and x 2 A: We note that there is a connection the Jackson q-
derivative between and q-deformed Heisenberg uncertainty relation (see [23]). The
q-derivative at zero is de�ned as

Dqy (0) = lim
n!1

[qnx]
�1
[y (qnx)� y (0)] (x 2 A); (2)

if the limit in (2) exists and does not depend on x: The Jackson q-integration is
given by Z x

0

f (t) dqt = x (1� q)
1X
n=0

qnf (qnx) (x 2 A);

provided that the series converges, andZ b

a

f (t) dqt =

Z b

0

f (t) dqt�
Z a

0

f (t) dqt;

where a; b 2 A: The q-integration for a function over [0;1) de�ned by the formula
( [13]) Z 1

0

f (t) dqt =
1X

n=�1
qnf (qn) :

Let f be a function on A and let 0 2 A: For every x 2 A; if

lim
n!1

f (xqn) = f (0) ;

then f is called q-regular at zero. Throughout the paper, we deal only with functions
q-regular at zero.
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The following relation holdsZ a

0

g (t)Dqf (t) dqt+

Z a

0

f (qt)Dqg (t) dqt = f (a) g (a)� f (0) g (0) ;

where f and g are q-regular at zero.
Let L2q[0;1) be the Hilbert space consisting of all functions f satisfying ( [9])

kfk :=

sZ 1

0

jf (x)j2 dqx < +1

with the inner product

(f; g) :=

Z 1

0

f (x) g (x)dqx:

The q-Wronskian of the functions y (:) and z (:) is de�ned by the formula

Wq (y; z) (x) := y (x)Dqz (x)� z (x)Dqy (x) ;

where x 2 [0;1):

3. Main Results

Consider the q-Sturm-Liouville equation

L(y) := �1
q
Dq�1Dqy (x) + r (x) y (x) = �y (x) ; (3)

satisfying the conditions

y (0; �) cos� +Dq�1y (0; �) sin� = 0; (4)

y
�
q�n; �

�
cos�+Dq�1y

�
q�n; �

�
sin� = 0; �; � 2 R; n 2 N := f1; 2; :::g; (5)

where � 2 C; r is a real-valued function de�ned on [0;1), continuous at zero and
r 2 L1q;loc[0;1).
Let ' (x; �) and � (x; �) be the solutions of the Eq. (3) satisfying the following

conditions
' (0; �) = sin�; Dq�1' (0; �) = � cos�;
� (0; �) = cos�; Dq�1� (0; �) = sin�:

(6)

Lemma 1 ( [9]). Let � =2 R and let

�q�n (x; �) = � (x; �) + l
�
�; q�n

�
' (x; �) 2 L2q(0;1);

where n 2 N: Then we have
�q�n (x; �) ! � (x; �) ;

Z q�n

0

���q�n (qt; �)��2 dqx !
Z 1

0

j� (x; �)j2 dqx; n!1:
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Putting

Gq�n (x; t; �) =

�
�q�n (x; �)' (t; �) ; t � x
' (x; �)�q�n (t; �) ; t > x;

y (x; �) :=
�
Rq�nf

�
(x; �) =

Z q�n

0

Gq�n (x; t; �) f (t) dqt; (� 2 C; Im� 6= 0); (7)

where f 2 L2q[0; q�n]: Now, we shall show that the equality (7) satis�es the equation
L(y)� �y(x) = f(x); x 2 (0; q�n) (� 2 C; Im� 6= 0) and the boundary conditions
(4)-(5). From (7), we get

y (x; �) = q�q�n (x; �)

Z x

0

' (qt; �) f (qt) dqt

+q' (x; �)

Z q�n

x

�q�n (qt; �) f (qt) dqt: (8)

From (8), it follows that

Dqy (x; �) = qDq�q�n (x; �)

Z x

0

' (qt; �) f (qt) dqt

+qDq' (x; �)

Z q�n

x

�q�n (qt; �) f (qt) dqt;

and

Dq�1Dqy (x; �) = qDq�1Dq�q�n (x; �)

Z x

0

' (qt; �) f (qt) dqt

+qDq�1Dq' (x; �)

Z q�n

x

�q�n (qt; �) f (qt) dqt

�qWq

�
�q�n ; '

�
f (x) :

Hence, by Wq

�
'; �q�n

�
= 1 (n 2 N); we deduce that

�1
q
Dq�1Dqy (x; �)

= (�� r (x)) q�q�n (x; �)
Z x

0

' (qt; �) f (qt) dqt

+(�� r (x)) q' (x; �)
Z q�n

x

�q�n (qt; �) f (qt) dqt+ f (x)

= (�� r (x)) y (x; �) + f (x) ;
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i.e., the function y (x; �) satis�es the equation L(y)� �y(x) = f(x); x 2 (0; q�n):
Moreover,

y (0; �) = q' (0; �)

Z q�n

0

�q�n (qt; �) f (qt) dqt

= q cos�

Z q�n

0

�q�n (qt; �) f (qt) dqt;

Dq�1y (0; �) = qDq�1' (0; �)

Z q�n

0

�q�n (qt; �) f (qt) dqt

= �q sin�
Z q�n

0

�q�n (qt; �) f (qt) dqt;

i.e., y (x; �) satis�es (4). Similarly, we may infer that y (x; �) satis�es (5).
Note that the problem (3)-(5) has a purely discrete spectrum [10].
Let �m;q�n be the eigenvalues of the problem (3)-(5). Let 'm;q�n be the corre-

sponding eigenfunctions and

�m;q�n :=


'm;q�n

 =

 Z q�n

0

'2m;q�n (x) dqx

! 1
2

;

where 'm;q�n (x) := 'm;q�n
�
x; �m;q�n

�
and m 2 N:

Then we have the following Parseval equality (see [8])Z q�n

0

jf (x)j2 dqx =
1X
m=1

1

�2m;q�n

(Z q�n

0

f (x)'m;q�n (x) dqx

)2
; (9)

where f (:) 2 L2q[0; q�n]:
Now, let us de�ne the nondecreasing step function %q�n on [0;1) by

%q�n (�) =

8<: �
P

�<�m;q�n<0
1

�2
m;q�n

; for � � 0P
0��m;q�n<�

1
�2
m;q�n

for � > 0:

It follows from (9) thatZ q�n

0

jf (x)j2 dqx =
Z 1

�1
F 2 (�) d%q�n (�) ; (10)

where

F (�) =

Z q�n

0

f (x)' (x; �) dqx:
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Lemma 2. Let � > 0: Then the following relation holds
�

V
��

�
%q�n (�)

	
=

X
����m;q�n<�

1

�2m;q�n
= %q�n (�)� %q�n (��) < �; (11)

where � = �(�) is a positive constant not depending on q�n:

Proof. Let sin� 6= 0: Since ' (x; �) is continuous at zero, by condition ' (0; �) =
sin�; there exists a positive number h and nearby 0 such that

j' (x; �)j > 1p
2
jsin�j ; 0 � x � h

and  
1

h

Z h

0

' (x; �) dqx

!2
>

 
1p
2h
sin�

Z h

0

dqx

!2
=
1

2
sin2 �: (12)

Let us de�ne fh (x) by

fh (x) =

�
0; x > h
1
h ; 0 � x � h:

It follows from (10) and (12) thatZ h

0

f2h (x) dqx =
1

h
=

Z 1

�1

 
1

h

Z h

0

' (x; �) dqx

!2
d%q�n(�)

�
Z �

��

 
1

h

Z h

0

' (x; �) dqx

!2
d%q�n (�)

>
1

2
sin2 �

�
%q�n (�)� %q�n (��)

	
;

which proves the inequality (11).
Let sin� = 0 and

fh (x) =

�
0; x > h
1
h2 ; 0 � x � h:

By (10), we can get the desired result. �
We now return to the formula (7), whose right-hand side has been called the

resolvent. The resolvent is known to exist for all � which are not eigenvalues of the
problem (3)-(5). Now, we will get the expansion of the resolvent.
Since the function y (x; �) satis�es the equation L(y)��y(x) = f(x); x 2 (0; q�n)

(� 2 C; � 6= �m;q�n ; m 2 N) and the boundary conditions (4), (5), via the q-
integration by parts, we �nd (the operator A generated by the expression L and
the boundary conditions (4), (5) is a self-adjoint (see [10]))

(Ay; 'm;q�n)
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=

Z q�n

0

�
�1
q
Dq�1Dqy (x; �) + r (x) y (x; �)

�
'm;q�n (x) dqx

= (y;A'm;q�n)

=

Z q�n

0

y (x; �)

�
�1
q
Dq�1Dq'm;q�n (x) + r (x)'m;q�n (x)

�
dqx

= �m;q�n

Z q�n

0

y (x; �)'m;q�n (x) dqx:

The set of all eigenfunctions
'm;q�n (x)

�m;q�n
(m 2 N) of the self-adjoint operator A

form an orthonormal basis for L2q(0; q
�n) (see [10]). Then, the function y (:; �) 2

L2q(0; q
�n) (� 2 C; � 6= �m;q�n ; m 2 N) can be expanded into Fourier series of

eigenfunctions
'm;q�n (x)

�m;q�n
(m 2 N) of the problem (3)-(5) (or of the operator A).

Then we have

y (x; �) =
1X
m=1

tm (�)
'm;q�n (x)

�m;q�n
;

where tm (�) is the Fourier coe¢ cient, i.e.,

tm (�) =

Z q�n

0

y (x; �)
'm;q�n (x)

�m;q�n
dqx; m 2 N:

Since y (x; �) (� 2 C; � 6= �m;q�n ; m 2 N) satis�es the equation

�1
q
Dq�1Dqy (x; �) + (r (x)� �) y (x; �) = f (x) ; x 2 (0; q�n);

we get

am : =

Z q�n

0

f (x)
'm;q�n (x)

�m;q�n
dqx

=

Z q�n

0

�
�1
q
Dq�1Dqy (x; �) + (r (x)� �) y (x; �)

�
'm;q�n (x)

�m;q�n
dqx

=

Z q�n

0

�
�1
q
Dq�1Dq'm;q�n (x) + (r (x)� �)'m;q�n (x)

�
y (x; �)

�m;q�n
dqx

=

Z q�n

0

�
�m;q�n'm;q�n (x)� �'m;q�n (x)

� y (x; �)
�m;q�n

dqx

= �m;q�ntm (�)� �tm (�) ; m 2 N:
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Thus, we have

tm (�) =
am

�m;q�n � �
;

and

y (x; �) =

Z q�n

0

Gq�n (x; t; �) f (t) dqt

=
1X
m=1

am
�m;q�n � �

'm;q�n (x)

�m;q�n
(� 2 C; � 6= �m;q�n ; m 2 N):

Then

y (x; z) =
�
Rq�nf

�
(x; z)

=

1X
m=1

'm;q�n (x)

�2m;q�n
�
�m;q�n � z

� Z q�n

0

f (t)'m;q�n (t) dqt

=

Z 1

�1

' (x; �)

�� z

(Z q�n

0

f (t)'m;q�n (t; �) dqt

)
d%q�n (�) : (13)

Lemma 3. The following formula holdsZ 1

�1

����' (x; �)�� z

����2 d%q�n (�) < K; (14)

where x is a �xed number and z is a non-real number.

Proof. Let f (t) =
'm;q�n (t)

�m;q�n
: By (13), we conclude that

1

�m;q�n

Z q�n

0

Gq�n (x; t; z)'m;q�n (t) dqt =
'm;q�n (x)

�m;q�n
�
�m;q�n � z

� : (15)

Under (15) and (9), we see thatZ q�n

0

��Gq�n (x; t; z)��2 dqt =
1X
m=1

��'m;q�n (x)��2
�2m;q�n

���m;q�n � z��2
=

Z 1

�1

����' (x; �)�� z

����2 d%q�n (�) :
It follows from Lemma 1 that the last integral is convergent. The proof is complete

�

Now, we present below for the convenience of the reader.
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Theorem 4 ( [19]). Let (wn)n2N be a uniformly bounded sequence of real non-
decreasing function on a �nite interval [a; b]: Then
(i) there exists a subsequence (wnk)k2N and a non-decreasing function w such that

lim
k!1

wnk (�) = w (�) ;

where a � � � b:

(ii) suppose
lim
n!1

wn (�) = w (�) ;

where a � � � b: Then, we have

lim
n!1

Z b

a

f (�) dwn (�) =

Z b

a

f (�) dw (�) ;

where f 2 C[a; b]:

By Lemma 2 and Theorem 4, one can �nd a sequence fq�nkg such that
lim
k!1

%q�nk (�)! % (�) ;

where % (�) is a monotone function:

Lemma 5. Let z =2 R: Then we haveZ 1

�1

����' (x; �)�� z

����2 d% (�) � K; (16)

where x is a �xed number.

Proof. Let � > 0: It follows from (14) thatZ �

��

����' (x; �)�� z

����2 d%q�n (�) < K:

Then Z 1

�1

����' (x; �)�� z

����2 d% (�) = lim
�!1
n!1

Z �

��

����' (x; �)�� z

����2 d%q�n (�) < K:

�

Lemma 6. Let � > 0: Then we haveZ ��

�1

d% (�)

j�� zj2
<1;

Z 1

�

d% (�)

j�� zj2
<1: (17)

Proof. Let sin� 6= 0: From (16), we deduce thatZ 1

�1

d% (�)

j�� zj2
<1:
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Let sin� = 0: Hence we see that

1

�m;q�n

Z q�n

0

'm;q�n (t)Dq;x

�
Gq�n (x; t; z)

�
dqt =

Dq;x'm;q�n (x)

�m;q�n
�
�m;q�n � z

� :
It follows from (9) thatZ q�n

0

��Dq;x

�
Gq�n (x; t; z)

���2 dqt = Z 1

�1

����Dq;x' (x; �)

�� z

����2 d%q�n (�) :
Proceeding similarly, we can get the desired result. �

Lemma 7. Let

G (x; t; z) =

�
� (x; z)' (t; z) ; x � t
' (x; z)� (t; z) ; x < t;

and let f (:) 2 L2q[0;1): Then we haveZ 1

0

j(Rf) (x; z)j2 dqx �
1

v2

Z 1

0

jf (x)j2 dqx;

where

(Rf) (x; z) =

Z 1

0

G (x; t; z) f (t) dqt;

and z = u+ iv:

Proof. See [9]. �

Now we shall state the main result of this paper.

Theorem 8. The following relation holds

(Rf) (x; z) =

Z 1

�1

' (x; �)

�� z F (�) d% (�) ; (18)

where f (:) 2 L2q[0;1);

F (�) = lim
�!1

Z q��

0

f (x)' (x; �) dqx;

and z =2 R:

Proof. De�ne the function f� (x) as

f� (x) =

�
f� (x) ; x 2 [0; q��];
0; x =2 [0; q��] (q�� < q�n)

such that f� (x) satis�es (4). By (13), we conclude that�
Rq�nf�

�
(x; z)

=

Z 1

�1

' (x; �)

�� z F� (�) d%q�n (�) =

Z �a

�1

' (x; �)

�� z F� (�) d%q�n (�)
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+

Z a

�a

' (x; �)

�� z F� (�) d%q�n (�) +

Z 1

a

' (x; �)

�� z F� (�) d%q�n (�)

= I1 + I2 + I3; (19)

where

F� (�) =

Z q��

0

f (x)' (x; �) dqx;

and a > 0.
It follows from (13) that

jI1j =

����Z �a

�1

' (x; �)

�� z F� (�) d%q�n (�)

����
�

X
�k;q�n<�a

��'k;q�n (x)�� ���R q��0
f� (t)'k;q�n (t) dqt

���
�2k;q�n

����
k;q�n

� z
���

�

0@ X
�k;q�n<�a

'2k;q�n (x)

�2k;q�n
���k;q�n � z��2

1A1=2

�

0@ X
�k;q�n<�a

1

�2k;q�n

"Z q��

0

f� (x)'k;q�n (x) dqx

#21A1=2

: (20)

Using the q-integration-by-parts formula in the integral below, we haveZ q��

0

f� (x)'k;q�n (x) dqx

=
1

�k;q�n

Z q��

0

f� (x)

�
�1
q
Dq�1Dq'k;q�n (x) + r (x)'k;q�n (x)

�
dqx

=
1

�k;q�n

Z q��

0

�
�1
q
Dq�1Dqf� (x) + r (x) f� (x)

�
'k;q�n (x) dqx: (21)

From Lemma 3, we get

jI1j � K1=2

a

0@ P
�k;q�n<�a

1
�2
k;q�n

�
hR q��
0

n
� 1
qDq�1Dqf� (x) + r (x) f� (x)

o
'k;q�n (x) dqx

i2
1A1=2

:
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Application of Bessel inequality yields

jI1j �
K1=2

a

"Z q��

0

�
�1
q
Dq�1Dqf� (x) + r (x) f� (x)

�2
dqx

#1=2
=
C

a
:

Likewise, we show that jI3j � C
a : Then I1; I3 ! 0, as a!1; uniformly in q�n: By

virtue of (19) and Theorem 4, we see that

(Rf�) (x; z) =

Z 1

�1

' (x; �)

�� z F� (�) d% (�) : (22)

We can �nd a sequence ff� (x)g1�=1 which satis�es the previous conditions and tend
to f (x) as � ! 1; since f (:) 2 L2q[0;1): It follows from (9) that the sequence of
Fourier transform converges to the transform of f (x) : Using Lemmas 5 and 7, one
can pass to the limit � !1 in (22). �
Remark 9. The following formula holds.Z 1

0

(Rf) (x; z) g (x) dqx =

Z 1

�1

F (�)G (�)

�� z d% (�) ; (23)

where

G (�) = lim
�!1

Z q��

0

g (x)' (x; �) dqx;

and

F (�) = lim
�!1

Z q��

0

f (x)' (x; �) dqx:

Now, we will study some properties of the resolvent operator. We give the fol-
lowing de�nition and theorems.

De�nition 10. Let M (x; t) be a complex-valued function, where x; t 2 (a; b): IfZ b

a

Z b

a

jM (x; t)j2 dqxdqt < +1;

then M (x; t) is called the q-Hilbert-Schmidt kernel.

Theorem 11 ( [22]). Let us de�ne the operator A as

A fxig = fyig ;
where

yi =
1X
k=1

aikxk; i 2 N: (24)

If
1X

i;k=1

jaikj2 < +1 (25)

then A is a compact operator in the sequence space l2:
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Theorem 12. Let the limit circle case holds for Eq. (3) and

G (x; t) = G (x; t; 0) =

�
' (x)� (t) ; x < t
� (x)' (t) ; x � t:

(26)

Then the function G (x; t) de�ned by (26) is a q-Hilbert-Schmidt kernel.

Proof. It follows from (26) thatZ 1

0

dqx

Z x

0

jG (x; t)j2 dqt < +1;

and Z 1

0

dqx

Z 1

x

jG (x; t)j2 dqt < +1;

since the integrals Z 1

0

jG (x; t)j2 dqx

and Z 1

0

jG (x; t)j2 dqt

exist and are a linear combination of the products ' (x)� (t) ; and these products
belong to L2q[0;1)� L2q[0;1): ThenZ 1

0

Z 1

0

jG (x; t)j2 dqxdqt < +1: (27)

�
Theorem 13. Let us de�ne the operator R as

(Rf) (x) =

Z 1

0

G (x; t) f (t) dqt

Under the assumptions of Theorem 12, R is a compact operator.

Proof. Let �i = �i (t) (i 2 N) be a complete, orthonormal basis of L2q[0;1): By
Theorem 12, we can de�ne

xi = (f; �i) =

Z 1

0

�i (t)f (t) dqt;

yi = (g; �i) =

Z 1

0

�i (t)g (t) dqt;

aik =

Z 1

0

Z 1

0

�k (t)�i (x)G (x; t) dqxdqt;

where i; k 2 N: Then, L2q[0;1) is mapped isometrically l2: Therefore, the operator
R transforms into A de�ned by (24) in l2 by this mapping, and (27) is translated
into (25). It follows from Theorem 11 that A is compact operator. Consequently,
R is a compact operator. �
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Now, we will give some auxiliary lemmas.

Lemma 14. The following equalities hold.

lim
x!1

Wq

�
� (x; �) ; �

�
x; �0

��
= 0; (28)Z 1

0

� (x; �) ; �
�
x; �0

�
dqx =

m (�)�m
�
�0
�

�� �0
; (29)

where � and �0 are any �xed nonreal numbers.

Proof. See [9]. �

Using (29) and setting � = u+ iv and �0 = �, we obtainZ 1

0

j� (x; �)j2 dqx = �
Im fm (�)g

v
: (30)

Lemma 15. For �xed u1 and u2; we haveZ u2

u1

� Im fm (u+ i�)g du = O (1) ; as � ! 0: (31)

Proof. Let sin� 6= 0: It follows from (9) and (18) thatZ 1

0

j� (t; z)j2 dqt =
Z 1

�1

d% (�)

(u� �)2 + v2
; (32)

where z = u+ iv:
Let sin� = 0: If the equality (15) is q-di¤erentiated throughout with respect to

x; and the limit is taken as n!1; then we can get the desired result.
By virtue of (30) and (32), we conclude that

� Im fm (u+ i�)g = �

Z 1

�1

d% (�)

(u� �)2 + �2
:

Then we have

�
Z u2

u1

Im fm (u+ i�)g du = �

Z u2

u1

du

Z 1

�1

d% (�)

(u� �)2 + �2
:

Let (a; b) be a �nite interval where a < u1 and b > u2. From (17), we see that

�

Z u2

u1

du

Z a

�1

d% (�)

(u� �)2 + �2
= O (1) ;

�

Z u2

u1

du

Z 1

b

d% (�)

(u� �)2 + �2
= O (1) :

Hence, we get

�

Z u2

u1

du

Z b

a

d% (�)

(u� �)2 + �2
=

Z b

a

d% (�)

Z u2��
�

u1��
�

dv

1 + v2
= O (1) :

�
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Assume that � (�) = �1 (�) + i�2 (�) is a complex bounded variation on the
entire line. Set

' (z) =

Z 1

�1

d� (�)

�� z ;  (�; �) =
sgn�

�

' (z)� ' (z)
2i

= � 1
�

Z 1

�1

j� j d� (�)
(�� �)2 + �2

; z = � + i� :

Theorem 16 ( [20]). Let the points a; b are points of continuity of � (�) : Then we
obtain

� (b)� � (a) = lim
�!0

Z b

a

� (�; �) d�:

Theorem 17. Let the endpoints of � = (�; �+�) be the points of continuity of
% (�) : Then, we deduce that

% (�+�)� % (�) = 1

�
lim
�!0

Z
�

� Im fm (u+ i�)g du: (33)

Proof. Let f (:) ; g (:) 2 L2q[0;1) vanish outside a �nite interval. By (23), we deduce
that

y (�) =

Z 1

0

(Rf) (x; z) g (x) dqx

=

Z 1

�1

F (�)G (�)

�� z d% (�) =

Z 1

�1

d� (�)

�� z ;

where

� (�) =

Z
�

F (�)G (�) d% (�) :

It follows from Theorem 16 that

� (�) = � 1
�
lim
�!0

Z
�

Im f (u+ i�)g du: (34)

Furthermore, we have

Im f (u+ i�)g =
Z 1

0

g (x) dqx

�f
Z x

0

[� (x; u+ i�) +m (u+ i�)' (x; u+ i�)]' (t; u+ i�) f (t) dqt

+

Z 1

x

[� (t; u+ i�) +m (u+ i�)' (t; u+ i�)]' (x; u+ i�) f (t) dqtg;

where � (x; u) ; ' (x; u) ; g (x) and f (x) are real-valued functions. It follows from
(34) and Lemma 15 that

� (�) =
1

�
lim
�!0

Z
�

� Im fm (u+ i�)gG (u)F (u) du: (35)
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If we choose g (x) and f (x) conveniently, we can make G (u) and F (u) di¤er as
little from unity in the �xed interval �: From Lemma 15 and (33), we get the
desired result. �

Theorem 18. Let z =2 R. Then we have

m (z) = � cot� +
Z 1

�1

d% (�)

�� z : (36)

Proof. It follows from (18) that

G (x; t; z) =

Z 1

�1

' (x; �)' (t; �) d% (�)

�� z ; (37)

since f (x) is an arbitrary function. By de�nition, we get

G (x; t; z) =

�
[� (t; z) +m (z)' (t; z)]' (x; z) ; t > x
[� (x; z) +m (z)' (x; z)]' (t; z) ; t � x:

By virtue of (6) and (37), we conclude that

G (0; 0; z) = sin� fcos� +m (z) sin�g

=

Z 1

�1

sin2 �

�� z d% (�) ;

i.e.,

m (z) = � cot� +
Z 1

�1

d% (�)

�� z :

�
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