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ON SOME WEAKER HESITANT FUZZY OPEN SETS

Hariwan Z. IBRAHIM
Department of Mathematics, Faculty of Education, University of Zakho,
Zakho, IRAQ

ABSTRACT. The purpose of this paper is to define and study some new types of
hesitant fuzzy open sets namely, hesitant fuzzy a-open, hesitant fuzzy preopen,
hesitant fuzzy semiopen, hesitant fuzzy b-open and hesitant fuzzy (B-open in
hesitant fuzzy topological space. Some properties and the relationships be-
tween these hesitant fuzzy sets are investigated. Furthermore, some relation-
ships between them in hesitant fuzzy subspace are introduced.

1. INTRODUCTION

Hesitant fuzzy sets are very useful to deal with group decision making prob-
lems when experts have a hesitation among several possible memberships for an
element to a set. During the evaluating process in practice, however, these possible
memberships may be not only crisp values in [0, 1], but also interval values. Then
hesitant fuzzy set theory has many applications in various fields like decision mak-
ing problems, decision support systems, clustering algorithms, algebras, etc. After
that time, hesitant fuzzy set theory has been developed rapidly by some scholars in
theory and practice. In 1965, Zadeh [16] introduced the concept of a fuzzy set as a
generalization of a crisp set. Chang [3] defined initially the notion of fuzzy topolog-
ical spaces. In 2010, Torra [14] introduced the notion of a hesitant fuzzy set as an
extension of a fuzzy set. In 2011, Xia and Xu [15] applied a hesitant fuzzy set to
decision making by defining "hesitant fuzzy information aggregation”. Jun et al. [5]
studied hesitant fuzzy bi-ideals in semigroups. Divakaran and John [4] introduced
a basic version of hesitant fuzzy rough sets through hesitant fuzzy relations. On the
other hand, Jun and Ahn [6] applied hesitant fuzzy sets to BCK/BCl-algebras. Kim
et al. [7] gave characterizations of a hesitant fuzzy positive implicative ideal, a hes-
itant fuzzy implicative ideal, and a hesitant fuzzy commutative ideal, respectively
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in BCK-algebras. Recently, Lee and Hur |10 defined a hesitant fuzzy topology and
introduced the concepts of a hesitant fuzzy neighborhood, closure, interior, hesitant
fuzzy subspace and obtained some of their properties. Also, they defined a hesitant
fuzzy continuous mapping and investigated some of its properties. In 1965, Njas-
tad [13] defined the class of a-open sets in topological spaces. In 1982, Mashhour
et al [12] introduced the concept of preopen sets. The study of semiopen sets and
their properties was initiated by Levine [11]. In 1996, Andrijevic’ [2] introduced
and studied a class of generalized open sets in a topological space called b-open sets,
this class of sets contained in the class of S-open sets [1] and contains all semiopen
sets and all preopen sets.

2. HESITANT FUZZY OPEN SETS

Definition 1. [14] Let X be a reference set, and P[0,1] denote the power set of
[0,1]. Then, a mapping h : X — P[0, 1] is called a hesitant fuzzy set in X.

The hesitant fuzzy empty (resp. whole) set, denoted by h° (resp. h'), is a
hesitant fuzzy set in X defined as h°(z) = ¢ (resp. h'(xz) =0,1]), for each z € X.
FEspecially, we will denote the set of all hesitant fuzzy sets in X as HS(X) [§].

Definition 2. Assume that X is a nonempty set and h,h; € HS(X) for i belong
to the set of natural numbers N. Then,
(1) hy is a subset of ha, denoted by hy C ha, if hi(x) C ha(z), for each x € X
7]
(2) hy is equal to hs, denoted by hy = ha, if h1(x) C ha(z) and ha(z) C hi(x)
)
(3) the intersection of hy and ho, denoted by hiNhy, is a hesitant fuzzy set in
X defined as follows: for each x € X,
(hlﬁhg)(l’) = hl (.Z‘) n hg(.’L‘) [8/. _
(4) the union of hy and hy, denoted by h1Uhs, is a hesitant fuzzy set in X
defined as follows: for each x € X,
(hlghg)(x) = h1($) U hQ(ZL') [8/.
(5) the complement of h, denoted by h€, is a hesitant fuzzy set in X defined as:
for each z € X,
he(a) = hiz)° = [0,1]\ hle) §.
(6) the intersection of {hi}icn, denoted by (\;cnhi, is a hesitant fuzzy set in
X dfﬁned as follows: for each x € X,
(Mienhi)(@) = Nienhi(z) (8.
(7) the union of {hi}ien, denoted by \J,cnhi, is a hesitant fuzzy set in X
defined as follows: for each x € X,

(Uienhi) (@) = Usen (@) (8.

Definition 3. [J] Let h € HS(X). Then, h is called a hesitant fuzzy point with the
support x € X and the value 8, denoted by x5, if x5 : X — P[0,1] is the mapping
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given by: for each y € X,
0 C0,1] ify=x,
z5(y) = { C 0.1 4y

otherwise.

In particular, Hp(X) is called the set of all hesitant fuzzy points in X. If 6 C h(x),
then xs is said to belong to h, denoted by xs € h. It is obvious that h = Umehx(s.

Definition 4. [10/ Let X be a nonempty set, and 7 C HS(X). Then, T is called a
hesitant topology (HFT) on X, if it satisfies the following axioms:

(1) B At e .

(2) For any hy,hy € T, we have hiNhy € T.

(3) For each h; € T, we have Ujeyh; € T.
The pair (X,7) is called a hesitant fuzzy topological space. Each member of T is
called a hesitant fuzzy open set (HFOS) in X. A hesitant fuzzy set h in X is called
a hesitant fuzzy closed set (HFCS) in (X, 1), if h® € 7. The set of all hesitant fuzzy
closed sets is denoted by HFC(X).

Definition 5. [10] Let (X,7) be a hesitant fuzzy topological space, and ha €
HS(X). Then:

(1) intr(ha) = U{hv € 7+ hy C ha}.
(2) cli(ha) ={hr € HFC(X) : ha C hp}.

3. WEAKER HESITANT FUZZY OPEN SETS

Definition 6. Let (X, 7) be a hesitant fuzzy topological space. A subset h of HS(X)
1s called:
(1) hesitant fuzzy a-open if h Cinty(cly (intg(h))).
(2) hesitant fuzzy preopen if h Cinty(cly(h)).
(3) hesitant fuzzy semiopen if h C clg(intg (h)).
(4) hesitant fuzzy b-open if h C intg(clg(h))Uclg (intg (h)).
(5) hesitant fuzzy B-open if h C cly(intg (clg(h))).

Theorem 1. Let (X, 7) be a hesitant fuzzy topological space, then the following
statements are hold:

(1) Every hesitant fuzzy open set is hesitant fuzzy a-open.

(2) Every hesitant fuzzy a-open set is hesitant fuzzy preopen.
(3) Every hesitant fuzzy a-open set is hesitant fuzzy semiopen.
(4) Every hesitant fuzzy preopen set is hesitant fuzzy b-open.
(5) Every hesitant fuzzy semiopen set is hesitant fuzzy b-open.
6) Every hesitant fuzzy b-open set is hesitant fuzzy S-open.

Proof. (1) If h 4 is hesitant fuzzy open, then hy = intg(ha) Cintg(clg(ha)) =
intg(clg(intg(ha))). Thus, hy is hesitant fuzzy a-open.
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(2) If h 4 is hesitant fuzzy a-open, then ha C intg(cly(intg(ha))) Cintg(clg(ha)).

Thus, h,4 is hesitant fuzzy preopen.

(3) If hy is hesitant fuzzy a-open, then ha C intg(clg(intp(ha))) C cp(ing(ha)).

Thus, h4 is hesitant fuzzy semiopen.

(4) If h 4 is hesitant fuzzy preopen, then hy C inty(clg(ha)) Cintg(clu(ha))
Uclg (intgr(ha)). Thus, ha is hesitant fuzzy b-open.

(5) If hy is hesitant fuzzy semiopen, then hg C cly(intg(ha)) Cintg(clg(ha))
Uclg (intg (ha)). Thus, ha is hesitant fuzzy b-open.

(6) If ha is hesitant fuzzy b-open, then ha C intg(clg(ha))Uclg(intg(ha)) C
ClH(Z"ntH(ClH(hA))ZOClH(intH<hA)) = clH[intH(clH(hA))Oth(hA)] g
cplintg(clg(ha)Uintg (clp(ha))] = cu(intg(clg(ha))). Thus, hy is
hesitant fuzzy S-open.

g

Remark 1. The concepts of hesitant fuzzy preopen and hesitant fuzzy semiopen
are independent.

Remark 2. The converse of the Theorem need not be true as shown by the
following examples.

Example 1. Consider the hesitant fuzzy sets in X = {a,b,c} given by:
hi(a) =10.7,1], hy1(b) = {0.2,0.5,0.8}, h1(c) = [0.7,1),
ha(a) =[0.5,1), ha(b) = {0.2,0.5,0.7}, ha(c) = (0.7,1],
hs(a) =[0.7,1), hg(b) = {0.2,0.5}, h3(c) = (0.7,1), and
hs(a) =[0.5,1], hy(b) = {0.2,0.5,0.7,0.8}, hsa(c) = [0.7,1].
Then, 7 = {h% h', hy, ha, h3, hy} a hesitant topology on X. If hya is the hesitant
fuzzy set in X given by:
(1) ha(a) =10.6,1],ha(b) = {0.2,0.5,0.6,0.8,0.9}, ha(c) = [0.3,1),
then ha is hesitant fuzzy a-open but h 4 is not hesitant fuzzy open.
(2) hA(a) - [Oa 1]3 hA(b) - ¢7 hA(C) = ¢;
then h, is both hesitant fuzzy preopen and hesitant fuzzy b-open but ha is
neither hesitant fuzzy a-open nor hesitant fuzzy semiopen.

Example 2. Consider the hesitant fuzzy sets in X = {a,b, c} given by:

hi(a) = {0.4}, h1(b) = {0.1}, hi(c) = {0.8},

ha(a) = {0.3}, ha(b) = {0.2}, ha(c) = {0.7}, and

hs(a) = {0.3,0.4}, h3(b) = {0.1,0.2}, h3(c) = {0.7,0.8}.

Then, 7 = {hY, h*, h1, ho, h3} a hesitant topology on X. If ha is the hesitant fuzzy
set in X given by:

ha(a) ={0.4,0.6},ha(b) ={0.1,0.6}, ha(c) = {0.6,0.8},

then h is both hesitant fuzzy semiopen and hesitant fuzzy b-open but A is neither
hesitant fuzzy a-open nor hesitant fuzzy preopen.

Example 3. Consider the hesitant fuzzy sets in X = {a} given by:
hi(a) ={0.1},
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ha(a) = {0.2},

hs(a) ={0.1,0.2},

ha(a) ={0.3,0.4},

hs(a) = {0.1,0.3,0.4},

he(a) = {0.2,0.3,0.4},

hz(a) = {0.1,0.2,0.3,0.4},
hs(a) = {0.1,0.3,0.4,0.5}, and

hg(a) = {0.1,0.2,0.3,0.4,0.5}.

Then, T = {ho,hl,hl,hz,hg,h4,h57h67h77h87h9} is a hesitant topology on X. If
ha is the hesitant fuzzy set in X given by:

ha(a) ={0.2,0.3,0.5},

then ha is hesitant fuzzy B-open but A is not hesitant fuzzy b-open.

Remark 3. From Theorem [1} we obtain the following diagram of implications:

hesitant fuzzy open hesitant fuzzy preopen
hesitant fuzzy a-open hesitant fuzzy b-open ——— hesitant fuzzy S-open

T ]

hesitant fuzzy semiopen

Theorem 2. Let (X, 7) be a hesitant fuzzy topological space and hgq € HS(X).
Then:

(1) clg(ha)Nhe C clg(hanhg), for every hesitant fuzzy open set hg.

(2) intg(haUhp) Cintg(ha)Uhp, for every hesitant fuzzy closed set hy.

Proof. (1) Let x5 € clg(ha)Nhg, then x5 € clg(ha) and x5 € hg. If hy is a
hesitant fuzzy open set containing x5, then, hyNhg is also hesitant fuzzy
open set containing zs. Since x5 € cly(ha) implies (hyNhg)Nha # h°
and hence hyN(hgNha) # kY. This is true for every hy containing x5, so
x5 € cly(hgNhy). Therefore hesitant fuzzy cl(ha)Nhg C cly(haNhg).

(2) Follows from (1) and so it is obvious.
U

Theorem 3. If {h; : i € N} is a collection of hesitant fuzzy b-open (resp. hesitant
fuzzy a-open, hesitant fuzzy preopen, hesitant fuzzy semiopen and hesitant fuzzy
B-open) sets of a hesitant fuzzy topological space (X, 7), then U;enh; is a hesitant
fuzzy b-open (resp. hesitant fuzzy a-open, hesitant fuzzy preopen, hesitant fuzzy
semiopen and hesitant fuzzy (-open) set.

Proof. We prove only the first case since the other cases are similarly shown. Since
hi C intg(cly(h;))Uclg (intg (h)) for every i € N, we have

UieNhi - UieN[intH (CZH(hz))UclH(th (hl))]
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C [Uienints (cly (h:))]0[0iencly (int g (he))]
C [inty (Oienely (h:)]0lcly (Tienint i (he))]
C [intr (cly (Tienhi))]0lly (int g (Cienhi))]-
Therefore, Usenhs is hesitant fuzzy b-open. 0

Theorem 4. Let (X, 7) be a hesitant fuzzy topological space, hy € 7 and ha €
HS(X).

(1) If hy is hesitant fuzzy preopen, then hyyNha is hesitant fuzzy preopen.

(2) If ha is hesitant fuzzy semiopen, then hyyNh 4 is hesitant fuzzy semiopen.

Proof. (1) Since hy is hesitant fuzzy preopen and hy is hesitant fuzzy open,
then, hy Cintg(clg(ha)) and intg(hy) = hy and so by Theorem [2| (1),
hUﬁhA - intH(hU)ﬁintH(ClH(hA)) = intH(hUﬁClH(hA)) - intH(ClH(hUﬁhA)).
Therefore, hyyNhy is hesitant fuzzy preopen.

(2) Since h4 is hesitant fuzzy semiopen, then by Theorem [2f (1), hyNha C
hUﬁclH(inHN(hA)) - ClH(hUﬂinH(NhA)) = CZH(inH(hU)ﬂinH(hA)) =
clg(ing(hyNha)). Therefore, hyNh 4 is hesitant fuzzy semiopen.

|

Theorem 5. Let (X, 7) be a hesitant fuzzy topological space, hy € 7 and hy €
HS(X). If hy is hesitant fuzzy B-open, then hyyNh4 is hesitant fuzzy B-open.

Proof. Since h 4 is hesitant fuzzy -open, then
hyNha C hyNelg (intg(clg(ha)))
C clg(hyNintg(clg(ha)))
= cly(intg (hy)Nintg (clg(ha)))
= cly(intg (huOelg(ha)))
C clg(intg(clg(hynha))).
This shows that hyNhy is hesitant fuzzy S-open. O

Theorem 6. Let (X, 7) be a hesitant fuzzy topological space, hy € 7 and hy €
HS(X). If ha is hesitant fuzzy b-open, then hyyNhy is hesitant fuzzy b-open.

Proof. Since h 4 is hesitant fuzzy b-open, then
hyNha € hyNlintg (clg(ha))Oclg (intg(ha)))
= [huNintg (clg(ha))|Ohu0elg (intg (ha)))
= [intg (hy)Nint g (clzr (ha))]O[huNel g (intg (ha))]

Q [ZntH(hUﬁClH(hA))]O[ClH(hUﬁZntH(hA))}
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C lintg (clg (hynha))]Olel g (int g (hyNha))l.
This shows that hyNhy is hesitant fuzzy b-open. ([l

Remark 4. We note that the intersection of two hesitant fuzzy preopen (resp.
hesitant fuzzy semiopen, hesitant fuzzy b-open and hesitant fuzzy B-open) sets need
not be hesitant fuzzy preopen (resp. hesitant fuzzy semiopen, hesitant fuzzy b-open
and hesitant fuzzy B-open) as can be seen from the following examples:

Example 4. Consider the hesitant fuzzy sets in X = {a} given by h(a) = {0.3,0.6}.
Then, 7 = {h° h',h} is a hesitant topology on X. If ha(a) = {0.1,0.3} and
hp(a) ={0.1,0.6}, then ha and hp are hesitant fuzzy preopen (resp. hesitant fuzzy
b-open and hesitant fuzzy B-open), but haNhpg = {0.1} = ho which is not hesitant
fuzzy preopen (resp. hesitant fuzzy b-open and hesitant fuzzy B-open).

Example 5. From Ezample[d, if ha is the hesitant fuzzy set in X given by:
ha(a) ={0.4,0.6},ha(b) = {0.1,0.6}, ha(c) = {0.6,0.8},

and hp is the hesitant fuzzy set in X given by:

hp(a) ={0.3,0.6}, hp(b) = {0.2,0.6}, hp(c) = {0.7,0.9},

then ha and hp are hesitant fuzzy semiopen, but hanhg = he which is not hesitant
fuzzy semiopen, where he is the hesitant fuzzy set in X given by:

hc(a) ={0.6}, ha(b) = {0.6}, he(c) = ¢.

Remark 5. From Remark[]), we notice that the family of all hesitant fuzzy preopen
(resp. hesitant fuzzy semiopen, hesitant fuzzy b-open and hesitant fuzzy [-open)
sets need not be a topology in general.

Theorem 7. Let (X, 7) be a hesitant fuzzy topological space. If hy and hp are
hesitant fuzzy a-open, then hpNhy is also hesitant fuzzy a-open.

Proof. Since hy and hp are hesitant fuzzy a-open, then
hgNha Cintg(clg(intg(hp)))Nintg (clg(intg(ha)))
Cintylely (intg (hg))Nint g (cly (intg(ha)))]
Cintgclglintg(hg)Nintg (clg(intg(ha))))
Cintgcly[inty (hg)Ncly(intg(ha))]
Cintgclgclglinty (hg)Nintg(ha)]
Cintgelgintg(hpNha).
Thus, hpNhy is hesitant fuzzy a-open. ([

Remark 6. From the Theorems[3 and[7, we notice that the family of all hesitant
fuzzy a-open is a topology.
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Theorem 8. Let (X, 7) be a hesitant fuzzy topological space and hq € HS(X). If
h 4 is both hesitant fuzzy semiopen and hesitant fuzzy preopen, then h 4 is hesitant
fuzzy a-open.
Proof. By assumption, hy C cly(intg(ha)) and ha Cintg(clg(ha)). Then, hgy C
intp(clg(ha)) C intg(cp(cy(intg(ha)))) = intg(clg(intg(ha))). Therefore,
h 4 is hesitant fuzzy a-open. O
Theorem 9. Let (X, 7) be a hesitant fuzzy topological space and h4 be hesitant
fuzzy a-open.
(1) If hp is hesitant fuzzy semiopen, then haNhp is hesitant fuzzy semiopen.
(2) If hp is hesitant fuzzy preopen, then haNhp is hesitant fuzzy preopen.

Proof. (1) By assumption, ha C intg(cly(intg(ha))) and hp C cly(intg(hg)),
then by Theorem [2f (1), we have that
hAﬁhB g intH(CZH(intH(hA)))ﬁclH(intH(hB))
g ClH[ZntH(ClH(’LTLtH(hA)))ﬁZTLtH(hB)]
- CZH[ClH(intH(hA))ﬁintH(hB)]
g CZH[clH[intH(hA)ﬁintH(hB)]]
= CZH(ZTLtH(hAﬁhB))
Therefore, haNhp is hesitant fuzzy semiopen.
(2) By assumption, hg C intgy(cly(intg(ha))) and hg Cintg(cly(hg)), then
hAﬁhB g ’LntH(CZH(ZntH(hA)))ﬁZ’I’LtH(ClH(hB))
= intH[intH(clH(intH(hA)))ﬁintH(clH(hB))]
Q intH[clH(intH(hA))ﬁintH(clH(hB))]
Q ZntH[ClH[’LTLtH(hA)ﬁZ’I”LtH(CZH(hB))H
Q intH[clH[intH(hA)ﬁclH(hB)]]
Q intH[CZH[CZH[’iTLtH(hA)ﬁhB]]]
g intH(ClH(ClH(hAﬁhB)))
= intg(clg(hanhg)).
Therefore, hoNhp is hesitant fuzzy preopen.
O

Theorem 10. Let (X, 7) be a hesitant fuzzy topological space. If hy is hesitant
fuzzy preopen and hp is hesitant fuzzy semiopen, then haNhp is hesitant fuzzy

[B-open.

Proof. By assumption, hy C intg(clg(ha)) and hp C cg(intg(hp)), then by
Theorem [2] (1), we have that

hAﬁhB Q intH(clH(hA))ﬁclH(intH(hB))

Ceclyg [intH (ClH (hA))ﬁlntH(hB)]
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= clylintglintg (clg(ha))Nintg (hp)]]
C cylintglclg(ha)Ninty (hp)]]
C dglintg[clg(haNintg (hp))]]
C cy(intg(clg(hanhpg))).
Therefore, h4Nhp is hesitant fuzzy S-open. (|

Theorem 11. Let (X,7) be a hesitant fuzzy topological space and ha,hp €
HS(X). Then,
(1) hy is hesitant fuzzy semiopen if and only if there exists a hesitant fuzzy
open set hy such that hy C ha C clg(hy).
(2) hp is hesitant fuzzy semiopen if h4 is hesitant fuzzy semiopen and hy C
hB g ClH(hA)
(3) ha4 is hesitant fuzzy semiopen if and only if clg(ha) = clg(intg(ha)).

Proof. (1) Let h4 be hesitant fuzzy semiopen, then hg C clg(intgy(ha)). Take
huy = intg(ha), then hy is hesitant fuzzy open such that hy = intg(ha) C
hA Q CZH(intH(hA)) = CZH(hU).

Conversely, since hyy C h 4 implies that hy = intgy (hy) C intg(ha) and
so hy Cy(hy) = dg(intg(hy)) C cyg(intg(ha)). Thus, ha is hesitant
fuzzy semiopen.

(2) Since h 4 is hesitant fuzzy semiopen, then by (1) there exists a hesitant fuzzy
open set hy such that hy € ha C clg(hy). Since ha C hp, so hy C hp.
But ClH(hA) g ClH(hU), then hB g CZH(}LU) Hence, hU g hB g CZH(hU).
Thus, hp is hesitant fuzzy semiopen.

(3) Let hy be hesitant fuzzy semiopen, then hg C cly(intg(ha)) which im-
plies that clg(ha) C cy(intg(ha)) C cu(ha) and hence clg(ha) =
cy(intg(ha)).

Conversely, since by Theorem [l intgy(ha) is hesitant fuzzy semiopen
such that intgy(ha) C ha C cly(ha) = clg(intg(ha)) and therefore hy is
hesitant fuzzy semiopen.

([l

Definition 7. [10] Let (X, T) be a hesitant fuzzy topological space and h € HS(X).
Then, the collection T, = {UNh : U € 7} is called a hesitant fuzzy subspace topology
or hesitant fuzzy relative topology on h. The pair (h,Ty) is called a hesitant fuzzy
subspace, and each member of Ty, is called a hesitant fuzzy open set in h.

Proposition 1. [10] Let (X,7) be a hesitant fuzzy topological space, h,hy €
HS(X) and ha C h. Then, cl., (ha) = h0clg(ha), where cl,, (ha) denotes the
closure of ha in (h,7y).

Definition 8. Let (X, 7) be a hesitant fuzzy topological space, h,ha € HS(X) and
ha C h. Then, int,, (ha) = U{hU eTp:hy C hA}.
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Theorem 12. Let (X,7) be a hesitant fuzzy topological space and ha,hp €
HS(X). If hy is hesitant fuzzy preopen in X and hp is hesitant fuzzy semiopen in
X, then

(1) hArth is hesitant fuzzy semiopen in hy.
(2) hanhp is hesitant fuzzy preopen in hpg.
Proof. By assumption, hy C intg(clg(ha)) and hp C clg(intg(hp)).
(1) Then,
hanhp Cinty(cly(ha))Nely(intg(hp))
C cylintg(clg(ha))Nintg (hp)]
C clylelg(ha)Ninty (hp)]
C clylclg[haninty (hp)]]
= clg[haNinty (hp)].
Hence, h,iﬁhB C clH(hAﬁintH(iiB)) and so haNhp C clg(haNintg(hp))Nha =
clThA (haNinty (hg)). Since haNinty(hp) is a hesitant fuzzy open set in
ha, so haNhg C clThA (haNintg (hg)) = clThA (intThA (haNintg (hg))) C
clThA (intThA (haNhg)). Therefore, hsNhp is hesitant fuzzy semiopen in

ha.
(2) Now,

hanhg Cintg(clg(ha))Nhp
=int., [intg (clg(ha))NhB]
Cintr, [intg (clg(ha))Nelg (intg(hg)))
Cintr, [clg[int g (clgr (ha))Nintg (hg)]]
Cintr, [clulcla(ha)Ninty(hp))]
Cintr, [clu [clr [haNintg (hg)]]]
Cintr, [clu [clzz[hanhB]]]
=inty, (clg(hanhp)).
Since intr, (clg(hanhp)) is hesitant fuzzy open in hp, then
intr, (cla(halhp))Nhp = int., (cla(haNhp)Nhp), and hence haNhp C
intr, (clg(haNhp)Nhp) = intr,  (clr, (haNhp)).

Therefore, haNhp is hesitant fuzzy preopen in hp. O
Theorem 13. Let (X, 7) be a hesitant fuzzy topological space, ha,hp € HS(X),

ha C hp and hp be hesitant fuzzy semiopen in X. Then, h4 is hesitant fuzzy
semiopen in X if and only if h 4 is hesitant fuzzy semiopen in hp.

Proof. Let ha be hesitant fuzzy semiopen in X, then there is a hesitant fuzzy
open set hy such that hy C hy C cly(hy) implies that hy € hy C hp. Hence,
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hy C hy C ClH(hU)ﬁhB = Cl-,—hB (hy). Since hUﬁhB = hy is also hesitant fuzzy
open in hg, then h4 is hesitant fuzzy semiopen in hp.

Conversely, let h4 be hesitant fuzzy semiopen in hg. Then there is a hesitant
fuzzy open set hy in hg such that hy C hg C clThB (hy). Since hy is hesitant fuzzy
open in hp, there exists a hesitant fuzzy open set hy such that hyy = hyNhg. Then,
hvﬁhB =hy C hy C CZT;LB (hU) = CIT;LB (hvﬁhB) - ClH(hvﬁhB). By Theorem
(2), hyNhp is hesitant fuzzy semiopen, then by Theorem [11f (2), h is hesitant
fuzzy semiopen in X. O

Theorem 14. Let (X, 7) be a hesitant fuzzy topological space, ha, hp € HS(X),
ha C hp and hp be hesitant fuzzy preopen in X. Then, h, is hesitant fuzzy
preopen in X if and only if h4 is hesitant fuzzy preopen in hp.

Proof. Suppose that h, is hesitant fuzzy preopen in X, then hy = haNhg C
intg(clg(ha))Nhp. Since intg(clg(ha))Nhp is hesitant fuzzy open in hp, then
hA Q intH(ClH(hA))ﬁhB g Z'Tlt.,-hB [ZntH(CZH(hA))ﬁhB] Q int.,-h’B [ClH(hA)ﬁhB] =
intr, (clr, (ha)). Hence, hy is hesitant fuzzy preopen in hp.

Conversely, assume that ha is hesitant fuzzy preopen in hg. Then, hy C
intr, (clr, (ha)). Since int., (cl:, (ha)) is hesitant fuzzy open in hp, so there
a hesitant fuzzy open set hy in X such that int,, (cl-, (ha)) = hyNhp. By
Theorem [9] (2), intr, , (cl-, , (ha)) is hesitant fuzzy preopen in X. Therefore,

ha Cintr, (cly, (ha))
Cinty(clu(ints,  (clr,  (ha))))
= inty (cly (intr, el (ha)Php)))
Cinty(clylcly(ha)hp))
Cintg(cly(cm(ha)))
=intg(cla(ha)).

This shows that h 4 is hesitant fuzzy preopen in X. ([l
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