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ABSTRACT. In this paper, first Zagreb and second Zagreb matrices are defined for weighted graphs and accordingly
the first Zagreb and second Zagreb energy of weighted graphs are introduced. Moreover, some upper and lower
bounds are presented for Zagreb energy of positive definite matrix weighted graphs. Also some bounds are obtained
for number weighted and unweighted graphs.
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1. INTRODUCTION AND PRELIMINARIES

Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). If u, v are adjacent vertices, it is denoted
by u ~ vor uv € E(G). Degree of a vertex u is denoted by d,. The concept of topological index of a graph is a
numerical value which is invariant under graph isomorphism is arisen from the work of famous chemist Wiener [19].
Degree based topological indices plays an essential role in chemical graph theory (see [15]). One of these are first
Zagreb and second Zagreb indices of a graph G which are defined by

M@ = Y &= ) d+d,
ueV(G) uveE(G)

D, dud,

uveE(G)

M, (G)

respectively (see [4,5]). There are many generalizations of Zagreb indices. In [10, 11], for @ € R, the following
generalizations of the first Zagreb and second Zagreb index are introduced as

MO @G = Y dr= ) (dr'+dr),
ueV(G) uveE(G)

MY G = ) ),
uveE(G)
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which are called general Zagreb indices or variable Zagreb indices, nowadays. Mg’) (G) is known as general Randi¢
index. In [21], another generalization is defined as

Hy(G)= | (d,+d)", acR
uveE(G)
and called general sum-connectivity index. For @ = 2, H, (G) is called hyper-Zagreb index and denoted by HM(G),
namely
HM =HM@G) = ) (dy+d)’,
uveE(G)
which is introduced by Shirdel et al. in [16].

In [6], energy of a graph is defined as sum of the absolute values of the eigenvalues of adjacency matrix. It is an
attractive concept for chemists and mathematicians (see [3,7,9, 17]).

Let G = (V(G),E(G)) be a graph with n vertices. In [14], the first Zagreb (Z(l)(G))m and second Zagreb
(Z(Z)(G))nxnmatrices of a graph G are respectively defined such that the (i, j) — th element of ZV(G) is d; + d, if
viv; € E(G) and 0, otherwise and the (i, j) — th element of Z®(G) is did;, if viv; € E(G) and 0, otherwise. The
eigenvalues of Z(V(G) and Z®(G) are called first Zagreb and second Zagreb eigenvalues of G which can be arranged
as in non-increasing order /l(l]) > /lgl) > .2 /l(,,l) and /1(12) > /1(22) > .2 /1(2) respectively. The first Zagreb energy

Ezu (G) and second Zagreb energy Ezo (G) are defined as Ezo) (G) = |/1(1)| and E;0 (G) = |/l(2)| respectively.

An edge weighted graph is a graph that has a numeric label w;; assocnated with each edge ij, called the weight of the
edge ij. In many applications, the weights are usually represented by nonnegative integers or square matrices. If each
edge weight is 1, then the graph is called unweighted graph. We consider edge weighted graphs with edge weights
of which have been assigned a positive definite matrix. Let w;; be ¢ X ¢ positive definite weight matrix of the edge ij,
assume that w;; = wj; and foralli € V,w; = . wy;.

Eigenvalue bounds of graph matrices of v(/ejighted graphs are widely studied by many mathematicians (see [2, 8, 18,
20]). Energy and distance energy of weighted graphs are considered in [1] and [2], respectively. By this motivation,
we will define Zagreb energy of edge weighted graphs without loops and parallel edges. For this purpose, we firstly
introduce weighted first Zagreb matrix Z(l)(G) ( (1)) et of G and weighted second Zagreb matrix Z,(f (G) = (z(.z.)

t )nlxnt
of G respectively as

a _ W,'+Wj, lfl~]

%ij _{ 0 ,  otherwise ’ (1.1
2) _ W,'Wj, if i ~j

%ij _{ 0 , otherwise ’ (1.2)

where 0 denotes ¢ X t zero matrix. Since stl )(G) and vaz ) (G) are real symmetric matrices, weighted first Zagreb

eigenvalues and weighted second Zagreb eigenvalues are real and can be arranged respectively as /livl)l > /l(l) > .2

/lfvl ) and /1(2) > /1(2) > .. /1(2) in non-increasing order. Also we can define the first Zagreb and second Zagreb

energy of a welghted graph G as
nt
Eg =Ez @)= ) A,
i=1

nt
Ejo = E;0 (G) = Z foz ’
=1

respectively. E,0 and E;o can also be called as weighted first Zagreb energy and weighted second Zagreb energy. In
above definition, setting r=1 gives the first Zagreb and second Zagreb energy of number weighted graphs. By setting
t=1,w;j = 1foralli,jandi ~ j, we have w; = dj, thus an unweighted graph is obtained. If we consider (1.1) and
(1.2) for an unweighted graph, then ZW(G) and Z@(G) matrices are obtained and also Zagreb energies E;u (G) and
Ezo (G).

In this paper, first Zagreb and second Zagreb energy of edge weighted graphs are introduced and some bounds
are presented for the first Zagreb and second Zagreb energy for positive definite matrix weighted graphs. By means of
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these bounds some results are also obtained for number weighted and unweighted graphs. Firstly, we give the following
known inequalities.

Lemma 1.1 (Pdlya and Szegd, [13]). If x; and y; (1 <i < n) are positive real numbers, then

Z l ’M] miniy x
yl 4 miny M1M2 il

where M| = max {x;}, M, = max {y} my = min {x;}, my, = min {y;}.
1<i<n 1<i<n 1<i<n 1<i<n

Lemma 1.2 (Ozeki, [12]). If x; and y; (1 < i < n) are non-negative real numbers, then
n n n 2 nz
lezzylz - [inyi) < T (M M5 — mymy)*,
i=1 i=1 i=1
where M; and m; defined in Lemma 1.1.
2. Bounps FOR WEIGHTED FIRST ZAGREB ENERGY

In this section, we present upper and lower bounds for the first Zagreb energy of matrix weighted graphs and assume
that all of the matrix weighted graphs have 7x1 positive definite matrix edge weights. Further some bounds are obtained
for number weighted and unweighted graphs. Fundamental properties will be given in the following lemma.

Lemma 2.1. If G is a matrix weighted graph of order n (> 3), then

(1) z»&” 0 and 2/10)_

2) E} (A1) = 2W, and El (1) = 2w,

where W, = Z (w,-+wj)2 and W, = Z (w,-wj)z.

JrJ~i JiJ~i
i,jell.2,...n) ije(1.2,....n)

Proof. (1) Since diagonal elements of Z,(vl)(G) and ZSVZ)(G) matrices are equal to zero, obviously we have

nt

AN = w[ZP@G)=0

i=1
DA% = u]|zP@)]=0
i=1

where r(.) stands for trace of a matrix.

(2) Also we have
i(m)z = tr [(zm(c) ] S Z " +WJ 2.1)
i=1 i=1 j: j~i
= 2 Z Wi+Wj)2=2(W1,
i, /i( 1 Jz~ln)
and

PCHEE [Z<2>(G) ] ZZ wiw,) 2.2)

i=1 i=1 j:j~i

2 5 (waw)) = 2w
Jog~i
i,je{1.2,....n}
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Remark 2.2. Let G be an unweighted graph. By setting t = 1, w;; = 1, for all i, j and i ~ j, we have w; = d; and
consider (2.1) and (2.2). Then

23 (witw) =2 > (d+d) =2HM=1r [(z&,”(G))z] 2.3)
Jii Jii
ijel12,...m) ijel12,...m)

yields the result which is presented in [14] (see Lemma 1), where HM is the hyper-Zagreb index of G and
2
2 Z (wiw;) =2 Z (d,-dj) =oM% =1r [(z<2>(G)) ] (2.4)

i i
i,je(1,2,...n} i,jef1.2,...n}

where M;z) is the general Randi¢ index of G with & = 2. Thus in unweighted case ‘W, = HM and ‘W, = M;z).

Theorem 2.3. If G is a matrix weighted graph of order n (> 3), then

2
E0 (G) < 10|+ \/ (nt - 1) (2fw] -(a®) ) 2.5)
where /IS)I is the largest eigenvalue of val ) G).

Proof. 1t is obvious that

Z(” w, 1| - Z |/l(l,)i .

Setting x; = 1 and y; = |/l$)l| (1 <i < nt), applying Cauchy-Schwarz inequality and using (2.1) yields

nt

(E - WA = [ZW | < Sy S

i=2

—1 Z /1(1)
nt

(nt— 1) (Z (AD) = (a )2]

i=1

m-nl2 > (w,-+wj)2_(/1$’)1)2 ,

i i

i,je(12,...n)

. 5 .
since W, = (Wi +w j) , we get the required result.
e
i~ii(1.jz‘...,n)

Corollary 2.4. If G is a number weighted graph of order n (n > 3) with positive edge weights, then

2
E,0 (G) < |4+ \/ (n - 1) 2w - (a) ) (2.6)
where /IS’)I is the largest eigenvalue of val) G).
Proof. For a number weighted graph, if we take ¢ = 1 in (2.5), then proof is completed. O

Corollary 2.5. If G is an unweighted graph of order n (> 3), then

@ <]+ o e (1))

where HM is the hyper-Zagreb index of G and /l(ll) is the largest first Zagreb eigenvalue of G.
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Proof. For an unweighted graph, = 1, w;; = 1 and for all , j and i ~ j, we have w; = d; in (2.5). Using (2.3),

E;n < |/1(11)| + =12 Z (di + df)2 N (/l(ll))2
i
< AP+ \/(n - 1)(2HM - (/1(1")2),
completes proof. .

Theorem 2.6. If G is a matrix weighted graph of order n (> 3), then
V2W, < EZ,(}) (G) £ V@2nt) Wy. 2.7

Proof. Taking x; = 1 and y; = |/l(]).| (1 <i < nt) in Cauchy-Schwarz inequality, we get
nt nt nt
z“> [Zl l/l“)|) lez /l“) - mZ /l“)
=l =1
From (2.1), we have

(Eza}))z < 2nt Z (w,- + wj)2 = (2nt)y Wy,

Jij~i
i,jel1.2,.n)

which determines the upper bound. On the other hand, if we use (2.1) then

n 2 n
@ﬁ—&w)ﬂw
i=1
2 Z W,+W/ —2W|,

Jj~i
i,je{1,2,...,n}

so, proof is completed. O
Corollary 2.7. If G is a number weighted graph of order n (> 3) with positive edge weights, then

V2W/ < B (G) < Nem Wi 238
Proof. If we take r = 1 in (2.7), then proof is obvious. |

The following bounds are presented in Theorem 1 in [14].
Corollary 2.8. If G is an unweighted graph of order n (> 3), then
2HM < Ez0 (G) < V2nHM,

where HM is the hyper-Zagreb index of G.

Proof. In an unweighted graph, t = 1, w;; = 1 and for all 7, jand i ~ j, w; = d;. Thus from (2.7)

$Z@whmw%2@w<

JJ~i Jrj~i
i,je(1,2,....n) i,je(l.2,....n)

by (2.3), we have
2HM < Ez0 < N2nHM,

completes proof. O
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Theorem 2.9. If G is a matrix weighted graph of order n (> 3) and zero is not an eigenvalue of ZS)(G), then

) 2 A AL, Ny W 09
Z0(0) 2 M, ;0 . '
A1+ Ay
where /15:)1 and /15:,)”, are maximum and minimum of the absolute value of /livl’)l.s, respectively.
Proof. Assume that x; = |/l$)l| and y; = 1 (1 <i < nt) and applying P6lya-Szeg6 inequality, we have
nt ) nt
(€] 2
Z |/lw,i| Zl =
i=1 i=1
By (2.1)
2 1 (
2nt Z (wi + wj) < I
Jij~i
ijel12,...mn)
and
2
Z,I/lii)l/l&” 2nt 3, (wi + wj)
A
E,n 2> —
Zy = (1 (1
A0 T Ay
2 A A5, NCnty W
- M L 0 :
A0+ Ay
O

Corollary 2.10. If G is a number weighted graph of order n (> 3) with positive edge weights and zero is not an
eigenvalue of Z&V] )(G), then

24D A, Ny W

1 1 ’
A+ A

Ezfv}) G) >

where /153,)1 and /livl)n are maximum and minimum of the absolute value of /livl’)is, respectively.
Proof. If we write t = 1 in (2.9), then proof is obvious. O
Corollary 2.11. If G is an unweighted graph of order n (> 3) and zero is not an eigenvalue of Z\V(G), then
220" A HM
E;n(G) 2 ————F7F7—,
P
where /l(ll) and /l;l) are maximum and minimum of the absolute value of /151) s, respectively.

Proof. Assume thatt = 1and w;; = 1 forall i, jand i ~ j, we have w; = d; in (2.9), then

2
2 APl \/2n Y (di+a)

JiJ~i
i,je(1,2,..m)

Ez0 >
PO

22nd A HM
(€] Q)] ’
A7+,
thus we get the required result. O

From (2.3), we have

Ezn >
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Theorem 2.12. If G is a matrix weighted graph of order n (> 3), then

202

n-t

Ez‘ﬂ_‘) G) = \/ZntW, - (/13) /lgvl)m) ,

where /1( ) and /liv e are maximum and minimum of the absolute value of /1(11 s, respectively.

Proof. By substituting x; = |/1$)l| and y; = 1 (1 <i < nt) in Ozeki inequality, then

Sohp S (S <2 s -
i=1 i=1
From (2.1), we have

2nt Z (W'+w-)2—(E 2 i M _ 0
! J val’) 4 (/l =4, nt) >

Jii~i
i,jel1,2,...,n}

and

2 )
E,m > \/2nt(W1 U (/l(l) - ) .

Corollary 2.13. If G is a number weighted graph of order n (> 3) with positive edge weights, then

2
B ) \nwi - (00, - a0
where /lw , and /livn are maximum and minimum of the absolute value of /l(l,)is, respectively.
Proof. Setting t = 1 in (2.10), proof is obvious.

Corollary 2.14. If G is an unweighted graph of order n (> 3), then

2 2
Ez0 (G) 2 \/ZnHM - nz (/1(11) _ /l;n) ,

where /l(ll) and /lill) are maximum and minimum of the absolute value of /151) s, respectively.

(2.10)

@2.11)

Proof. For an unweighted graph, # = 1, w;; = 1 and for all , jand i ~ j, w; = d;. Thus from (2.10) and (2.3), we have

Ez0 (G)

\%

\/Zn’Wl -7 (/1(1) /1(1))
\/ 2nHM — %2 (4" - Y,

completes proof.

]

In molecular graphs, the atoms of the molecule represent the vertices and the chemical bonds joining the atoms
represent the edges. Now, we give an example for a number weighted molecular graph and calculate the weighted first

Zagreb energy. In addition, the presented bounds are calculated for this graph (see Table 1).

Example 2.15. Consider the edge weighted molecular graph of methane (CH,4) molecule and assume that each edge
has bond length weight (in nanometer). The bond length of C — H is 0.11. So, all of the edge weights are 0.11. Thus

0 055 055 055 055
055 0 0 0 0
zZD=1055 0 0 0 0
055 0 0 0 0
055 0 0 0 0
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with eigenvalues —1.1 (once), 0 (3 times), 1.1(once). Hence £, = 2.2. Moreover,

Wi= Y (wi+w) =40557 = 121,

i,je(1,2,3,4,5)

lower bounds in Eq. (2.8)-(2.11) E,n upper bounds in Eq. (2.8)-(2.6)
1.5-2.1 2.2 34-33
Table 1. Bounds for number weighted first Zagreb energy

3. Bounps FOR WEIGHTED SECOND ZAGREB ENERGY

In this section, we obtain some bounds for the second Zagreb energy of matrix weighted graphs, number weighted
and unweighted graphs. Assume that all of the matrix weighted graphs have ¢ X ¢ positive definite matrix edge weights
2
and recall W, = 3, (wiwj) .

Jij~i
i,jef1,2,...n}

Theorem 3.1. If G is a matrix weighted graph of order n (> 3), then

2
E,o (G) < |10 ] + \/ (nt — 1) (2‘W2 - (1) ) 3.1)
where /155’)1 is the largest eigenvalue of fo )(G).

Proof. Consider E 0 and setting x; = 1 and y; = |/lEv21| (1 <i < nt), applying Cauchy-Schwarz inequality and using
(2.2) yields

et - (g S
=2 =2 i=2
(nt - 1) ’(4533.)2
=2

nt

ot - n[ (10 - (1533)2)

w-nl2 Y (o) - (2]

Jij~i
i,jE(1.2,....n}

the result. o

Corollary 3.2. If G is a number weighted graph of order n (> 3) with positive edge weights, then

2
Ejo (G) < A% + \/(n -newa- (%)) (3.2)
where /153’)1 is the largest eigenvalue of Z§V2 )(G).
Proof. Proof is obvious from setting = 1 in (3.1). O

Corollary 3.3. If G is an unweighted graph of order n(> 3), then
Ez (G) <A+ \/(n -1 (2M§2> ~( A<12>)2),

where /1(12) is the largest eigenvalue of Z? (G) .

Proof. Consider (3.1) for an unweighted graph with # = 1. Proof is obvious from Remark 2.2, since for an unweighted
graph W, = Méz). O
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Theorem 3.4. If G is a matrix weighted graph of order n (> 3), then
V2W, < EZ,(E) (G) £ VQ2nt) W,. 3.3)
Proof. Consider E o (G). Setting x; = 1, y; = l/lf)| (1 <i < nt) and applying Cauchy-Schwarz inequality, then
nt
[Zl 22 ) 2122 (1) = mz (1)
From (2.2), we get the upper bound as
(Ez(z)) < 2nt Z wle = 2nt'W,.
i ;s(' 1 27,,1)
On the other hand, using (2.2)
nt nt
2
() = (Shen) = Sy
i=1 i=1
2
= 2 Z (w,w j) =2W,,
Jog~i
i,je{l,2,...,n}
completes proof. O
Corollary 3.5. If G is a number weighted graph of order n (> 3) with positive edge weights, then
V2W1 < Ej0 (G) < V2nW,. 3.4
Proof. Proof can be seen by 7 = 1 in (3.3). |

Corollary 3.6. If G is an unweighted graph of order n (> 3), then

\2MP < Eze (G) < 2nMP,

where M;D is the general Randi¢ index of G with a = 2.

Proof. Consider (3.3) for an unweighted graph with ¢ = 1. Proof can be seen from Remark 2.2 since ‘W, = M;z) for

unweighted case.
Theorem 3.7. If G is a matrix weighted graph of order n (> 3) and zero is not an eigenvalue of ZSVZ )(G), then

2 A2 A0, N2 W,

0+ 20

w,nt

E z® (G) >

s

where /1(2) and 1

. . . 2 .
vt @re maximum and minimum of the absolute value of ADs, respectively.
w,i

Proof. By choosing x; = |/l( )| and y; = 1 (1 <i < nt) and applying Pélya-Szeg6 inequality yields

w,i
nt 5 nt 1
2 2
DI DI
i=1 i=1

From (2.2), we have

24
2nt Z (W[Wj) S%%(Ezaﬂ)z

JiJ~i w,1 7 w,nt
i,je{1.2,...n}

. . . 2
So, proof is obvious since Wy = 3] (Win) .

< i~

i,je(1,2,...m)

O

(3.5)
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Corollary 3.8. If G is a number weighted graph of order n (> 3) with positive edge weights and zero is not an eigen-
value of Z2(G), then

2 AP, A0, V2n W,

Ezo (G) 2 /l(w%)l N /153’)” )
where /li?l and /livz)n are maximum and minimum of the absolute value of /lfjs, respectively.
Proof. Taking t = 1 in (3.5) completes proof. O
Corollary 3.9. If G is an unweighted graph of order n (> 3) and zero is not an eigenvalue of Z*(G), then

70 (G) > W,

where /1(12) and /15,2) are maximum and minimum of the absolute value of /152) s, respectively.

Proof. Consider (3.5) for an unweighted graph with ¢+ = 1. Proof is obvious from Remark 2.2 since ‘W, = M;z) for
unweighted case. O

Theorem 3.10. If G is a matrix weighted graph of order n (> 3), then

21«2 2
Ejo (G) 2 \/ 2ntW, — ”T (A2 -a2.) (3.6)

where Ag}l and /l(vi)m are maximum and minimum of the absolute value of /I%S’ respectively.

Proof. If we choose x; = l/lff)ll and y; = 1 (1 <i < nt) and apply Ozeki inequality, then
nt , & nt 2 22 )
Z 20 Zl - (Z pgg;] <% -a2,)
From (2.2), we have \s
2t Y (ww) = (Eg) < 2 (40 - a2)

Jij~i
i,jel1.2,.m)

Now, proof is obvious. o

Corollary 3.11. If G is a number weighted graph of order n (> 3) with positive edge weights, then

2 2
E,o (G) > \/ 2nW, — % (A2 =gy, (3.7

where /lff)l and /lﬁvz)n are maximum and minimum of the absolute value of /lf)is, respectively.
Proof. Setting ¢t = 1 in (3.6), proof can be seen. O

Corollary 3.12. If G is an unweighted graph of order n (> 3), then

n? 2
Ez;0 (G) 2 \/ZnMgz) iy (/1(12) - /1,(12)) >

where /1(12) and /1512) are maximum and minimum of the absolute value of /lgz)s, respectively.

Proof. Consider (3.6) with (2.4) for an unweighted graph, we obtain

2 2
Ezo (G) > \/2nW2— ”Z(A? - A7)

2
@ _ "o @)
\/an2 —Z(/ll -7y,

which completes proof. O
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Finally, we calculate the number weighted second Zagreb energy of a molecular graph and compute the bounds
presented in this section (see Table 2).

Example 3.13. Consider the edge weighted molecular graph of methane (CHy) molecule with bond length weight (in
nanometer). The bond length of C — H is 0.11. So, all of the edge weights are 0.11. Thus

0 0.0484 0.0484 0.0484 0.0484

0.0484 0 0 0 0
72 =100484 0 0 0 0
0.0484 0 0 0 0
0.0484 0 0 0 0

with eigenvalues —0.0968 (once), 0 (3 times), 0.0968 (once). Hence EZI? = 0.1936. Further, W, = 3, (w,»w j)z =

)

i,je{1,2,3,4,5}

4(0.0484)> = 0.0093.

lower bounds in Eq. (3.4)-(3.7) EZ&?) upper bounds in Eq. (3.2)-(3.4)
0.1368 - 0.1874 0.1936 0.2904 — 0.3061
Table 2. Bounds for number weighted second Zagreb energy
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