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Abstract

In this work, regularity of n-generalized Schiitzenberger product of monoids from the
point of Group Theory is studied. Here, it is determined necessary and sufficient
conditions of the n-generalized Schiitzenberger product AOAQ---OA, to be regular

while all A (1<i<n) are monoids. Also, by considering all A (1<i<n) to be groups,
it is given another result for the regularity of this product.
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Monoidlerin n-genellestirilmis Schiitzenberger ¢carpiminin
regilerligi

Oz

Bu ¢alismada, monoidlerin n-genellestirilmis Schiitzenberger ¢arpimin regiilerligi
Grup Teori agisindan incelenmistir. Burada, biitiin A (1<i<n) 'ler monoid iken
AOAO---OA,  n-genellestirilmis Schiitzenberger ¢arpimin regiiler olabilmesi igin

gerekli ve yeterli kogul elde edilmistir. Ayrica, biitin A (L<i<n) 'leri grup diisiinerek
bu ¢arpimin regiilerligi icin bir diger sonug verilmistir.

Anahtar kelimeler: Schiitzenberger ¢carpim, monoid, regiilerlik.
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1. Introduction and preliminaries

Recent developments in group and semigroup theory have raised the question of
whether there exists a classification of some algebraic structures according to regularity,
m-inverse, p-Cockcroft property. As an answer to the regularity of this algebraic

structures, in [9], Skornjakov explained regularity of the wreath product of monoids.
After that, in [7], it has been investigated regularity property of semidirect products of
monoids. After these works, in [6], the authors determined necessary and sufficient
conditions for Schiitzenberger product of monoids and the new version of the
Schiitzenberger product of monoids to be regular and strongly = -inverse. Furthermore,
in [3], the authors studied the regularity of a new monoid construction under crossed
and Schiitzenberger product to any two monoids. In this study, as the main result of this
paper, we give an answer by defining necessary and sufficient conditions of the n-
generalized Schiitzenberger product AQOA,0---OA, to be regular where all A (1<i<n)

are any monoids.

We recall that a monoid M is called regular if, for every ae M, there exists be M
such that aba=a and bab =b (or, equivalently, for the set of inverses of a in M , that

is, a' ={beB:aba=a, bab=b}, M is regular if and only if, for all acM, the set
a™' is not equal to the emptyset.

The Schiitzenberger product is an operation on monoids that was originally introduced
for solving questions in automata theory and to analyze the syntactic properties of the
concatenation product in formal language theory. The Schiitzenberger product was
originally defined by Schiitzenberger (1965) ([8]) for two monoids, and extended by

Straubing (1981) ([10]) for any number of monoids. In [5], the authors obtained a

presentation for Schiitzenberger product of two monoids and gave the normal form
structure of the elements of this product.

Let M, and M, be monoids presented by (X,|R,) and (X,|R,), respectively. For
PcM,xM,,aeM,,beM,, we define

aP ={(ac,d)|(c,d)eP},Pb={(c,db)|(c,d)eP}.
The Schiitzenberger product of M, and M, , denoted by M,0M,, is the set

M, xP (M;xM,)xM,

with multiplication (a,,P,,b,)(a,.P,.b,)=(aa,, Pb, ua,P,,bb,), where P (M,xM,)
Is the power set obtained from the product sets M, and M,. The Schiitzenberger
product of M, and M, is presented by

— 2 — —
<§OM:|_<>M2 - <Z | Rl’ RZ’ ZWl,Wz =z z z =z ! ZWl,Wz ’

Wy Wp T W Ty W, W,
Xlzwl,w2 = lev\ﬁ,wzxi’ ZW1,W2 XZ = XZZWl,szz’ X1X2 = X2X1>’
where X €X;, w,w eM, (ie{l,2}) and Z=X,UX, u{zlewz lw, e M,,w, Mz}
(see [5]).
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n [4], the authors gave presentations of the Schiitzenberger product of n groups
G,,--,G,, given a monoid presentation (X;|R;) of each group G,, by using matrix

theory. In [2], the authors studied a new n-generalized monoid construction of
Schiitzenberger product from view of Combinatorial Group Theory and found a
presentation of this generalized product.

Let A,A,,---,A, and A be monoids. For PR, ,cAxA, (1<i<n-1),
a, € A (1<i<n), we define

al {(al XI ! X|+1) (XI ! X|+1) e |+1}
Pl |+la1+1 {(XI ' X|+la1+1) (XI ! X|+1) €h |+l}

n-generalized Schiitzenberger product of monoids A, A,,---A , and A, denoted by
AOAD--0A,, IS the set AxP (AxA)xAxP (AxA)xAx-xP (A xA)xA,
with the multiplication

(atl.’ 1,218 23’a3""’Pn—l,n’an)(aLP1I,2’aI21le,s’a‘a""’Pr;—lmal)

:(alai’ alplz UPl,Za'Z’ a2a2’ a‘2'32',3 UPZ,Sa’_I%’”"a n-1? a Pn -1,n UPn 1nan’ a a )
For all aeA and PR,,eP(AxA,), n-generalized Schiitzenberger product

AOAO---OA, defines a monoid with the identity (lAl’@’lAz""'Q’l% ) [2].

We finally note that the reader is referred to [1,2] and [4] for a detailed survey on n-
generalized Schiitzenberger product.
2. Regularity of n-generalized Schiitzenberger product

In this section, we proved by two different proofs for the regularity of n-generalized
Schiitzenberger product of monoids A, A,,---, A, and A, . Firstly, we gave necessary

and sufficient conditions for n-generalized Schiitzenberger product AOCA,0---0A, to be
regular while all A(lSiSn) are arbitrary monoids. Then, by considering all

A (1£ i< n) to be groups, we give another result for the regularity of this product.

Theorem 2.1 Let A, A,,---, A, and A, be any monoids. Then n-generalized
Schiitzenberger product AOAQ---OA, is regular if and only if,

(i) YA (1<i<n) are regular,

(i) for (a,, P52, P85, Py 1,2,) € AOAD--0A,, either
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Pi1=aQ 48, = U {(aixi’ Xi+lai+1)} (1£ i<n _1)’
(45 %41)<Q1 i1
or
Pia=0aQ . 8.b, = U {(biai X Xi+1ai+1bi+1)} (1S i<n _1)
(%5 %41)€Q4 1

where P, c AxA,(1<i<n-1)and b ea™*(1<i<n).

Proof. Let wus suppose that AOAQ---OA, is regular. Thus for

(a,9,8,,9,8,,--,2,8,) € AOA0---0A, there exists (b,Q,,,b,,Q,5.0,,---.Q,,,.b,)
such that

(ailg’a?"”’@’an) (ai’g’az"'"Q:an)(bllQLz’bz""7Qn—1,n’bn)(ailg’azy""g’an)
(aibl’alQl,Z’asz"'"an—lQn—l,n’anbn)(ai’@’a2’“"®’an)

= (alblai’ a1Q1,2a2 1 a2b2a2 [ an—lQn—l,na‘n ’ a'nbna'n )

and

(bl’Ql,Z’bZ""’Qn—l,n’bn) = (bllQl,Z’bZ""’Qn—l,n’bn)(al’g’aZ"“’®’an)(b1'Q1,2’bZ’.“’Qn—l,n'bn)
= (blai' Q1,2a2’ b2a2"“’Qn—l,na'n’ bnan)(bl’ Ql,2’ b2"“’Qn—l,n’ bn)
= (blalbllblalle UQl,ZaZbZ’b2a2b2’” "bn—la'n—lQn—l,n UQn—l,nanbn'b a b )

n=n=n

Therefore, we obtain that a =aba (1<i<n) and b =bab, (1<i<n). This implies
that (i) must hold.

By the assumption on the regularity  of AOA0---OA for
(a, Py @y, Py @) € AOAQ---0A , we have (b, Q. by,-+,Q, ,,, b, ) such that

Py, pnflvn,an)
(6\1. P8, Pn—l,n’an)(bl’Ql,Z’bZ’“"Qn—l,n’bn)(al’ P,y Pn—l,n'an)
(ab.aQ, UPR,b, ah,,...a,,Q,,, VP, b.ab,)(a,Pa,..P,a,)
=(aba,ahP,, vaQ a8, UP ba, aba,...a, b, P, va Q.8 UP,ba,aba,)

I 0

n-1,n~n"n?! “n>=n"n

and

(bl’Ql,Z’bZ"“'Qn—l,n'bn)

= (bl’Ql,Z’bZ’”"Qn—l,n’bn)(ai’ Pl,Z’a'2'”" Pn—l,n’an)(bl’Ql,Z’bZ'”'1Qn—1,n’bn)
= (blai’blplz UQ1,2az'bzazv'"’bn—lpn—l,n UQn—l,nan’bnan)(bl’Ql,Z’b2’”"Qn—l,n’bn)
= (blalbl’ blalQl,Z o blpl,zbz o Q1,2a2b2 ’ b2a2b2 [ bn—lan—lQn—l,n o bn—l I:)n—l,nb o Qn—l,nanbn ’ bna‘nbn)

n

Hence this gives us a, =ab.a,, b =bab (1<i<n) and
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I:)i,i+1 = a|b| I:)i,i-+—l o ai(gi,i+1ai-+—l o I:)i,i+1b|+lai-¢—l (1S I =n _1)’
Qi =baQ i, VbR, b, VQ;.a.b, (1S i<n _1)-

i,i+1

To show the second condition (ii) given in theorem, let us suppose that
Pi.#aR,.a, for some R, ,cAxA, (I<i<n-1). Then there exists
(%, %) €P,;

. %,1)€P., (1<i<n-1) such that x, =ax and x,, #a,X, Where x €A and

i+l
Xil+lEA+l' Thus Pi,i+:|. cannot be equal to a'iblF?,iﬁ-lua'iQi,Hla'HlUR,i+lb|+la'i+1 for all
Q.ncAxA, (1<i<n-1). This gives a contradiction with the regularity of

AOA0---OA, .
In fact, if someone choose R, =aR;,a,,, then we obtain that

abP,,vaqQ

i~ i+

a. .uUP. b .a

i+l 4+ LYY+

vaQ i.a, vaR i, a.,b . a

i+ +1 (R AR Ry B A EO R Y

= a'i bi a‘i Ri,i+1a‘i+l

= aiRi,i+1a'i+1 UaiQi,i+lai+l Ua'iRi,i+1ai+l (by ChOOSing Qi,i+l = bia‘iRi,i+lai+lbi+l)
=aR,,a.,vabaR, a.b a, vaR .3

i NI L i+ NI 4 i NI L

=aR. .a

[ T B R BN

=P

ii+l

and

bi aiQi,i+1 o bi I:)i,i+lbi+l o Qi,i+lai+lb

1+1
=baQ ., whaR a0, vQ i a.b, (by choosing Q,;., =baR;;.,a.,0.,;)
= bi %Ri,Hlaﬂlel Ublal Ri,i+la'i+lbl+l - bIa'l Ri,i+lai+lbl+la'i+lbl+l
=baR 8,
= 1,i+1"
We say that, by making similar calculation as above for the case B;,, =baR ;,a.b,,
in this theorem, where R, c AxA,, (1<i<n-1) and a eb™ (1<i<n), itis seen
that condition (ii) must hold.

Conversely, for the other part of the proof, we take
(2, P28, Pyyn@, ) € AOAD--0A . Thus we definitely have a eA (1<i<n)
such that a, eb™*. Now let us consider the union of sets

a'lbl R,Hl UaiQi,i+la'i+l N Pi,i+lbi+lai+l and biai(?i,i-ﬂ o bi I:)i,i-¢—1b|-¢—l UQi,i+la‘i+1bi+l (:I'S I =n _l)
Here, by taking P, =aR,,a,, and by choosing

Qi,i+l = bla'iRi,i+1a1+1b|+l - A X A+l (1S I =n _l) !
then we get
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abPR;,vaQ &, YPB ba,=aR,a,=R, (1 <i<n _1)
and

bla'iQi,i+1 Ubl I:)i,i+1b|+1 o i,i+1ai+1b|+1 = bla'l Ri,i+1ai+1b|+1 = Qi,i+1 (:I'S i<n _l)
As a result of this, for every (a,P,.a,, - P,.a,)€A0A0---0A, there exists
(b, Q20,0+, Q, 0,0, ) € AOAD---0A, such that
(ai’ Pl,z’az""’ Pn—1,n'an)(prl,z’bzy""Qn—l,n’bn)(ai’ Pl,z’az""’ Pn—l,n’an)
= (aiblal’ a1b1Plz Y a1Q1,2a2 Y I:)1,2b2a2 1 an—lbn—lpn—l,n Y an—lQn—l,na‘n v Pn—l,nbnan J a‘nbnan)

and

(bl'Ql,Z'bZ"”’Qn—l,n’bn)(al’ Pl,ziazi"" Pn—l,n’a‘n)(bl’Ql,Z'b2"”’Qn—1,n’bn)
= (blalbl’ bla1Q1,2 o blPl,ZbZ o Ql,2a2b2 T bn—lan—lQn—l,n o bn—lpn—l,nbn U Qn—l,nanbn ’ bnanbn )

Additionally, by applying the above similar arguments for the case
I:?,i+1 = blaiRi,i+1a'i+lb|+1’ Where Ri,i+l < A x A+1 (1S I =n _1) and b| € a'i_1 (1S I < n)’ the
proof of the regularity of AOA0---0A, is completed.

Now, we give another result for the regularity of n-generalized Schiitzenberger product
AOA0---OA, whileall A (1<i<n) are groups.

Theorem 2.2 The n-generalized Schiitzenberger product A0A0---0A, of n monoids
A (1<i<n) isregularif and only if every A (1<i<n) are groups.

Proof. Let A (1<i<n) be monoids and suppose that A0A,0---0A is regular. Then for
each a € A, the element

(ai,{(lAl,l )},az,{(lAz,l )},ae,...,{(l%_l,l% )},an)eA1<>A2<>---<>A1 is regular, that is,

there exists (a,, R ,,a,,P,5,++, Py, @, ) € AOAO-+-0A, such that

(ai’{(lﬁ'lﬁ\z)}'aZ’{(lAz’lAs)}’aa""’{ )

:(al,{(lpl,lAz)},az,{(lAz,lAg)},---,{(1%_1,1%)},an)(al',Plyz,a'z,P2’3,---,Pn_1yn,a'n)
(ai’{(lf’i’lAz)}'az’{(lAz’lAs)}"“'{(l%1’1%)}’61“)

= (a1a1 aP, u{(l,sl,lA2 )} a,,a,3,,3,P, u{(lA2 1, )}a3 a,.P, ., u{(lphfl,lﬁ1 )} a'n,ana;])

(al’{(lAl’lAz) (L2 o (B, )}a)
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= (aiaiai’ aial {(1A1 ’:I'A2 )} o a1Pl,2a2 o {(1A.I. ’1A2 )} a'2a2’ a2a‘2a2’ a’ZaZ {(1A2 ’]'A3 )} o a2 P2,3a3
u{(lA2 1 )} a,a,, -+,a, ,a, , {(1%_l 1, )} va, P, .a U {(1%_1 1, )} aa,,aa,a, )

So,

(2,2, )} =2 {(1,.1,, )} vaR.2, 0|1, 1, )20,
{(1A2 1 )} =aa, {(1A2 1 )} Ua,P,,a, u{(lAz 1 )} aa,,

{(1‘\1—1 ’1‘\1 )} - an—la;\_l {(1;\1_1 ,1;\1 )} U an_an_l’nan U {(1%_1 ’1;\1 )} a;‘an.

Hence, we obtain

(ai_lai'_l,lﬁ)={(1,*_1,1Ai )} (2<i<n) and (1ﬁ_1’a{ai)={(1;\_1’1;\ )}(Zsign).
Altogether, the monoids A (1<i<n) satisfy

Va, and Ja: aa=1 and aa =1

A A’

all of which statements imply that the monoids A (1<i<n) in assumptions are groups.

Conversely, let us suppose that each A (1<i<n) be groups. Then, the regularity of n -
generalized Schiitzenberger product of n groups is obvious.
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