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Abstract. In this study, firstly, the basic properties of the spectrum of the investigated problem were learned,
sine and cosine type solutions were defined, their behaviors were examined and the properties of the solution of the
given problem were learned with their help. Next, the characteristic equation of the studied problem was formed
with the help of sine and cosine type solutions. Using the characteristic equation, the asymptotic behavior of the
eigenvalues of the given problem and the ordering of the eigenvalues of the boundary value problems L(α j), j = 1,
2 when α1 < α2 are learned.
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1. Introduction

Let us consider the boundary value problem L(α) :

− y′′ + q(x)y = λy, 0 < x < π, λ = ρ2 (1.1)

y′(0) + (αλ + β) y(0) + ωy (π) = 0,
y′(π) + γy(π) − ωy (0) = 0,

(1.2)

where α, β, γ are real numbers, ω is a complex number and such that αω , 0, q(x) is a real-valued function in L2 [0, π].
The solution to many problems of applied sciences and mathematical physics is reduced to the problem of examining

(1.1) - (1.2) boundary value problems.
When ω = 0, (1.2) the boundary conditions become separated boundary conditions depending on the spectral

parameter. Spectral properties of operators produced by Sturm-Liouville and diffusion equations given with separated
boundary conditions depending on the spectral parameter were learned in [1, 5, 6, 10, 15] studies. In the studies of
[2–4, 7–9, 11–14, 16]], straight and inverse problems were investigated for diffusion equations given with different
unseparated boundary conditions at p(x) ≡ 0 and p(x) , 0.

In this study, important properties of the spectrum of the L(α) boundary value problem was learned when α , 0,
ω , 0. In the case of one of the unseparated boundary conditions is linearly dependent on the spectral parameter,
the basic properties of the spectrum of the L(α) boundary value problem are given. In our study, the eigenvalues of
the boundary value problem L(α) are real, the absence of conditions that function, the asymptotic behavior of the
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eigenvalues and finally the ordering of the eigenvalues of the boundary value problems L(α1) and L(α2) when α1 < α2
is examined.

2. Main Results

In this section, the eigenvalues of the L(α) boundary value problem and the properties of the eigenfunctions will be
learned and the asymptotic behavior of the eigenvalues will be obtained.

C (x, λ) and S (x, λ) , are linearly independent of equation (1.1) and

C (0, λ) = S ′ (0, λ) = 1, C′ (0, λ) = S (0, λ) = 0, (2.1)

get solutions that meet the initial conditions.
To obtain the main results of the study, let’s first give the Lemma as follow.

Lemma 2.1. The following representations are valid:

C (π, λ) = cos ρπ + πc0
sin ρπ
ρ

+ 1
ρ

π∫
−π

ψ1(t)eiρtdt,

C′ (π, λ) = −ρ sin ρπ + πc0 cos ρπ + 1
ρ

π∫
−π

ψ2(t)eiρtdt,

S (π, λ) =
sin ρπ
ρ
− πc0

cos ρπ
ρ2 + 1

ρ2

π∫
−π

ψ3(t)eiρtdt,

S ′ (π, λ) = cos ρπ + πc0
sin ρπ
ρ

+ 1
ρ

π∫
−π

ψ4(t)eiρtdt,

where c0 = 1
2π

π∫
0

q(t)dt, ψi(t) ∈ L2 [−π, π] , i = 1, 4.

The proof of Lemma 2.1 is done similarly to the proof of Lemma 1.3.2 in [ [15]].

Definition 2.2. A complex number λ0 is called an eigenvalue of boundary value problem L(α) if equation (1.1) with
λ = λ0 has a nontrivial solution y0(x) is called the eigenfunction of problem L(α) corresponding to the eigenvalue λ0.

The set of eigenvalues is called the spectrum of L(α). The functions y1(x), y2(x), . . . , yk(x) are called as the associated
functions to the eigenfunction y0(x), if they absolutely continuous, then they satisfy the differential equations

−y′′i (x) + q(x)yi(x) − yi−1(x) = λ0yi(x),

and boundary conditions
y′i(0) + (αλ + β) yi(0) + αyi−1(0) + ωyi (π) = 0,

y′i(π) + γyi(π) −$yi (0) = 0, i = 1, k.
(2.2)

Theorem 2.3. If α < 0, then the eigenvalues of the problem L(α) are real.

Proof. Let’s assume the opposite, i.e. Imλ , 0. Let λ be an eigenvalue of the boundary problem L(α), and let y(x) =

y(x, λ) be the corresponding eigenfunction. Multiply the equality (1.1) by y(x),

−y′′(x) + q(x)y(x) = λy(x)

by y(x) and subtract one product from the other. As a result, we get(
λ − λ

)
|y(x)|2 =

d
dx

[
y(x)y′(x) − y(x)y′(x)

]
.

Integrating this equality from zero to π,then we have

2iImλ

π∫
0

|y(x)|2 dx = y(π)y′(π) − y(π)y′(π) − y(0)y′(0) + y(0)y′(0). (2.3)
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It follows from the boundary conditions (1.2) there are

y′(0) = − (αλ + β) y(0) − ωy (π) ,
y′(π) = −γy(π) +$y (0) .

Let’s consider these at the equality (2.3)

2iImλ

π∫
0

|y(x)|2 dx = y(π)
[
−γy(π) +$y(0)

]
− y(π)

[
−γy(π) + ωy(0)

]
−y(0)

[
− (αλ + β) y(0) − ωy(π)

]
+ y(0)

[
−

(
αλ + β

)
y(0) − ωy(π)

]
= 2iαImλ |y(0)|2 .

Consequently,

Imλ


π∫

0

|y(x)|2 dx − α |y(0)|2
 = 0.

Since α < 0, the expression in braces is distinct from zero. Therefore, Imλ = 0. Theorem is proved. �

Theorem 2.4. If α < 0, then the eigenfunctions of the boundary value problem L(α) have no associated functions.

Proof. Let’s assume the opposite. Suppose that the boundary value problem L(α) has an eigenfunction of y1(x) asso-

ciated to the y0(x) eigenfunction, corresponding to the eigenvalue λ0. Then, by virtue of (1.1) and (2.2), the following

equalities hold:
− y′′0 (x) + q(x)y0(x) = λ0y0(x) (2.4)

− y′′1 (x) + q(x)y1(x) − y0(x) = λ0y1(x). (2.5)

Multiply the equality (2.4) by y1(x) and equality (2.5) by y0(x) and subtract them side by side, we will get

|y0(x)|2 =
d
dx

[
y′1(x)y0(x) − y1(x)y′0(x)

]
.

Integrating this equality from zero to π for x, we obtain

π∫
0

|y0(x)|2 dx = y′1(π)y0(π) − y1(π)y′0(π) − y′1(0)y0(0) + y1(0)y′0(0).

According to the boundary conditions (1.2) and (2.2), we have

y′0(0) = − (αλ + β) y0(0) − ωy0 (π) ,
y′0(π) = −γy0(π) +$y0 (0) ,
y′1(0) = − (αλ + β) y1(0) − ωy1 (π) − αy0 (0) ,
y′1(π) = −γy1(π) +$y1 (0) .

π∫
0

|y0(x)|2 dx = y0(π)
[
−γy1(π) +$y1(0)

]
− y1(π)

[
−γy0(π) + ωy0(0)

]
+y0(0)

[
(αλ + β) y1(0) − ωy1(π) + αy0(0)

]
− y1(0)

[(
αλ + β

)
y0(0) + ωy0(π)

]
= α |y(0)|2 .
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Hence
π∫

0

|y0(x)|2 dx − α |y0(0)|2 = 0.

This contradicts the fact that the left side of this relation is pozitive according to the inequality α < 0. Theorem is

proved. �

The general solution of the equation (1.1) has a form

y(x, λ) = AS (x, λ) + BC(x, λ),

where A and B are arbitrary constant. Considering the boundary conditions (1.2) and initial conditions (2.1) taking
into account the identity

C(x, λ)
[
S ′(x, λ) + γS (x, λ)

]
− S (x, λ)

[
C′(x, λ) + γC(x, λ)

]
= 1,

it is easy to verify that the characteristic function of the boundary value problem L(α) will be

∆(λ) = 2Reω −
[
C′(π, λ) + γC(π, λ)

]
+ |ω|2 S (π, λ)

+ (αλ + β)
[
S ′(π, λ) + γS (π, λ)

]
.

(2.6)

The square of zeros of the characteristic function ∆(λ) are the eigenvalues of the problem L(α).

Using the representation in the Lemma 1, we transform the characteristicfunction (2.6) to the form

∆(λ) = αρ2 cos ρπ + (1 + απc0) ρ sin ρπ + αγ sin ρπ
+ (β − αγπc0−πc0 − γ) cos ρπ + 2Reω + ψξ(λ)

where ψξ(λ) =
π∫
−π

ψ̃ξ(t)eiλtdt, ψ̃ξ(t) ∈ L2[−π, π].

Let ∆0(λ) = αρ2 cos ρπ + ρ sin ρπ + αγ sin ρπ + (β − γ) cos ρπ + 2Reω.
Using Lemma 1 which was proven in study [7], we can easily prove the following proposition.

Theorem 2.5. The following statements hold.

a) Let λn be the n th eigenvalue of the problem (1.1)-(1.2). Let {µk}k≥0 be the zeros of the entire function ∆0(λ). If µp is

the closest point to λn then as n→ ∞

ρn =
√
µp + O

(
1
√

n

)
. (2.7)

In addition, if there exists a positive number σ0 such that {µk}k≥0 satisfy∣∣∣√µk −
√
µk′

∣∣∣ > σ0 as µk , µk′

then (2.7) holds for n = p.
b) Fix δ > 0. Then there exists a constants Cδ such that

|∆(λ)| > Cδ |ρ|
2 , ρ ∈ Gδ, |ρ| ≥ ρ

∗

for sufficiently large ρ∗, where Gδ = {ρ
∣∣∣ρ − √µn

∣∣∣ ≥ δ, n ≥ 0}.
It should be noted that {µn}n≥0 are independent of the potential q(x).
Furthermore, it is easy to see that

lim
n→∞

√
µp

n
= a1, lim

n→∞

ρn
√
µp

= a2,

where both a1 and a2 are positive constans.
For the j = 1, 2 denote the characteristic functions of the boundary value problems L(α j) by

∆ j(λ) = 2Reω −
[
C′ (π, λ) + γC (π, λ)

]
+ |ω|2 S (π, λ)

+
(
α jλ + β

) [
S ′(π, λ) + γS (π, λ)

] (2.8)
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and the negative eigenvalues arranged in increasing order by

λ−0 ( j), λ+
−1( j), λ−−1( j), λ+

−2( j), λ−−2( j), . . .

the positive eigenvalues arranged in increasing order by

λ+
0 ( j), λ−1 ( j), λ+

1 ( j), λ−2 ( j), λ+
2 ( j), . . . .

Theorem 2.6. The relative pozition of the eigenvalues λ±k (1) and λ±k (2) (k = 0,±1,±2, . . .) of the boundary value
problems L(α1) and L(α2) with α1 < α2 is determined for Imω , 0 by the inequalities
0 < λ+

0 (1) < λ+
0 (2) < λ−1 (1) < λ−1 (2) < λ+

1 (1) < λ+
1 (2) < λ−2 (1) < λ−2 (2) < . . . ,

0 > λ−0 (1) > λ−0 (2) > λ+
−1(1) > λ+

−1(2) > λ−
−1(1) > λ−

−1(2) > λ+
−2(1) > λ+

−2(2) > . . . ,
for real ω < 0 by the inequalities
0 < λ+

0 (1) < λ+
0 (2) < λ−1 (1) < λ−1 (2) < λ+

1 (1) ≤ λ+
1 (2) < λ−2 (1) ≤ λ−2 (2) ≤ . . . ,

0 > λ−0 (1) > λ−0 (2) > λ+
−1(1) > λ+

−1(2) ≥ λ−
−1(1) ≥ λ−

−1(2) > λ+
−2(1) ≥ λ+

−2(2) ≥ . . . ,
and for real ω > 0 by the inequalities
0 < λ+

0 (1) ≤ λ+
0 (2) ≤ λ−1 (1) ≤ λ−1 (2) < λ+

1 (1) ≤ λ+
1 (2) ≤ λ−2 (1) ≤ λ−2 (2) < . . . ,

0 > λ−0 (1) ≥ λ−0 (2) ≥ λ+
−1(1) ≥ λ+

−1(2) > λ−
−1(1) ≥ λ−

−1(2) ≥ λ+
−2(1) ≥ λ+

−2(2) > . . . .

Proof. It is clear that function

U(x, λ) =
[
S ′(π, λ) + γS (π, λ)

]
C(x, λ) +

[
ω −C′(π, λ) − γC(π, λ)

]
S (x, λ)

is the solution of the equation (1.1) that satisfies the initial conditions

U(0, λ) = S ′(π, λ) + γS (π, λ), U′(0, λ) = ω −C′(π, λ) − γC(π, λ). (2.9)

Also,
U(π, λ) = ωS (π, λ) + 1, U′(0π, λ) = ωS ′(π, λ) − γ (2.10)

conditions are met at the point x = π.
By differentiating the equation

U′′(x, λ) + (λ − q(x)) U(x, λ) = 0 (2.11)
with respect to λ and by passing to the complex conjugate in the resulting equation, for reel λ we obtain

·

U
′′

(x, λ) + (λ − q(x))
·

U(x, λ) + U(x, λ) = 0.

Next, we multiply this equation by U(x, λ) and equation (2.11) by
·

U(x, λ), subtract the second result from the first,
and integrate with respect to x over [0, π]; by (2.9) and (2.10) and since the functions C(π, λ), C

′

(π, λ), S (π, λ) and
S
′

(π, λ) are real, we obtain
π∫

0

|U(x, λ)|2 dx =
·

U(π, λ)U
′

(π, λ) −
·

U ′ (π, λ)U(π, λ) −
·

U(0, λ)U
′

(0, λ) +
·

U ′ (0, λ)U(0, λ)

=
[
ωS ′(π, λ) − γ

]
ω
·

S (π, λ) − ω
·

S ′(π, λ) [ωS (π, λ) + 1] −
[
ω −C′(π, λ) − γC(π, λ)

]
×

[ ·
S ′(π, λ) + γ

·

S (π, λ)
]
−

[ ·
C′(π, λ) + γ

·

C(π, λ)
] [

S ′(π, λ) + γS (π, λ)
]

= |ω|2 S ′(π, λ)
·

S (π, λ) − γω
·

S (π, λ) + |ω|2 S (π, λ)
·

S (π, λ) − ω
·

S ′(π, λ)

− ω
[ ·
S ′(π, λ) + γ

·

S (π, λ)
]

+
[
C′(π, λ) + γC(π, λ)

] [ ·
S ′(π, λ) + γ

·

S (π, λ)
]

−

[ ·
C′(π, λ) + γ

·

C(π, λ)
] [

S ′(π, λ) + γS (π, λ)
]

= −

[ ·
S ′(π, λ) + γ

·

S (π, λ)
] [

2Reω −C′(π, λ) − γC(π, λ) + |ω|2 S (π, λ) + β
(
S ′(π, λ) + γS (π, λ)

)]
+

[
S ′(π, λ) + γS (π, λ)

] [
|ω|2

·

S (π, λ) −
·

C′(π, λ) − γ
·

C(π, λ) + β
( ·
S ′(π, λ) + γ

·

S (π, λ)
)]
.
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With regard for the equations

S ′(π, λ) + γS (π, λ) =
∆1(λ) − ∆2(λ)

(α1 − α2) λ
,

2Reω −
[
C′(π, λ) + γC(π, λ)

]
+ β

[
S ′(π, λ) + γS (π, λ)

]
+ |ω|2 S (π, λ) =

α2∆1(λ) − α1∆2(λ)
α2 − α1

,

which follows from (2.8), we find that

(α2 − α1)


π∫

0

|U(x, λ)|2 dx + α j |U(0, λ)|2
 =

·

∆1(λ)∆2(λ) − ∆1(λ)
·

∆2(λ)
λ

+
[∆2(λ) − ∆1(λ)] ∆ j(λ)

λ2 , ( j = 1, 2)

or

λ2 (α2 − α1)


π∫

0

|U(x, λ)|2 dx + α j |U(0, λ)|2
 = λ [∆2(λ)]2 d

dλ

[
∆1(λ)
∆2(λ)

]
+ [∆2(λ) − ∆1(λ)] ∆ j(λ), ( j = 1, 2).

If we make use of [12], we get the inequalities in the ruling of the theorem. �
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