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Abstract

n
Let P(z) = ap+ Y, ayz”,1 < u < n, be a polynomial of degree n having all its zeros in |z| < k, k > 1. We
v=p
obtain an improvement and a generalization of an inequality in polar derivative proved by Somsuwan
and Nakprasit [1]. Further, we also extend a result proved by Chanam and Dewan [2] to its polar version.

Besides, our results are also found to generalize and improve some known inequalities.

Keywords: Turdn-type inequality; polynomial; polar derivative; maximum modulus
AMS Subject Classification (2020): Primary: 30C15: 30C10 ; Secondary: 30A10.

*Corresponding author

1. Introduction and statement of results

The study of geometric relationship between the maximum moduli of a complex polynomial and its derivative
on the same circle or different circles by taking into account the position of zeros of the polynomial inside or outside
the same or a different circle has been drawing great interest among researchers for many decades. One of the
pioneering works in this area is due to S. Bernstein.

If P(z) is a polynomial of degree n, Bernstein [3] proved

max | P'(2)] < nmﬁ}ﬂP(z)\. (1.1)

lz]=1 |2l

The above inequality is the famous Bernstein’s Inequality. Equality holds in (1.1) if all zeros of P(z) are found at the
origin.
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Generalized Turdn-type inequalities 179

If we restrict ourselves to the class of polynomials P(z) of degree n having no zero in |z| < 1, then inequality
(1.1) can be refined and substituted by

max | P'(2)] < gng |P(2)]. (1.2)

l2|=1 |2l
Inequality (1.2) was conjectured by Erdds and later proved by Lax [4]. The result is sharp and equality holds for the
polynomial P(z) = A + uz", where |\| = |y

On the other hand, if P(z) is a polynomial of degree n having all its zeros in |z| < 1, Turédn [5] proved

max | P'(z)| > % max |P(z)]. (1.3)
|z|=1 2 |z|=1
Inequality (1.3), which is often referred to as Turdn’s Inequality, is best possible and equality occurs if P(z) has all
its zeros on |z| = 1.

It was asked by Professor R.P. Boas that if P(z) is a polynomial of degree n not vanishing in |z| < k, k > 0, then

how large can {Imléi}i |P'(2)|/ Imlfi}i |P(z) |} be. A partial answer to this problem was given by Malik [6], who proved

that if P(z) is a polynomial of degree n having no zeroin |z| < k, k > 1, then

" ax |P(2)]. (1.4)

P <
méf;l (2)] < T [

|2|

The result is sharp and equality is attained for P(z) = (z + k)". Whereas, for the polynomial P(z) having all its

1
zeros in |z| < k, k < 1, by applying the above inequality (1.4) to the polynomial ¢(z), where ¢(z) = 2" P (z) , Malik
[6] further obtained a generalization of (1.3) as
P'(2)] > —— max |P(2)]. 1.
gl‘aﬁl (2)] = Hkgllfgl (2)] (1.5)

Inequality (1.5) is sharp and equality holds for P(z) = (= + k)™.

In inequalities (1.2) and (1.3) the boundaries of zero-free regions and the circle on which the estimates of P(z)
and its derivative are compared is the unit circle, which is not the case in inequalities (1.4) and (1.5) where the two
circles are not same. It is of interest to obtain generalization of the above inequalities by considering the maximum
moduli of the polynomial and its derivative on different circles other than the unit circle. In this direction the
following result was proved by Aziz and Zargar [7].

Theorem 1.1. If P(z) is a polynomial of degree n having all its zeros in |z| < k, k < 1, then for real numbers r and R such
that rR > k* and r < R,

|z|=r

/ n(R+ k)n71 .

m. P > 7 2] ) .
Iz|i>1§z| () 2 (r+k)" max |P(=)] + |IZI|11:I}<:| ) (1.6)
Equality in (1.6) holds for the polynomial P(z) = (z + k)™.

Chanam and Dewan [2] generalized and improved Theorem 1.1 by involving certain coefficients of P(z). They
proved

Theorem 1.2. Let P(z) = an2" + Y an—p2" ™", a9 # 0and 1 < p < n, be a polynomial of degree n > 2 having all its
v=p
zeros in |z| < k, where k > 0, then for rR > E2andr < R,

(1.7)

max |P'(2)] > n{

lan| RAEE + [ B0 |
|z|=R

Al R TRA 1 £ nla, 2+ pla,.—,| (REF—1 + R¥)

< (B0) e P+ i P21}




180 K. Krishnadas, B. Chanam & T.B. Singh

Let P(z) be a polynomial of degree n and let o be any complex number. Then, the polar derivative of P(z) with
respect to «, denoted by D, P(z), is defined as

D, P(z) =nP(z) + (a — 2)P'(2). (1.8)
The polynomial D, P(z) is of degree at most (n — 1) and it generalizes the ordinary derivative in the sense that
lim DaP(z) = P'(z2).
a— 00 (07

The following result, proved by Aziz and Rather [8], generalizes and extends Turdn’s inequality (1.3) to its polar
version.

Theorem 1.3. Let P(z) be a polynomial of degree n having all its zeros in |z| < k, k > 1, then for every real or complex
number « with |a| > k,

n(lal — k)
> — . .
max 1DaP(2)| 2 =~ max |P(2)] (1.9)
Further, Dewan and Upadhye [9] improved Theorem 1.3 by involving lmflngc |P(z)|- They proved

Theorem 1.4. Let P(z) be a polynomial of degree n having all its zeros in |z| < k, k > 1, then for every real or complex
number o with |a| > k,

1 1 k™ —1 .
max |Dy, P(2)| > n(|a| — k) {1+k" max |P(z)| + o (k”H) min |P(z)|} : (1.10)

|z[=1 |z|=1 |z|=Fk

Nakprasit and Somsuwan [1] generalized Theorem 1.4 by proving the following result.

Theorem 1.5. Let P(z) = ap+ Y. a,2”, 1 <y < n, be a polynomial of degree n having all its zeros in |z| < k, k > 1, then
v=p

for every real or complex number o with || > kand 1 < R < k,

max | DaP(2)| 2 nR" (|a] — k)

Bkl \F
R+ kn (kHJrRH) max |P(2)]

k" 1\ 1 (k" —R"
A ([P (A N Y (A in|P
+{R”+k”< (k#+R#) )*21«1 (kn+Rn)}§“_rL| )l
In this paper, we first obtain an improvement and a generalization of Theorem 1.5. Theorem 1.5 is generalized in

the sense that inequality (1.11) is extended to circles with smaller radii, viz., for 0 < r < 1 when the estimate of
max |D, P(z)] is considered. More precisely, we prove

. (1.11)

Theorem 1.6. Let P(z) = ao+ Y. a,2", 1 < p <n, bea polynomial of degree n having all its zeros in |z| < k, k > 1, then

v=

for every real or complex number o with |a| > kand 0 <r <1< R <k,

max | Do P(2)| > nR" ! (la| — k) { il Bmax |P(z)]

|z|=R k™ 4+ R™ |z|=r
k™ 1 [k —R"
-  1-B)+ — = in |P 1.12
+{k”+R”( )+ S (kan)}EF_IL' (Z)l}’ (1.12)
where
‘an—#|
K k2 Frtlpn=1 4y
B nlan| — 7%
B=exp{ —n dt (1.13)
‘an—ul

T 2
thHL o gl 4 %F ’f_” o (ki 4 k2ut)
n kn

and m = ‘H‘liI}c |P(2)].
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The following result is obtained by taking » = 1 in Theorem 1.6.

Corollary 1.1. Let P(z) = ap + > a,2¥, 1 < pu < n, be a polynomial of degree n having all its zeros in |z| < k, k > 1,
v=p

then for every real or complex number o with || > kand 1 < R < k,

Rn
DoP(2)] > nB" (o] — k) |———B P
[0, P(:)| = R (ol = 8) | e g B ma PG

|z|=R

k™ 1 (k™ —R"™
—(1-B — in [P 1.14
+{k"+Rn( D+ g (k”+R")}|E|n_nk (Z)@’ (1.14)

where
|an7u|
Hﬂmk“-i_lt“_l 4 tH
_ n|an| — #%
By =4{-n dt (1.15)
/ @y
I =)
nlan| — 7%

and m = ‘H‘liI}C |P(2)].

Remark 1.1. Corollary 1.1 is an improvement of Theorem 1.5. It is sufficient to show that the bound given by
inequality (1.14) is bigger than the bound given by inequality (1.11) concerning the estimate of max |D, P(z)|, i.e.,

R™ L 1 Ln — R
T onB P —— 1-B)+— [ —— in |P
[kn+Rn 1 max| (Z)+{k"+Rn( D+ 5 (kuRn)}E?”k' (z)@
R" k41 0\ ¢ k" k41 0\ ¢ 1 (k*—R"
P - 1= = I L o | P
R+ k» (k#+R#> max| (Z)+{R"+k”< (k#+Rl‘> >+2k" (kn+Rn)}Tfk| )

From (2.1) of Lemma 2.2, we have

ﬁaXIP(Z)I > k" ‘H‘ﬂr}c |P(2)]-
z|=1 zl=

Since R > 1, it follows that

R" max |P(2)| — k™ ‘rr‘li_r}v |P(2)] > 0. (1.16)

Putting » = 1 in (2.9) of Lemma 2.5, we get

k41 \#
B > ——— 1.17
= (ow) (1.17)
where B is given by (1.15).

In view of inequality (1.17), it is sufficient to show that the function f such that

(&) = R max |P(:)[z + k(1 - ) min | P(2)

is a non-decreasing function of x. Now as

f'(z)=R" max [P(z)] — k" min |P(2)]

=0 (by (116)),

f is a non-decreasing function of x, which proves our claim.

Further, for r = R = 1 in Theorem 1.6, we have the following result.
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Corollary 1.2. Let P(z) = ap+ > ay2z¥, 1 < pu < n, be a polynomial of degree n having all its zeros in |z| < k, k > 1,
v=p

then for every real or complex number « with |a| > k,

1 1 k" —1
> — — i . .
s [DoP(2)] 2 nlal = 1) { 1y max P + g (e ) i 1P 118)

Remark 1.2. It is clear from Corollary 1.1 that Theorem 1.6 is a generalization of Theorem 1.4, as taking ;» = 1 along
with r = R = 1, inequality (1.12) of Theorem 1.6 reduces to (1.10) of Theorem 1.4.

Dividing both sides of (1.12) by |a| and letting |a| — oo and putting R = k, we have the next result.

Corollary 1.3. If P(2) = ag + Y. a,2", 1 < u < mn, is a polynomial of degree n having all its zeros in |z| < k, k > 1, then

v=p
foro<r <k,
, nkn—l ]
max [P/(2)] > “5— § Bmax |P(2)| + (1 = B) min |P(2)| | (1.19)

where B is given by (1.13).

Remark 1.3. In particular, if we letr = k = 1 and p = 1, (1.19) reduces to Turdn’s inequality (1.3).

Next, we extend Theorem 1.2 due to Chanam and Dewan [2] to its polar version in which the assumption ag # 0
in the constant term of the polynomial P(z) is also dropped. The result also improves as well as generalizes other
well known inequalities.

Theorem 1.7. Let P(z) = anz™ + > an—p2" ", 1 < u < n, be a polynomial of degree n having all its zeros in |z| < k,

v=p
k > 0, then for every real or complex number o with % > A, and forrR > k2andr < R,

n%\pap(zn > — <|a| _ AW) (R+ k:) [max|P(z)| + ‘H‘liji |P(2)||, (1.20)

| 1+A,, \ R r+k |z|=r

where m = ‘H‘lirk |P(2)| and
zl=

B nlan |k* + plan—, | RE#
won ﬂ|an7H|RN + n|an|Ru+lkM71 .

A (1.21)

Dividing on both sides of (1.20) by |a| and letting || — oo, we have the following result.

Corollary 1.4. Let P(z) = ap2" + 3 an—p2" ", 1 < pu < n, be a polynomial of degree n having all its zeros in |z| < k,
v=p
k >0, then for rR > k* and r < R,

R+E\"
P'(z)| = . P in |P 1.22
max |P(2) > s (T ) [max P(a) + min P a22)

where A,, ,, is given by (1.21).

Remark 1.4. In view of Corollary 1.4, Theorem 1.7 is the polar derivative version of Theorem 1.2 in a richer form for
restrictions concerning the polynomial P(z), namely ag # 0, 1t # n and n # 1 in the hypotheses of Theorem 1.2
have all been dropped in Theorem 1.7 and hence consequently in Corollary 1.4. In other words, Corollary 1.4 is a
better version of Theorem 1.2.

Further, taking k = R = r = 1 in Corollary 1.4, we have the following result.

n
Corollary 1.5. Let P(z) = anz™ + Y an—,2"" ", 1 < p < n, be a polynomial of degree n having all its zeros in |z| < 1,
v=p
then

’ n .
max |P'(z)| > B {lmax |P(=)| + lrzlfluzr}C P(z)|} . (1.23)

|z|=R z|=r
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Inequality (1.23) verifies that Corollary 1.4 is a generalization as well as an improvement of inequality (1.3) due
to Turén [5].

Remark 1.5. Corollary 1.4 is also an improvement and a generalization of Theorem 1.1 as explained by Chanam and
Dewan [2, Remark 2].

2. Lemmas

We need the following lemmas to prove our theorems.
The following lemma was proved by Gardner et al.[10].

Lemma 2.1. If P(z) = Y a,2" is a polynomial of degree n, P(z) # 0in |z| < k, k > 0, then |P(2)| > m for |z| < k,
v=0

where m = In‘nn |P(2)|.

Lemma 2.2. If P(z) = an2" + 3 an-2" ", 1 < pu < n,isa polynomial of degree n having all its zeros in |z| < k, k > 1,

v=p
then
Flﬁ’ﬂp( z)| = k" min |P(2)]. 2.1)
Proof. Let q(z) = 2"P <1> =ap2"+ > @,2"%, 1 < pu < n.Since P(z) has all its zeros in |z| < k, k > 1, therefore
Z v
. 11 z ag o [ n—u 2 Gp—y SV
q(z) has no zero in |z| < U < 1. Let Q(z) = (ﬁ) FETE Z k;Q(" 72 =a, + VZ“ , then
Q(z) #0in |z] <k, k > 1.
Therefore, by applying Lemma 2.1 to Q(z), we get for |z| = k
Q)| > min Q)
z
= pin o (32|
Z\" 1
= 1 —_ P
min | (72) (/k)|
1 k?
= — P _
k™ |z|=k ( z )‘
= - min |P(2) 2)
= i i P

Now as 1 < k and hence in particular inequality (2.2) gives for |z| = 1

Q(2)] > ki” |IZI|11:I}<: |P(z)|, from which it is implied that

1
Imla}i Q(2)] > ™ lrrlnn |P(z)|, which isequivalent to
z

z 1 .
max|a (3)] 2 7 min PG

which implies

] () ()| e i

which is equivalent to
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Since k > 1, it is obvious that k2 > k > 1 and hence by Maximum Modulus Principle [11]

2 2
P <k>’ > max |P (k)

z |z|=1 z

k2 1 k2

PlE)l>— o
(z)W-@%nﬁﬁ (z)

P (f)‘ . (2.4)

max

,  which is equivalent to
|z|=k?

(k2)n e ., which simplifies to

1 1
I P >
oz e 1P ()] 2 737 max

Combining (2.3) and (2.4) we get
—— max |P(2)| > — ml_IllC |P(z)]. (2.5)

Hence,

O

Lemma 2.3. If P(z) = ao + > a,z”, 1 < p < n, is a polynomial of degree n such that P(z) # 0in |z| < k, k > 0, then
v=p
for0<r<R<k,

max |P(2)| > B’ mex |P(z)|+ (1—B') |mhk |P(2)], (2.6)
where
R Hﬂk#Jﬂtu*l 4 tH
B' = exp —n/ n Jaol = m dt 2.7)
o el et 4 p_lal (kntige + k2nt)
nlag] —m

and m = ‘n‘nir}c |P(z)|. Equality holds in (2.6) for P(z) = (2" + k)i, where n is a multiple of p.

Lemma 2.4. If P(z) = ag+ > ay2z*, 1 < p <, is a polynomial of degree n having no zero in |z| < k, where k > 0, then
v=p
for0<r <R<k,

El o4l \ #
B >—— 2.
> (o) 8)

where B’ is given by (2.7).

Lemma 2.3 and Lemma 2.4 are due to Chanam and Dewan [12].

Lemma 2.5. Let P(z) = ag+ > ayz¥, 1 < pu < n,is a polynomial of degree n having no zero in |z| < k, k > 0, then for
V=

0<r<R<E,

ku_i'_/r'ﬂ %
B><m+m>’ 29)

where B is given by (1.13).
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1 ay n 71/ n 771/—1/
Proof. Letg(z) = 2"P (z) and Q(z) = ¢ (%) Then, Q(z) = %z" + V;ﬂ #z"‘” = an + u;u akzu z¥, where

1 <u<n.Since P(z) #0in |z| < k, k > 0, we have Q(z) # 0in |z| < k, k > 0. Hence, applying Lemma 2.4 to Q(z),

we get
Ek i\ #
B>|——+
()
where B is given by (1.13). O

The next lemma is due to Qazi [13, Proof and Remark of Lemma 1].

Lemma 2.6. If P(z) = ao+ Y, av2z¥, 1 < p <n,isa polynomial of degree n having no zero in |z| < k, k > 1, then

v=p

K kr—1 41
¢/ (2)] > krt1 1120 IP'(2)] on |z =1 (2.10)
14 B0 ppr
n | ap
and
B pon < 1, 2.11)
n | ap

where q(z) = 2" P (1)

Lemma 2.7. If P(z) = an2™ + Y, an—p2" ", 1 < p <mn,is apolynomial of degree n having all its zeros in |z| < k, k < 1,
V=

then for every real or complex number ( with || > A,

|

n
DgP > —A P 2.12

max [ DsP()] > 75 (18] = A) max |P(2)| 212)

where

”‘an‘kzﬂ + l“an—u“‘?#il

Il + nla ki

A:

Inequality (2.12) is best possible for . = 1 and equality occurs for P(z) = (z — k)™ with
8> A= k.

Proof. Let q(z) = 2" P <

| =

> . Then it can be easily verified that
|[{'(2)] = |nP(z) — 2P'(z)|, for |z|=1. (2.13)
Since the polynomial P(z) = an2" + ) an-2" ", 1 < p < n, has all its zeros in [z| < k, k < 1, g(2) =

v=p

n 11
Gn + D Gn—pz” hasno zeroin |z| < —, — > 1, therefore, by applying Lemma 2.6 to ¢(z), we have from (2.10)

v=p k' k
Ay 1
P’ > 1 %| |an#ku—1 +1 /
|P'(2)] = fout1 H|anfu| 1 q'(2)]

n |ap| krtl

= M|an—#| +n|an|k/1«*1 |q’(z)|
nlan k2 & plag [T 40
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Therefore,

1¢(2)) < Manlk? & plan-y k" 7
= Tl + nlag ki
= A|P'(2)].

[P’ (=)

From (2.14), we have
[P'(2)| +1d'(2)] < (1 + A)ld'(2)].

Also, for |z| = 1, with the help of (2.13), we have

n|P(z)] = |

P(z) — zP'(2) + 2P'(2)]
< [nP(
= |

n
nP(z) = zP'(z)| + |P'(2)]
q'(2)| + P (2)I.
Combining (2.15) and (2.16), we get

n|P(z)| < (1+ A)|P'(2)]

ie.,

P(2)] > —2
P2

|P(z)], for |z|=
For every real or complex number (3, by definition, we have

DgP(z) = nP(2) + (8 — 2)P'(2),
from which for |z| = 1, we have

|DpP(2)| Z [|BI|1P'(2)] = InP(2) — 2P'(2)]

=[IBIIP'(2)] = ld' ()l (by (2.13)).

Further, by (2.14)
BII1P'(2)] = 1d'(2)] = 18]I P'(2)| = A[P'(2)]
= (18] = A)IP'(2)],

which is non-negative, since |3| > A.
Combining (2.18) and (2.19), we get

|DsP(2)] = (18] — A) [P'(2)],

which on using (2.17), gives

n

DsP()] > (81~ 4) 1

|P(2)]-

The following lemma is due to Aziz and Zargar [7].

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Lemma 2.8. If P(2) = Y a,2 is a polynomial of degree n having all its zeros in |z| < k, k > 0, then for rR > k* and
v=0

r < R, we have for |z| = lj

P> (8) pra).

Equality holds in (2.20) for P(z) = (z + k)™

(2.20)
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3. Proof of the theorems

k k:
Proof of Theorem 1.6. Let F'(z) = P(Rz). Then F(z) has all its zeros in the closed disk |z| < L E Applying
Theorem 1.5 to F(z), we have
L
max Do) 2 (1278 ) | x|+ e | o | i 1)
[2=1 R TR oK\ B ) =k
Rn R™ \ R
1 k™ — R"
— _ k n—1 A _ _ F 1
nllol =4 B | o P + g (e ) i 1P 61
Using the relations,
lmlaXIDa/RF( z)| = ‘Hll‘gué\DaP(Z)L
max ()| = ma [P(:)
and min |F(z)| = ‘nlm}€|P( 2)|
o= =
in inequality (3.1), we get
max [DaP(2)] = nR™ (jo — k) | —— max [P()| + —— (=B i 1p(2) (32)
z]=R - k" + R" |2|=R 2kn \ kn 4+ Rn = ’ '
n 1 z
Let q(z) = 2"P <z> and Q(z) = ¢ (ﬁ)’ then
z" k2
=—P(— ). .
o) = (%) 63)

1
Therefore, ¢(z) has no zero in |z| < — and Q(z) is a polynomial of degree n having no zero in |z| < k, k > 1. Thus,

applying Lemma 2.3 to Q(z), we have

max[Q(2)] > B max |Q(2)| + (1~ B) min ()] (3.4)

where B is given by (1.13).
From (3.3) we have for r > 0

T
a = — a
max Q)] = 15 max

P(£)] "

Since 0 < r <1 < R < k, we have by Maximum Modulus Principle [11],

2 2
P (k>‘ > max | P (k)‘ (- k*>1)
Z |z|=1 Z

max
|z|=k?
; P K > 1 P
i.e. —— max — —— max
k2n |z|=k2 zZ )| T k% z=1
1 1
i.e. maX |P( )| > = max |P

an ‘

=
i)

\Y2
‘ﬂ
3
"
v
— TN N N

ol [T | | T |

N~ N N

<>
<
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Hence

max [Q(z)| < 15 ma:

|z|=r

Again from (3.3) we have

|H|1a>1<%|Q( z)| = max

on k‘2
— P —
k2n ( z ) ‘
R"

= —— max
k2" |z|=R
RTL

= —— Inax
k2" |z|=k2/R

n 2
> S max | P() ( s zr>.

[P(2)]|

Also, we know that

1
min z — min |P(z)].
min [Q(:)] = 7 min |P(2)

Using (3.6), (3.7) and (3.8) in inequality (3.4), we get

o mx [P(2)] 2 g Bmax [ P()| + (1= B) - min [P(:)

ie.,

Irr\l@x |P(z)| > R"B lmlax |P(2)| + k™(1 — B) lrrlu_n |P(2)].
Combining inequalities (3.2) and (3.9), we obtain

1
max |Dy,P(z)| > nR" Y(la| — k { (R”B max |P(z)| + k" (1 — B) min |P )
\z\:R| ( )| (| | ) k7L+Rn \z\:r| ( )| ( )‘ ‘_ | ( )|

1 k™ — R™ .
+ 2 (k: +R"> min |P W} :

which is equivalent to

R Bmax |P(z)]

max [ Do P(2)| > nR" " (|a| - k) [k RO

k™ 1 k™ — R™
+ {k‘”—i—R” (1-B)+ S (k"+R">} |1n |P(z )@ .

This completes the proof of Theorem 1.6.

(3.6)

(3.7)

(3.8)

(3.9)

O

Proof of Theorem 1.7. Let m = |H|H_I}C |P(2)|, then m < |P(z)| for |z| = k. Since all the zeros of P(z) liein |z| < k,

k > 0, therefore, for every complex number A with |A| < 1, it follows from Rouche’s Theorem that for m > 0, the

polynomial G(z) = P(z) + Am has all its zeros in |z| < k, k > 0.
Let

H(z) = G(Rz)
= P(Rz) + Am
=a, R"2" +an_ ,R"H"TH + an_u_lR"_“_lz"_“_l +...+a1Rz+ ag + Am.
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Therefore, H(z) has all its zeros in |z| < %, % < 1. Hence applying Lemma 2.7 to H(z), we get from (2.12)
max | Dy g H(2)| > ——— lol 4, ) max | H(2)| (3.10)
lzj=1' ¢ T 1+A4,, \ R L e ’

where A, ,, is given by (1.21). Therefore,

n (laf
D G(R > — | —=—-A,. G(Rz)|,
s | D z)!_HAM(R . )guyg (&2)]

which is equivalent to

n |al
> — (- ) )
s D, G(2)| > 15— (1] - 4,..) max 60:) (3.11)
Applying (2.20) of Lemma 2.8 to G(z), we have
R+k\" 9
max |G(z)] > max |G(z)| forr < RandrR > k”. (3.12)
|z|=R r+k |z|=r
Combining (3.11) and (3.12), we get
n || R+k\"
D, >—— | = -4,.,
ma DG 2 g (% ) (%) mexioeo
i.e. max |DoP(z) + Amn| > r o] A URAN max |P(z) + Am| (3.13)
.e. X | Dy > — [ = - n X .
iz|=R 1+A,, \ R " r+k ) lz=r
forr < Rand rR > k2.
Let 2z on the circle |z| = r be such that ‘m‘ax |P(2)| = |P(20)|- Then, in particular,
lmlzix |P(2) + Am| > |P(z0) + Am]. (3.14)

Combining (3.13) and (3.14), we get

R+E\"
|I£2>§|DQP(Z) + Amn| > ﬁ (2' - Au,n> (r :k) |P(20) + Am| forr < Rand rR > k%

Choosing the argument of A on the right hand side of (3.14) such that |P(zo) + Am| = |P(z0)| + |\|m, we get

n || R+E\" .
D.P >— | —=-A P P A
|Izr|li}1§z‘ oP(2) + Amn| > . (R mn) (r+k) {f?%' ()] + |/\\|rzr|11:nk\ (z)|} (3.15)
forr < Rand rR > k2.
Using the simple fact that
|DoP(2) + dmn| < |DaP(2)| + |A|mn

in (3.15) and letting |\| — 1, we get

n || R+E\" )
Dq1 > —— | = —Aun P P
\33)13' (2)|+mn—1+Aﬂ,n<R “’)(rﬂc) {fﬁli§| (Z)Hﬁﬂlﬁ' (Z)}

forr < Rand rR > k2.

This completes the proof of Theorem 1.7. O
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