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Abstract. Let ωi be weight functions on R, (i=1,2,3,4). In this work, we
define CW p,q,r,s,τ

ω1,ω2,ω3,ω4 (R) to be vector space of (f, g) ∈
(
Lpω1 × L

q
ω2

)
(R) such

that the τ−Wigner transforms Wτ (f, .) and Wτ (., g) belong to Lrω3

(
R2

)
and

Lsω4

(
R2

)
respectively for 1 ≤ p, q, r, s < ∞, τ ∈ (0, 1). We endow this space

with a sum norm and prove that CW p,q,r,s,τ
ω1,ω2,ω3,ω4 (R) is a Banach space. We

also show that CW p,q,r,s,τ
ω1,ω2,ω3,ω4 (R) becomes an essential Banach module over(

L1
ω1
× L1

ω2

)
(R). We then consider approximate identities.

1. Introduction

In this paper S (R) denotes the space of complex-valued continuous functions
on R rapidly decreasing at infinity, respectively. The space Lp (R) , (1 ≤ p <∞)
denotes the usual Lebesgue space. Let ω be weight function on R, i.e., positive
real valued, measurable and locally bounded function which satisfy ω (x) ≥ 1,
ω (x+ y) ≤ ω (x)ω (y) for all x, y ∈ R. For a ≥ 0, a weight ω (x, t) = (1 + |x|+ |t|)a
which is defined on R2 is called weight of polynomial type. The weighted Lebesgue
space is defined by Lpω (R) = {f : fω ∈ Lp (R)} for 1 ≤ p < ∞. It is known that
Lpω (R) is a Banach space under the norm ‖f‖p,ω = ‖fω‖p , [9]. For any function f :
R −→ C, the translation, modulation and dilation operators Tx, Mω and Ds are

given by Txf (t) = f (t− x), Mωf (t) = e2πiωtf (t) and Dsf (t) = |s|−
1
2 f
(
t
s

)
for

all x, ω ∈ R, 0 6= s ∈ R, respectively. The parameters in wavelet theory are “time”
x and “scale” s. Dilation operator Ds preserves the shape of f , but it changes the
scale, [7].

Given any fixed 0 6= g ∈ L2 (R)(called the window function), the short-time
Fourier transform (STFT) of a function f ∈ L2 (R) with respect to g is defined by

Vgf (x, ω) =

∫
R

f (t) g (t− x)e−2πitωdt,
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for x, ω ∈ R. The short-time Fourier transform is written as convolution Vgf (x, ω) =

e−2πixω (f ∗Mωg
∗) (x), where g∗ (t) = g (−t). It is easy to see that Vgf (x, ω) =

e−2πixωVfg (−x,−ω). If g is a compact supported function with its support centered
at the origin, then the short-time Fourier transform Vgf (x, .) is the Fourier Trans-
form of a segment of f centered in a neighborhood of x, [7]. Let τ ∈ (0, 1) and let
0 6= g ∈ L2 (R) be any fixed window function. The τ−short-time Fourier transform

of a function f ∈ L2 (R) with respect to g is given by V τg f (x, ω) = Vgf
(

x
1−τ ,

ω
τ

)
for x, ω ∈ R, [1,2,10]

The cross-Wigner distribution of f, g ∈ L2 (R) is defined to be

W (f, g) (x, ω) =

∫
R

f

(
x+

t

2

)
g

(
x− t

2

)
e−2πitωdt

for x, ω ∈ R. If f = g, then W (f, f) = Wf is said the Wigner distribution of
f ∈ L2 (R) . The Wigner distribution is a quadratic time-frequency representation
and it measures how much of the signal energy during the any time period which
is concentrated in a frequency band. In this way, information about the energy
density in the time-frequency plane is taken. It also gives the joint probability
density function of the position and momentum variables, [7]. Let τ ∈ [0, 1] and let
f, g be in L2 (R), the τ−Wigner transform is given by

Wτ (f, g) (x, ω) =

∫
R

f (x+ τt) g (x− (1− τ) t)e−2πitωdt, x, ω ∈ R

[1,2,10]. Let (X, ‖.‖X) be a Banach space and let (Y, ‖.‖Y ) be a Banach algebra. If
X is an algebric Y−module, and ‖yx‖X ≤ ‖y‖Y ‖x‖X for all y ∈ Y , x ∈ X, then X
is called a Banach Y -module, [12]. If a net (eα)α∈I in a Banach algebra (E, ‖.‖E)
satisfies lim

α∈I
eαx = x for all x ∈ E, then (eα)α∈I is called a left approximate

identity. Also if a net (eα)α∈I in a Banach algebra (E, ‖.‖E) satisfies lim
α∈I

xeα = x

for all x ∈ E, then (eα)α∈I is called a right approximate identity. If a net (eα)α∈I
is a left approximate identity and right approximate identity, then (eα)α∈I is called
an approximate identity. Moreover if there exists C > 0 such that ‖eα‖E ≤ C for
all α ∈ I, then (eα)α∈I is said a bounded approximate identity, [3].

2. Main Results

Definition 2.1. Let ωi (i = 1, 2, 3, 4) be weight functions on R and let 1 ≤ p, q, r, s <
∞, τ ∈ (0, 1). The space CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) consists of all (f, g) ∈

(
Lpω1
× Lqω2

)
(R)

such that their binary τ−Wigner transforms (Wτ (f, .) ,Wτ (., g)) are in
(
Lrω3
× Lsω4

)(
R2
)
. It is easy to see that

‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(f, g)‖Lpω1
×Lqω2

+ ‖(Wτ (f, .) ,Wτ (., g))‖Lrω3
×Lsω4

is a norm on the vector space CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). Also, there exist sum and maxi-

mum norms on the spaces
(
Lpω1
× Lqω2

)
(R) and

(
Lrω3
× Lsω4

) (
R2
)
.

Theorem 2.2.
(
CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) , ‖.‖CWp,q,r,s,τ

ω1,ω2,ω3,ω4

)
is a Banach space.

Proof. Assume that ((fn, gn))n∈N is a Cauchy sequence in CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). Clearly

((fn, gn))n∈N and ((Wτ (fn, .) ,Wτ (., gn)))n∈N are Cauchy sequences in
(
Lpω1
× Lqω2

)
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(R) and
(
Lrω3
× Lsω4

) (
R2
)
, respectively. Since

(
Lpω1
× Lqω2

)
(R) and

(
Lrω3
× Lsω4

) (
R2
)

are Banach spaces, there exist (f, g) ∈
(
Lpω1
× Lqω2

)
(R) and (h, k) ∈

(
Lrω3
× Lsω4

) (
R2
)

such that ‖fn − f‖p,ω1
−→ 0, ‖gn − g‖q,ω2

−→ 0, ‖Wτ (fn, .)− h‖r,ω3
−→ 0 and

‖Wτ (., gn)− k‖s,ω4
−→ 0. This implies ‖Wτ (fn, .)− h‖r −→ 0 and

‖Wτ (., gn)− k‖s −→ 0. Then ((Wτ (fn, .) ,Wτ (., gn)))n∈N has a subsequence
((Wτ (fnk , .) ,Wτ (., gnk)))nk∈N which converges pointwise to (h, k) almost every-

where. Also it is easy to show that ‖fnk − f‖p −→ 0 and ‖gnk − g‖q −→ 0. On the

other hand, if we use the Hölder inequality, then for any u ∈ S (R) we find

|Wτ (fnk , u) (x, ω)−Wτ (f, u) (x, ω)| =

=

∣∣∣∣∣∣
∫
R

fnk (x+ τt)u (x− (1− τ) t)e−2πiωtdt−
∫
R

f (x+ τt)u (x− (1− τ) t)e−2πitωdt

∣∣∣∣∣∣
≤
∫
R

∣∣∣(fnk − f) (x+ τt)u (x− (1− τ) t)e−2πitω
∣∣∣ dt

≤
(

1

τ

) 1
p
(

1

1− τ

) 1
p′

‖fnk − f‖p ‖u‖p′ ,

(2.1)

where 1
p + 1

p′ = 1. Then by (2.1), we obtain

|Wτ (f, u) (x, ω)− h (x, ω)| ≤ |Wτ (fnk , u) (x, ω)−Wτ (f, u) (x, ω)|+
+ |Wτ (fnk , u) (x, ω)− h (x, ω)| ≤

≤
(

1

τ

) 1
p
(

1

1− τ

) 1
p′

‖fnk − f‖p ‖u‖p′ + |Wτ (fnk , .) (x, ω)− h (x, ω)|(2.2)

for any u ∈ S (R). By using the inequality (2.2), it is easily seen that Wτ (f, .) = h
almost everywhere. So the equivalence classes of Wτ (f, .) and h are equal. Using a
similar method, we find that Wτ (., g) = k almost everywhere. Then the equivalence
classes of Wτ (., g) and k are equal. Hence

‖(fn, gn)− (f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(fn − f, gn − g)‖Lpω1
×Lqω2

+

+ ‖(Wτ (fn − f, .) ,Wτ (., gn − g))‖Lrω3
×Lsω4

−→ 0

and (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). That means CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) is a Banach space.
�

Theorem 2.3. Let ωi (i = 1, 2, 3, 4) be weight functions of polynomial type. Then
(S × S) (R) is dense in CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R).

Proof. Take any (f, g) ∈ (S × S) (R). Then (Wτ (f, .) ,Wτ (., g)) ∈ (S × S)
(
R2
)
.

Since ωi (i = 1, 2, 3, 4) are weight functions of polynomial type, we have (f, g) ∈(
Lpω1
× Lqω2

)
(R) and (Wτ (f, .) ,Wτ (., g)) ∈

(
Lrω3
× Lsω4

) (
R2
)
. That means (f, g) ∈

CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). Hence we have (S × S) (R) ⊂ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R).

Now take any (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). Then we have (f, g) ∈
(
Lpω1
× Lqω2

)
(R)

and (Wτ (f, .) ,Wτ (., g)) ∈
(
Lrω3
× Lsω4

) (
R2
)
. Since (S × S) (R) =

(
Lpω1
× Lqω2

)
(R)

and (S × S) (R2) =
(
Lrω3
× Lsω4

) (
R2
)
, there exist ((hn, kn))n∈N ⊂ (S × S) (R) and
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((Hn,Kn))n∈N ⊂ (S × S)
(
R2
)

such that

(2.3) ‖(f, g)− (hn, kn)‖Lpω1
×Lqω2

→ 0

and

(2.4) ‖(Wτ (f, .) ,Wτ (., g))− (Hn,Kn)‖Lrω3
×Lsω4

→ 0.

Then by (2.4), we have ‖Wτ (f, .)−Hn‖r → 0 and ‖Wτ (., g)−Kn‖s → 0. So
(Hn)n∈N and (Kn)n∈N have subsequences (Hnk)nk∈N and (Knk)nk∈Nwhich converge

pointwise to Wτ (f, .) and Wτ (., g) almost everywhere, respectively. Then, we easily
show that

(2.5) ‖Wτ (f, .)−Hnk‖r,ω3
→ 0, ‖Wτ (., g)−Knk‖s,ω4

→ 0.

Using Hölder inequality, we have for any u ∈ S (R)

|Wτ (hn, u) (x, ω)−Hnk (x, ω)| ≤ |Wτ (f, u) (x, ω)−Hnk (x, ω)|+
+ |Wτ (f, u) (x, ω)−Wτ (hn, u) (x, ω)|

≤ |Wτ (f, u) (x, ω)−Hnk (x, ω)|+
∫
R

|(f − hn) (x+ τt)| |u (x− (1− τ) t)| dt

≤ |Wτ (f, u) (x, ω)−Hnk (x, ω)|+
(

1

τ

) 1
p
(

1

1− τ

) 1
p′

‖f − hn‖p ‖u‖p′ ,

(2.6)

where 1
p + 1

p′ = 1. By (2.3) and (2.6), we achieve Wτ (hn, .) = Hnk . Similarly, we

can write Wτ (., kn) = Knk . Then by (2.5), we find

‖Wτ (f, .)−Wτ (hn, .)‖r,ω3
→ 0, ‖Wτ (., g)−Wτ (., kn)‖s,ω4

→ 0.

This implies

(2.7) ‖(Wτ (f, .) ,Wτ (., g))− (Wτ (hn, .) ,Wτ (., kn))‖Lrω3
×Lsω4

→ 0.

Finally combining (2.3) and (2.7), we get

‖(f, g)− (hn, kn)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(f, g)− (hn, kn)‖Lpω1
×Lqω2

+

+ ‖(Wτ (f, .) ,Wτ (., g))− (Wτ (hn, .) ,Wτ (., kn))‖Lrω3
×Lsω4

−→ 0.

Therefore the proof is completed. �

Definition 2.4. Let ω1 and ω3 be weight functions on R and let be 1 ≤ p, r <∞,
τ ∈ (0, 1). The space CW p,r,τ

ω1,ω3
(R) consists of all f ∈ Lpω1

(R) such that their

τ−Wigner transforms Wτ (f, .) are in Lrω3

(
R2
)
. We endow this space with the sum

norm
‖f‖CWp,r,τ

ω1,ω3
= ‖f‖p,ω1

+ ‖Wτ (f, .)‖r,ω3
.

Let ω2 and ω4 be weight functions on R and let be 1 ≤ q, s <∞, τ ∈ (0, 1). The
space CW q,s,τ

ω2,ω4
(R) consists of all g ∈ Lqω2

(R) such that their τ−Wigner transforms

Wτ (., g) are in Lsω4

(
R2
)
. This space is equipped with the sum norm

‖g‖CW q,s,τ
ω2,ω4

= ‖g‖q,ω2
+ ‖Wτ (., g)‖s,ω4

.

By using the method in Theorem 1, it is easy to see that this spaces CW p,r,τ
ω1,ω3

(R)
and CW q,s,τ

ω2,ω4
(R) are Banach space with these sum norm.

Lemma 2.5. The space CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) is isomorphic to
(
CW p,r,τ

ω1,ω3
× CW q,s,τ

ω2,ω4

)
(R).
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Proof. Take the mapping I : CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R)→
(
CW p,r,τ

ω1,ω3
× CW q,s,τ

ω2,ω4

)
(R), I ((f, g))

= (f, g). It is clear that this mapping is linear and bijective. Also, since

‖H ((f, g))‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(f, g)‖Lpω1
×Lqω2

+ ‖(Wτ (f, .) ,Wτ (., g))‖Lrω3
×Lsω4

= ‖f‖p,ω1
+ ‖g‖q,ω2

+ ‖Wτ (f, .)‖r,ω3
+ ‖Wτ (., g)‖s,ω4

= ‖f‖p,ω1
+ ‖Wτ (f, .)‖r,ω3

+ ‖g‖q,ω2
+ ‖Wτ (., g)‖s,ω4

= ‖f‖CWp,r,τ
ω1,ω3

+ ‖g‖CW q,s,τ
ω2,ω4

= ‖(f, g)‖CWp,r,τ
ω1,ω3

×CW q,s,τ
ω2,ω4

,

The mapping I is isometry of CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) into
(
CW p,r,τ

ω1,ω3
× CW q,s,τ

ω2,ω4

)
(R).

Therefore, we obtain that CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) ∼=
(
CW p,r,τ

ω1,ω3
× CW q,s,τ

ω2,ω4

)
(R). �

Definition 2.6. Let f and g be any functions on R. The binary translation map-
ping is defined by

Tx (f, g) (t) = (Txf (t) , Txg (t)) = (f (t− x) , g (t− x)) , x, t ∈ R.

The following lemma is written easily from Proposition4 in [11]

Lemma 2.7. For τ ∈ (0, 1) and z ∈ R, we have

Wτ (Tzf, h) (x, ω) = e−2πiωzT(z(1−τ),0)Wτ (f, h) (x, ω)

and

Wτ (k, Tzg) (x, ω) = e2πiωzT(zτ,0)Wτ (k, g) .

Theorem 2.8. Assume that ω3 is symmetric weight function. The space CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R)
is invariant under binary translations. Moreover,

‖Tz (f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

≤ (u (z) + v ((z, 0)) v ((zτ, 0))) ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

,

where u = max {ω1, ω2} and v = max {ω3, ω4}.

Proof. Let (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). Then, we write (f, g) ∈
(
Lpω1
× Lqω2

)
(R) and

(Wτ (f, .) ,Wτ (., g)) ∈
(
Lrω3
× Lsω4

) (
R2
)
. Also, since ‖Tzf‖p,ω1

≤ ω1 (z) ‖f‖p,ω1

and ‖Tzg‖q,ω2
≤ ω2 (z) ‖f‖q,ω2

[5], we have

‖Tz (f, g)‖Lpω1
×Lqω2

= ‖Tzf‖p,ω1
+ ‖Tzg‖q,ω2

≤ ω1 (z) ‖f‖p,ω1
+ ω2 (z) ‖f‖q,ω2

≤ u (z) ‖(f, g)‖Lpω1
×Lqω2

,(2.8)

where u = max {ω1, ω2}. Then, we write Tz (f, g) ∈
(
Lpω1
× Lqω2

)
(R) for all z ∈ R.

By Lemma 2.7, we have

‖(Wτ (Tzf, .) ,Wτ (., Tzg))‖Lrω3
×Lsω4

= ‖Wτ (Tzf, .)‖r,ω3
+ ‖Wτ (., Tzg)‖s,ω4

=
∥∥e−2πiωzT(z(1−τ),0)Wτ (f, .)

∥∥
r,ω3

+
∥∥e2πiωzT(zτ,0)Wτ (., g)

∥∥
s,ω4

≤ ω3 ((z (1− τ) , 0)) ‖Wτ (f, .)‖r,ω3
+ ω4 ((zτ, 0)) ‖Wτ (., g)‖s,ω4

≤ ω3 ((z, 0))ω3 ((zτ, 0)) ‖Wτ (f, .)‖r,ω3
+ ω4 ((z, 0))ω4 ((zτ, 0)) ‖Wτ (., g)‖s,ω4

≤ v ((z, 0)) v ((zτ, 0)) ‖(Wτ (f, .) ,Wτ (., g))‖Lrω3
×Lsω4

,

(2.9)
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where v = max {ω3, ω4} . Combining (2.8) and (2.9),

‖Tz (f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(Tzf, Tzg)‖Lpω1
×Lqω2

+ ‖(Wτ (Tzf, .) ,Wτ (., Tzg))‖Lrω3
×Lsω4

≤ u (z) ‖(f, g)‖Lpω1
×Lqω2

+ v ((z, 0)) v ((zτ, 0)) ‖(Wτ (f, .) ,Wτ (., g))‖Lrω3
×Lsω4

≤ u (z) ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

+ v ((z, 0)) v ((zτ, 0)) ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= (u (z) + v ((z, 0)) v ((zτ, 0))) ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

.

Finally, we say Tz (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) . �

Definition 2.9. Let f , g, h, k be Borel measurable functions on R. The binary
convolution is defined by (f, g) ∗ (h, k) = (f ∗ h, g ∗ k), where ”∗” denotes usual
convolution. The following conditions must be required for the binary convolution
to be defined; ∫

R

|f (y)h (x− y)| dy <∞

and ∫
R.

|g (y) k (x− y)| dy <∞

Theorem 2.10. a)Assume that ω3 is symmetric weight function. The binary
translation mapping (f, g) −→ Tz (f, g) is continuous from CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) into

CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) for every fixed z ∈ R.
b) The binary translation mapping z → Tz (f, g) is continuous from R into

CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R).

Proof. a) Let (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) be given. It is enough to prove the
theorem for (f, g) = (0, 0). Let ε > 0 be given. Choose an δ > 0 such that
δ = ε

u(z)+v((z,0))v((zτ,0)) . Thus, if ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

< δ, then by (2.9)

‖Tz (f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

≤ (u (z) + v ((z, 0)) v ((zτ, 0))) ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

< δ (u (z) + v ((z, 0)) v ((zτ, 0))) = ε.

b) Take any (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R). It is known that the translation mapping
is continuous from R into Lpω1

(R) and Lqω2
(R), [5]. So for any given ε > 0, there

exists δ1 (ε) > 0 such that if |z − u| < δ1 for z, u ∈ R, then

‖Tz (f, g)− Tu (f, g)‖Lpω1
×Lqω2

= ‖(Tzf − Tuf−, Tzg − Tug)‖Lpω1
×Lqω2

= max
{
‖Tzf − Tuf‖p,ω1

, ‖Tzg − Tug‖q,ω2

}
<
ε

2
(2.10)

Also since the modulation mapping is continuous from R into Lrω3

(
R2
)

and Lsω4

(
R2
)

[5], for the same ε > 0, there exists δ2 (ε) > 0 such that if |z − u| < δ2 for z, u ∈ R,
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then

‖(Wτ (Tzf − Tuf, .) ,Wτ (., Tzg − Tug))‖Lrω3
×Lsω4

=

= ‖Wτ (Tzf − Tuf, .)‖r,ω3
+ ‖Wτ (., Tzg − Tug)‖s,ω4

=

= max{
∥∥e−2πiωzT(z(1−τ),0)Wτ (f, .)− e−2πiωuT(u(1−τ),0)Wτ (f, .)

∥∥
r,ω3

,∥∥e2πiωzT(zτ,0)Wτ (., g)− e2πiωuT(uτ,0)Wτ (., g)
∥∥
s,ω4
} =

= max{
∥∥M(0,−z)T(z(1−τ),0)Wτ (f, .)−M(0,−u)T(u(1−τ),0)Wτ (f, .)

∥∥
r,ω3

,∥∥M(0,z)T(zτ,0)Wτ (., g)−M(0,u)T(uτ,0)Wτ (., g)
∥∥
s,ω4
} < ε

2
(2.11)

Set δ = min {δ1, δ2} . From (2.10) and (2.11), if |z − u| < δ for z, u ∈ R, then

‖Tz (f, g)− Tu (f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(Tzf − Tuf−, Tzg − Tug)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(Tzf − Tuf−, Tzg − Tug)‖Lpω1
×Lqω2

+

+ ‖(Wτ (Tzf − Tuf, .) ,Wτ (., Tzg − Tug))‖Lrω3
×Lsω4

<
ε

2
+
ε

2
= ε.

�

Corollary 1. a) The binary translation mapping z → Tz (f, g) is continuous from
R into CW p,r,τ

ω1,ω3
(R).

b) The binary translation mapping z → Tz (f, g) is continuous from R into
CW q,s,τ

ω2,ω4
(R).

Lemma 2.11. Let f , g ∈ S (R). If τ ∈ (0, 1), then

Wτ (f, g) (x, ω) = e
2πixω
τ

1√
τ (1− τ)

V τD τ
τ−1

gf (x, ω)

holds for all x, ω ∈ R.

Proof. Assume that f , g ∈ S (R). If we make the substitution u = x+ τt, then we
have

Wτ (f, g) (x, ω) =

∫
R

f (x+ τt) g (x− (1− τ) t)e−2πiωtdt

=

∫
R

f (u) g

(
u− u− x

τ

)
e−2πiω(u−xτ ) du

τ

=

∫
R

f (u) g

(
u

(
τ − 1

τ

)
+
x

τ

)
e−2πiω(u−xτ ) du

τ

=
1

τ
e2πi xωτ

∫
R

f (u) g

((
τ − 1

τ

)(
u− x

1− τ

))
e−2πiωuτ du

=
1

τ
e2πi xωτ

∣∣∣∣ τ

τ − 1

∣∣∣∣ 12 ∫
R

f (u)D τ
τ−1

g

(
u− x

1− τ

)
e−2πiωuτ du

= e
2πixω
τ

1√
τ (1− τ)

V τD τ
τ−1

gf (x, ω)

for all x, ω ∈ R. �
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Theorem 2.12. Let f , h, g, k, f1, f2 ∈ S (R). If τ ∈ (0, 1), then

Wτ (f ∗ h, f1) (x, ω) =
1√

τ (1− τ)
e
−2πixω

1−τ

(
h ∗
(
f ∗Mω

τ

(
D τ

τ−1
f1

)∗))( x

1− τ

)
and

Wτ (f2, g ∗ k) (x, ω) =
1

τ
e

2πixω(1+τ)
τ(1−τ)

(
D τ

τ−1
k ∗
(
D τ

τ−1
g ∗M−ω

τ
f∗2

))( −x
1− τ

)
holds for all x, ω ∈ R.

Proof. Take any f , h, f1 ∈ S (R). Then by Lemma 2.11, we have

Wτ (f ∗ h, f1) (x, ω) = e
2πixω
τ

1√
τ (1− τ)

V τD τ
τ−1

f1 (f ∗ h) (x, ω)

= e
2πixω
τ

1√
τ (1− τ)

VD τ
τ−1

f1 (f ∗ h)

(
x

1− τ
,
ω

τ

)
= e

2πixω
τ

1√
τ (1− τ)

e
−2πixω
τ(1−τ)

(
(f ∗ h) ∗Mω

τ

(
D τ

τ−1
f1

)∗)( x

1− τ

)
=

1√
τ (1− τ)

e
−2πixω

1−τ

(
h ∗
(
f ∗Mω

τ

(
D τ

τ−1
f1

)∗))( x

1− τ

)
.

Now take any g, k, f2 ∈ S (R). Again by Lemma 2.11, we get

Wτ (f2, g ∗ k) (x, ω) = e
2πixω
τ

1√
τ (1− τ)

V τD τ
τ−1

(g∗k)f2 (x, ω)

= e
2πixω
τ

1√
τ (1− τ)

VD τ
τ−1

(g∗k)f2

(
x

1− τ
,
ω

τ

)
= e

2πixω
τ

1√
τ (1− τ)

e
−2πixω
τ(1−τ) Vf2D τ

τ−1
(g ∗ k)

(
−x

1− τ
,
−ω
τ

)
= e

2πixω
τ

1√
τ (1− τ)

e
−2πixω
τ(1−τ) e

−2πi(−x)ω
τ(1−τ)

(
D τ

τ−1
(g ∗ k) ∗M−ω

τ
f∗2

)( −x
1− τ

)

=
1√

τ (1− τ)
e

2πixω(1+τ)
τ(1−τ)

∣∣∣∣ τ

τ − 1

∣∣∣∣−1
2 ((

D τ
τ−1

g ∗D τ
τ−1

k
)
∗M−ω

τ
f∗2

)( −x
1− τ

)
=

1

τ
e

2πixω(1+τ)
τ(1−τ)

(
D τ

τ−1
k ∗
(
D τ

τ−1
g ∗M−ω

τ
f∗2

))( −x
1− τ

)
.

�

Theorem 2.13. Suppose that ω3 = k1 and ω4 = k2 such that k1 and k2 are
constant numbers. Then CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) is an essential Banach module over(

L1
ω1
× L1

ω2

)
(R).

Proof. Let ω3 and ω4 be constant weight functions. It is known that CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R)
is a Banach space by Theorem 2.2. Now we take any (f, g) ∈ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R)

and (h, k) ∈
(
L1
ω1
× L1

ω2

)
(R). Since Lpω1

(R) and Lqω2
(R) are Banach convolution

module over L1
ω1

(R) and L1
ω2

(R) respectively, we have

(2.12) ‖f ∗ h‖p,ω1
≤ ‖f‖p,ω1

‖h‖1,ω1
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and

(2.13) ‖g ∗ k‖q,ω2
≤ ‖g‖q,ω2

‖k‖1,ω2
.

Take any f1 ∈ S (R). By Theorem 2.12, we get

‖Wτ (f ∗ h, f1)‖r,ω3
=

∥∥∥∥∥ 1√
τ (1− τ)

e
−2πixω

1−τ

(
h ∗
(
f ∗Mω

τ

(
D τ

τ−1
f1

)∗))( x

1− τ

)∥∥∥∥∥
r,ω3

=
1√

τ (1− τ)

∥∥∥∥∥∥
∫
R

h (u)Tu

(
f ∗Mω

τ

(
D τ

τ−1
f1

)∗)( x

1− τ

)
du

∥∥∥∥∥∥
r,ω3

=
1√

τ (1− τ)

∫
R

|h (u)|
∥∥∥∥Tu (f ∗Mω

τ

(
D τ

τ−1
f1

)∗)( x

1− τ

)∥∥∥∥
r,ω3

du

=
1√

τ (1− τ)

∫
R

|h (u)|
∥∥∥∥(f ∗Mω

τ

(
D τ

τ−1
f1

)∗)( x

1− τ

)∥∥∥∥
r,ω3

du

=
1√

τ (1− τ)

∫
R

|h (u)|
∥∥∥∥e 2πixω

τ(1−τ) e
−2πixω
τ(1−τ)

(
f ∗Mω

τ

(
D τ

τ−1
f1

)∗)( x

1− τ

)∥∥∥∥
r,ω3

du

=
1√

τ (1− τ)

∫
R

|h (u)|
∥∥∥∥e 2πixω

τ(1−τ)VD τ
τ−1

f1f

(
x

1− τ
,
ω

τ

)∥∥∥∥
r,ω3

du

=
1√

τ (1− τ)

∫
R

|h (u)|
∥∥∥∥V τD τ

τ−1
f1f (x, ω)

∥∥∥∥
r,ω3

du

=

∫
R

|h (u)|

∥∥∥∥∥e−2πixω
τ

1√
τ (1− τ)

e
2πixω
τ V τD τ

τ−1
f1f (x, ω)

∥∥∥∥∥
r,ω3

du

=

∫
R

|h (u)|
∥∥∥e−2πixω

τ Wτ (f, f1)
∥∥∥
r,ω3

du

= ‖Wτ (f, f1)‖r,ω3
‖h‖1

≤ ‖Wτ (f, f1)‖r,ω3
‖h‖1,ω3

<∞.
(2.14)

Thus Wτ (f ∗ h, .) ∈ Lrω3

(
R2
)
. Now take f2 ∈ S (R). Again by Theorem 2.12, we

have

‖Wτ (f2, g ∗ k)‖s,ω4
=

∥∥∥∥∥1

τ
e

2πixω(1+τ)
τ(1−τ)

(
D τ

τ−1
k ∗
(
D τ

τ−1
g ∗M−ω

τ
f∗2

))( −x
1− τ

)∥∥∥∥∥
s,ω4

=
1

τ

∥∥∥∥(D τ
τ−1

k ∗
(
D τ

τ−1
g ∗M−ω

τ
f∗2

))( −x
1− τ

)∥∥∥∥
s,ω4

=
1

τ

∥∥∥∥∥∥
∫
R

D τ
τ−1

k (u)Tu

(
D τ

τ−1
g ∗M−ω

τ
f∗2

)( −x
1− τ

)
du

∥∥∥∥∥∥
s,ω4

=
1

τ

∫
R

∥∥∥∥D τ
τ−1

k (u)Tu

(
D τ

τ−1
g ∗M−ω

τ
f∗2

)( −x
1− τ

)∥∥∥∥
s,ω4

du
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=
1

τ

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ∥∥∥∥e 2πixω

τ(1−τ) e
−2πixω
τ(1−τ)

(
D τ

τ−1
g ∗M−ω

τ
f∗2

)( −x
1− τ

)∥∥∥∥
s,ω4

du

=
1

τ

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ∥∥∥∥e 2πixω

τ(1−τ)Vf2D τ
τ−1

g

(
−x

1− τ
,
−ω
τ

)∥∥∥∥
s,ω4

du

=
1

τ

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ∥∥∥∥e 4πixω

τ(1−τ) e
−2πixω
τ(1−τ) Vf2D τ

τ−1
g

(
−x

1− τ
,
−ω
τ

)∥∥∥∥
s,ω4

du

=
1

τ

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ∥∥∥∥e 4πixω

τ(1−τ)VD τ
τ−1

gf2

(
x

1− τ
,
ω

τ

)∥∥∥∥
s,ω4

du

=
1

τ

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ∥∥∥∥∥√τ (1− τ)e

−2πixω
τ

1√
τ (1− τ)

e
2πixω
τ V τD τ

τ−1
gf2 (x, ω)

∥∥∥∥∥
s,ω4

du

=
1

τ

√
τ (1− τ)

∫
R

∣∣∣D τ
τ−1

k (u)
∣∣∣ ‖Wτ (f2, g)‖s,ω4

du

=

√
1− τ
τ
‖Wτ (f2, g)‖s,ω4

∥∥∥D τ
τ−1

k
∥∥∥

1

=

√
1− τ
τ
‖Wτ (f2, g)‖s,ω4

√
τ

1− τ
‖k‖1

≤ ‖Wτ (f2, g)‖s,ω4
‖k‖1,ω4

<∞.
(2.15)

So Wτ (., g ∗ k) ∈ Lsω4

(
R2
)
. Combining (2.12), (2.13), (2.14) and (2.15), we achieve

‖(f, g) ∗ (h, k)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(f ∗ h, g ∗ k)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

=

= ‖(f ∗ h, g ∗ k)‖Lpω1
×Lqω2

+ ‖(Wτ (f ∗ h, .) ,Wτ (., g ∗ k))‖Lrω3
×Lsω4

= max
{
‖f ∗ h‖p,ω1

, ‖g ∗ k‖q,ω2

}
+ max

{
‖Wτ (f ∗ h, .)‖r,ω3

, ‖Wτ (., g ∗ k)‖s,ω4

}
= max

{
‖f‖p,ω1

‖h‖1,ω1
, ‖g‖q,ω2

‖k‖1,ω2

}
+ max

{
‖Wτ (f, .)‖r,ω3

‖h‖1,ω3
, ‖Wτ (., g)‖s,ω4

‖k‖1,ω4

}
= max

{
‖f‖p,ω1

, ‖g‖q,ω2

}
max

{
‖h‖1,ω1

, ‖k‖1,ω2

}
+

+ max
{
‖Wτ (f, .)‖r,ω3

, ‖Wτ (., g)‖s,ω4

}
max

{
‖h‖1,ω3

, ‖k‖1,ω4

}
= max

{
‖f‖p,ω1

, ‖g‖q,ω2

}
max

{
‖h‖1,ω1

, ‖k‖1,ω2

}
+

+ max
{
‖Wτ (f, .)‖r,ω3

, ‖Wτ (., g)‖s,ω4

}
max

{
‖h‖1,ω1

, ‖k‖1,ω2

}
=
{

max
{
‖f‖p,ω1

, ‖g‖q,ω2

}
+ max

{
‖Wτ (f, .)‖r,ω3

, ‖Wτ (., g)‖s,ω4

}}
max

{
‖h‖1,ω1

, ‖k‖1,ω2

}
=
{
‖(f, g)‖Lpω1

×Lqω2
+ ‖(Wτ (f, .) ,Wτ (., g))‖Lrω3

×Lsω4

}
‖(h, k)‖L1

ω1
×L1

ω2

= ‖(f, g)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

‖(h, k)‖L1
ω1
×L1

ω2

.

(2.16)

Therefore we obtain that CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) is a Banach module over
(
L1
ω1
× L1

ω2

)
(R).
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Now we will show that CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) is an essential Banach module over(
L1
ω1
× L1

ω2

)
(R) and use Module Factorization Theorem [12]. For this, it suffices to

prove that
(
L1
ω1
× L1

ω2

)
(R) ∗ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) is dense in CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R). By

(2.16), we can write(
L1
ω1
× L1

ω2

)
(R) ∗ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) ⊂ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) .

Also it is known that L1
ω1

(R) and L1
ω2

(R) have bounded approximate identity,
[6]. Let U and V be compact neighbourhoods of the unit element of R. We can
choose approximate identities (eα)α∈I and (eβ)β∈I which are positive bounded and

suppeα ⊂ U , suppeβ ⊂ V , ‖eα‖1 = 1 and ‖eβ‖1 = 1 for all α, β ∈ I. Let
(h, k) ∈ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R). For fixed α0, β0 ∈ I, we get

‖(eα0 , eβ0) ∗ (h, k)− (h, k)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

= ‖(eα0 ∗ h− h, eβ0 ∗ k − k)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

≈ ‖(eα0
∗ h− h, eβ0

∗ k − k)‖CWp,r,τ
ω1,ω3

×CW q,s,τ
ω2,ω4

(2.17) = ‖eα0
∗ h− h‖CWp,r,τ

ω1,ω3
+ ‖eβ0

∗ k − k‖CW q,s,τ
ω2,ω4

.

On the other hand, since the translation mapping is continuous by Corollary 1, we
have ‖Tzh− h‖CWp,r,τ

ω1,ω3
< ε

2 for given any ε > 0. Hence

‖eα0
∗ h− h‖CWp,r,τ

ω1,ω3
=

∥∥∥∥∥∥
∫
R

eα0
(z) (Tzh (y)− h (y)) dz

∥∥∥∥∥∥
CWp,r,τ

ω1,ω3

≤
∫
Rd

eα0 (z) ‖Tzh− h‖CWp,r,τ
ω1,ω3

dz <
ε

2
.(2.18)

Similarly we write for the same ε > 0,we can make

(2.19) ‖eβ0
∗ k − k‖CW q,s,τ

ω2,ω4
<
ε

2
.

Then, by (2.17), (2.18) and (2.19), we obtain

‖(eα0
, eβ0

) ∗ (h, k)− (h, k)‖CWp,q,r,s,τ
ω1,ω2,ω3,ω4

<
ε

2
+
ε

2
= ε.

That means
(
L1
ω1
× L1

ω2

)
(R) ∗ CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R) is dense in CW p,q,r,s,τ

ω1,ω2,ω3,ω4
(R).

Therefore from Module Factorization Theorem, the proof is completed. �

By using Theorem 6, it easy to prove following Corollary

Corollary 2. Assume that ω3 = k1 and ω4 = k2 such that k1 and k2 are constant
numbers. Then,

a) CW p,r,τ
ω1,ω3

(R) is an essential Banach module over L1
ω1

(R).

b) CW q,s,τ
ω2,ω4

(R) is an essential Banach module over L1
ω2

(R).

Theorem 2.14. Let ω3 = k1 and ω4 = k2 be constant weight functions. Then
there exists ((eα, eβ))α,β∈I is an approximate identity of the space

(
L1
ω1
× L1

ω2

)
(R)

such that

lim
α,β∈I

(eα, eβ) ∗ (f, g) = (f, g)

for all (f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R).
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Proof. Using the fact that L1
ω1

(R) and L1
ω2

(R) have bounded approximate identi-
ties (eα)α∈I and (eβ)β∈I , respectively, we easily obtain that ((eα, eβ))α,β∈I is an

approximate identity in
(
L1
ω1
× L1

ω2

)
(R). On the other hand, from Corollary 2 and

by [3], we get

(2.20) lim
α∈I

eα ∗ f = f , lim
β∈I

eβ ∗ g = g

for all f ∈ CW p,r,τ
ω1,ω3

(R) and g ∈ CW q,s,τ
ω2,ω4

(R) . Therefore by (2.20), we obtain

lim
α,β∈I

(eα, eβ) ∗ (f, g) = lim
α,β∈I

(eα ∗ f, eβ ∗ g) = (f, g)

(f, g) ∈ CW p,q,r,s,τ
ω1,ω2,ω3,ω4

(R) . �

3. Conclusion

Wigner transform, which is a quadratic time-frequency representation; it is very
ideal in the mathematical description of the time-frequency information of the sig-
nals. The reasons for its preference can be summarized as follows: The Wigner
transform measures the energy of a given signal in any frequency band and in any
time period. Thus, in signal analysis, the information of the energy density in
the time-frequency plane is obtained. It also gives the joint probability distribu-
tion for position and momentum variables in physics, [7]. In our previous papers,
we have characterized function spaces using the wavelet transform and fractional
wavelet transform, [4,8]. In this study, we defined a new function space using the
τ−Wigner transform, which is a quadric time-frequency transform. We then have
studied the Banach module structure of this space, the continuity of the translation
mapping and its approximate units. In this way, a new function space with rich
features was characterized thanks to the τ−Wigner transform, which is frequently
used in harmonic analysis, signal analysis and operator theory.
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[10] A. Sandıkçı, Continuity of Wigner-type operators on Lorentz spaces and Lorentz mixed
normed modulation spaces, Turkish Journal of Mathematics, 38, 728– 745 (2014).
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