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1. Introduction and preliminaries

In this study, we introduce hyperbolic Jacobsthal-Lucas numbers and give some properties of them. Firstly, we present
some background information about hyperbolic numbers and Jacobsthal-Lucas numbers. One can see [1]-[8] for details.
Jacobsthal-Lucas sequence J,, is defined by the second-order recurence relation

Jn+2 = Jn+1 +2J,
with initial values Jy = 2,J; = 1. The first few terms of this sequence are given as follows:
2,1,5,7,17,31,65,127,257,511,1025,2047, ...

Binet’s formula and generating function of Jacobsthal-Lucas sequence are given by

Jy=2"4(-1)"
and
= 2 —x?
It = ————
n;() " 1 —x—2x2
respectively.

The set of hyperbolic numbers H can be described as
H={z=x+hy:h¢ R =1xy€R}.
Addition, substruction and multiplication of any two hyperbolic numbers z; and z, are defined by

21+ 20 = (x1 +hy1) + (xa+hyz) = (x1 £x2) +h(y1 £ y2),
71 X 22 = (x1 +hyr) X (x2 +hy2) = x1x2 +y1y2 + h(x1y2 +y1x2),
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and the division of two hyperbolic numbers are given by

a_xithy  nthy)G—hy) xxtyiy o xiytyin
2 xathyy  (xa+hy2)(x2—hy2) 5=y X5y

The hyperbolic conjugation of z = x + hy is defined by
Z=x—hy.

For more information and properties related hyperbolic numbers, see [9]-[18].

2. Hyperbolic Jacobsthal-Lucas sequence

In [14], author presented hyperbolic Fibonacci sequence and examined its properties. In this study, we define hyperbolic
Jacobsthal-Lucas sequence and examined some of its properties.
The hyperbolic Jacobsthal-Lucas numbers are defined by

HJ, =J, +h-ln+1

with initial conditions HJo = 2 +h, HJ; = 1 + 5h where h> = 1. Then the first few terms of hyperbolic Jacobsthal-Lucas
numbers are

24+h,1+5h,54+Th,74+17h,17+31h,31 +65h,65+ 127h, ...,
It can be easily shown that
HJ,=HJ,_1+2HJ,,.
In fact, by using the definition of the hyperbolic Jacobsthal-Lucas numbers, we have
HJ, =J, +h~]n+l =Jp1+2J52 +h(~]n +2Jn7])

=2l 2+h2J, 1 +J—1+h,

=HJ,_1+2HJ,_>.
Theorem 2.1. Let HJ,, be n—th hyperbolic Jacobsthal-Lucas number, then we obtain

HI,
fim 1 _
x—eo HJ,

Proof. We have

lim 71—,

x—oo J,

for the Jacobsthal-Lucas sequence J,,. Then using this value for the hyperbolic Jacobsthal-Lucas HJ,, we get

o Hlpil _ qe Jpsihd,
)}1_{{{, e = }1_{1010 J:ihj,,ﬂz
— Tipn Jne1 HhUpy1 +2H0p)
- )}E;Igo - -/n+h-7n+l
iy CEDHACEN42)
xowe L4 (hEL)
__ 2+4h _ 2
1420 T =
O
Theorem 2.2. The Binet formula for the hyperbolic Jacobsthal-Lucas numbers is given by
HJ, = (14+2h)2"+ (1 —h)(—1)". (2.1)

Proof. By using the Binet formula of the Jacobsthal-Lucas numbers
Jn =2" + (71)11,
we get

HJn:Jn+th+l
:2n+(_1)n+h(2n+l_|_(_1)n+1)
= (1428)2"+ (1 — h)(—1)".
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Theorem 2.3. The generating function for the hyperbolic Jacobsthal-Lucas sequence is given by

> 24+h+(1—4h)x
H X' ——
Z nt 1—x—2x2

Proof. Let

X) = Z HJx"
n=0
be generating function of hyperbolic Jacobsthal-Lucas numbers. Then we have the following equations:

g(x) = Hlg+HJix+ Hhx* + HIx* + HIyx* + ..

—xg(x) = —HJox — HJ1x* — Hlox) — HJ3x* — HIux — ..
—2:2g(x) = —2HJox® — 2HJ1x® — 2HIpx* — 2HJ3x® — 2HJ4x® — ..
(1—x—2x")g(x) = HJo+ (HJ, — HJo)x.

By rewriting the last equation, we get

oy A (L= 4
X)) =
& 1—x—2x2

with HJp =2+ h, HJ; = 1+ 5h. O

Theorem 2.4. (Catalan’s identity) The following identitiy holds for all natural numbers n and m:
HlpymHI g — HIZ = (—14h)[(—2)" " + (=2)"m 4 (—2)" 1],
Proof. By using the formula (2.1), we obtain

HyimH Iy —HI; = ((1420) 27" + (1 = h) (=1 )”*’") ((1+2m) 27"+ (1=h) (=1)"")
—((142m)2"+ (1 = R)(—1)")?
= ((544n)2%" 4+ (2=2h) (= 1)* + (=1 +A)2*(=1)"[2"(=1) " +27"(=1)"])
—((544h)2%" + (2 =2h) (= 1)?" +2(=1+h)2"(—1)")

= (=1+m)[(=2)"" + (=2)" "+ (=2)"*].
O
Theorem 2.5. (d’Ocagne’s identity) The following identitiy holds for any integers n and m:
HlprHy = HlpH o = 3(= 14+ h)[(=2)"(=1)" = (=2)"(=1)"].
Proof. By the Binet formula (2.1), we get
Hlp 1 Hly — HIpH g = (1420)2" 7 4 (1= R) (= 1)) (1 4-20)2" + (1 — h)(—1)")
—((142R)2" + (1= h) (= 1)) (1 +2R)2" + (1= h)(—1)"*1)
=3(=1+h)[(=2)"(=1)" = (=2)"(=1)"].
O

Theorem 2.6. (Gelin-Cesaro’s identity) The following identitiy holds for any integers n and m:

HlpsoHly\Hly 1 Hy oy — HIF = S (=14 Rh)(=2)"[(2)* ™ = 13(1 — h)(—2)" +4(1 — h)].

3!
Proof. Using

HJ, = (1+2h)2"+ (1 —h)(—1)",
HJy = (14+2h)[2" + (=1 +h) (=1)"],

and by setting a = 2",b = (—1+h)(—1)" we obtain following values:
1.HJy o = (1+2h)[4a+ D)
2.HJyp1 = (14 2h)[2a —b]

3.HJ, 1 = (142h)[% —b]
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4.HJy o= (1+20)[% +b]

from the above values, we can easily calculate

HiyioHlyp 1 Hly o HJ 2 — HI* = (14 21)*[(8a? — 2ab — D) (% + % — b?) — (a* + b* + 4ab+ 6a2b2 + 4ab?)]
=2(—=1+h)(-2)"[(2)**! - 13(1 —h)(—2)" +4(1—h)).
O
Theorem 2.7. (Melham’s identity) The following identity holds for any integers n and m:
Hlyi1Hly2H 6 — HI, 3 = 9(1—h)(=2)"[2" 7 +10(1 — h)(—=1)"].
Proof. Using
HJ, = (142h)2"+(1—h)(-1)",
HJ,=(14+2h)2"+ (=1+h)(—-1)"],
and by setting a = 2",b = (—1+h)(—1)" we obtain following values:
1.HJyy1 = (142h)[2a - D],
2.HJpi2 = (142h)[4a+Db],
3.HJy 16 = (1+2h)[64a+b],
4.HJyi3 = (1+2h)[8a—D].
From the above values, we can easily calculate
Hly\HlpiaHly 6 —HIY 5 = (1+2h)[(8a* — 2ab — b?) (64a+ b) — (8a — b)?]
= (1+2h)39ab[8a — 10b]
=9(1—h)(=2)"[2"*? +10(1 = h)(—1)"].
O

Theorem 2.8. Forn > 0, we obtain

ZHJk HJn+2 (1+5h)).

Proof. We use the mathematical induction on n. For n = 0, we have
1 1
HJy = E[sz —(1+5n)] = 5[5+7h— 1—5h =2+h.

Now assume that it is true for n = k, namelyand by setting

From the induction hypothesis, we obtain

k+1

ZHJk—

(HJy12 — (14+5h)) + HJy1q

(HJiy2 = (1+5h) +2HJj41)

N\*—‘N"—‘ [\)\»—a

(HJs3 — (1+5h)).
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3. Conclusion

The hyperbolic Jacobsthal-Lucas numbers with initial conditions HJo =2+ h, HJ; = +5h are defined by

HI, =J, +th+l

where h? = 1.
In this paper, we give the hyperbolic Jacobsthal Lucas numbers and present some recurrence relations, Binet’s formula,
generating function and some special idetities for these numbers.
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