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Abstract. In this study, the spherical indicatrices of Flc frame vectors were defined on unit sphere. The arc length
parameters and the Frenet vectors of these indicatrix curves were calculated, as well. Last, we have provided the
geodesic curvatures according to both Euclidean space E3 and unit sphere S 2.
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1. Introduction

In classical differential geometry, the curves are characterized by a moving frame of which the most referred one is
the Frenet frame. However, to settle a frame on a given curve like Frenet, it is required to make a choice of at least C3

class non-degenerate curve. In 1975, L.Bishop defined another frame known to be alternative parallel frame that can
be settled on the points at which even the curvatures vanish [1]. As Bishop pointed out in his study that ”there is more
than one way to frame a curve”, recently Dede has introduced a new moving frame relatively having some advantages
but under the constraint that the curve to be framed should be polynomial. They named it as the Flc (Frenet-like curve)
frame. Calculations to be made for Flc frame is much easier compared to Frenet frame and it has an analytic form
which is not the case for Bishop frame. In addition to these, Flc frame is less singular than Frenet frame and has much
less undesirable rotations around the tangent of the curve [3]. Spherical indicatrices, on the other hand, are special
curves drawn by the unit vectors centered at a unit sphere. In 3 dimensional Euclidean space, the characteristics of
such curves like arc-lengths and geodesic curvatures are given in [6]. These are examined for Minkowski space in [2].
The spherical indicatrix curves according to Bishop frame and Dual Bishop frame were investigated in [12] and [5],
respectively. The spherical indicatrices were charecterized on slant helix as a special curve in [7]. There are also studies
spherical indicatrices curves of some special curves in [10, 11].

In this study, we first defined the spherical indicatrix curves of each vector components of Flc frame on unit sphere.
Then for each spherical indicatrices, we calculated the Frenet frame and defined the arc lengths and the geodesic
curvatures for both E3 and S 2.
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2. Preliminaries

In this section, we remind some basic concepts that will be used through out the paper. Let α = α(s) be a regular
space curve and non-degenerate condition α

′

(s) ∧ α
′′

(s) , 0. Then, three orthogonal vector fields which called Frenet
frame are defined as [9]

T (s) =
α
′

(s)
‖α

′ (s)‖
, B(s) =

α
′

(s) ∧ α
′′

(s)
‖α

′ (s) ∧ α′′ (s)‖
, N(s) = B(s) ∧ T (s), (2.1)

where T is the tangent, N is the principal normal and B is the binormal vector field. The Frenet formulas are given by

T ′ = κνN, N′ = −κνT + τνB, B′ = −τνN ,
∥∥∥α′∥∥∥ = ν, (2.2)

where the curvature κ and torsion τ of the curve are

κ =

∥∥∥α′ (s) ∧ α
′′

(s)
∥∥∥

‖α
′ (s)‖3

, τ =

〈
α
′

(s) ∧ α
′′

(s), α
′′′

(s)
〉

‖α
′ (s) ∧ α′′ (s)‖2

.

We define the nth degree polynomial with parameter t as

P(t) = antn + an−1tn−1 + ... + a1t1 + a0, an , 0,

where n ∈ N0, ai ∈ R, (0 ≤ i ≤ n) [8].
Now let us define a curve such that, α : [a, b] → En, α(t) = (α1(t), α2(t), ..., αn(t)). If each αis are polynomial for

1 ≤ i ≤ n, then at ∈ R [t] is defined to be an n-dimensional polynomial curve [4]. The degree of such a polynomial
curve as α(t) is given by

degα(t) = max
{
deg (α1(t)) , deg (α2(t)) , ..., deg (αn(t))

}
[8].

Regarding to these, let us define α = α(s) as a polynomial space curve. The definition of the Flc frame for α introduced
by Dede in [3] is as following

T (s) =
α
′

(s)
‖α

′ (s)‖
, D1(s) =

α
′

(s) ∧ α(n)(s)∥∥∥α′ (s) ∧ α(n)(s)
∥∥∥ , D2(s) = D1(s) ∧ T (s), (2.3)

where the prime ′ indicates the differentiation with respect to s and (n) stands for the nth derivative. The new vectors
D1 and D2 are called as binormal-like vector and normal-like vector, respectively. The curvatures of the Flc-frame
d1, d2 and d3 are given by

d1 =
〈T ′,D2〉

v
, d2=

〈T ′,D1〉

v
, d3 =

〈D2
′,D1〉

v
,

where ‖α′‖ = ν. The local rate of change of the Flc-frame called as the Frenet-like formulas can be expressed in the
following form  T ′

D2
′

D1
′

 = v

 0
−d1
−d2

d1
0
−d3

d2
d3
0


 T

D2
D1

 . (2.4)

The Darboux vector DW of the Flc-Frame can be obtained as in the following form

DW = v(d3T − d2D2 + d1D1). (2.5)

Thus, the instantaneous angular speed of the Flc-frame is calculated as follows

‖DW‖ = v
√

d1
2 + d2

2 + d3
2.

The instantaneous rate of change for each of these vectors T,D2 and D1 has two components, namely from (2.5), we
write

• DW∧T = d2D1+d1D2, thus T changes instantaneous rate d2 and d1 in the direction of D2 and D1, respectively

• DW∧D2 = d3D1−d1T, thus D2 changes instantaneous rate d3 and d1 in the direction of D2 and T , respectively.

• DW∧D1 = −d3D2−d2T, thus D1 changes instantaneous rate d3 and d2 in the direction of D2 and T , respectively.
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For a surface, M in E3, let us denote the shape operator with S , the unit normal vector field with ξ and the Riemann
connection with D, then for ∀X,Y ∈ χ(M), the Gauss equation is defined by

D̄XY = DXY + 〈S (X),Y〉 ξ. (2.6)

Here, D̄ is derivative operator in Gauss sense.
The geodesic curvatures of α according to E3 and S 2 is given by

kg = ‖DT T‖ , (2.7)

µg =
∥∥∥D̄T T

∥∥∥ , (2.8)

respectively [6].

3. Some Characterizations of Spherical Indicatrix Curves Generated by Flc Frame

In this section, we define the spherical indicatrix curves of Flc frame on the unit sphere. We also provide the Frenet
elements of each indicatrices and by using Gauss equation we calculate geodesic curvatures according to both E3 and
S 2.

Definition 3.1. Let α be a polynomial curve in E3 and {T,D2,D1} denote its Flc frame. The curve traced out by the
vector T centered at unit sphere is called T− or tangent indicatrix curve according to Flc frame and is defined as

αT (s) = T (s).

Theorem 3.2. The Frenet vectors TT ,NT , BT of T− indicatrix curve according to Flc frame are given as follows:

TT =
d1√

d1
2 + d2

2
D2 +

d2√
d1

2 + d2
2

D1,

NT =
x2d2 − x3d1√

d1
2 + d2

2
T −

x1d2√
d1

2 + d2
2

D2 +
x1d1√

d1
2 + d2

2
D1,

BT =

(
v3d3(d2

1 + d2
2) + vd1(vd2)′ − vd2(vd1)′

)
T −

(
v3d2(d2

1 + d2
2)
)
D2 +

(
v3d1(d2

1 + d2
2)
)
D1√

(v3d3(d2
1 + d2

2) + vd1(vd2)′ − vd2(vd1)′)2 + v6(d2
1 + d2

2)3
,

(3.1)

where x1, x2, x3 are coefficients of the following form

x1 =
v3d3(d2

1 + d2
2) + vd1(vd2)′ − vd2(vd1)′√

(v3d3(d2
1 + d2

2) + vd1(vd2)′ − vd2(vd1)′)2 + v6(d2
1 + d2

2)3
,

x2 = −
v3d2(d2

1 + d2
2)√

(v3d3(d2
1 + d2

2) + vd1(vd2)′ − vd2(vd1)′)2 + v6(d2
1 + d2

2)3
, ,

x3 =
v3d1(d2

1 + d2
2)√

(v3d3(d2
1 + d2

2) + vd1(vd2)′ − vd2(vd1)′)2 + v6(d2
1 + d2

2)3
.

Proof. By referring the relation (2.4), the first and second derivative of αT (s) = T (s) can be easily given as

αT
′(s) = v(d1D2 + d2D1),

αT
′′(s) = −v2(d2

1 + d2
2)T +

(
(vd1)′ − v2d2d3

)
D2 +

(
(vd2)′ + v2d1d3

)
D1.
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Now, recalling the definitions given in (2.1) and (2.2), we calculate the required components as

∥∥∥αT
′(s)

∥∥∥ = ν

√
d1

2 + d2
2,

αT
′(s) ∧ αT

′′(s) =
(
v3d3(d2

1 + d2
2) + vd1(vd2)′ − vd2(vd1)′

)
T −

(
v3d2(d2

1 + d2
2)
)
D2 +

(
v3d1(d2

1 + d2
2)
)
D1,

∥∥∥αT
′(s) ∧ αT

′′(s)
∥∥∥ =

√
(v3d3(d2

1 + d2
2) + vd1(vd2)′ − vd2(vd1)′)2 + v6(d2

1 + d2
2)3.

Substituting these relations in place we complete the proof. �

Theorem 3.3. The geodesic curvatures of T- indicatrix curve according to E3 and S 2 are given as following:

kT
g =

√(
d1

2 + d2
2
) (

d1d2
′ − d2d1

′)2
+ 2d3

(
d1d2

′ − d2d1
′) (d1

2 + d2
2
)2

+ d3
2
(
d1

2 + d2
2
)3

+
(
d1

2 + d2
2
)4(

d1
2 + d2

2
)2 ,

µT
g =

√(
d1

2 + d2
2
) (

d1d2
′ − d2d1

′)2
+ 2d3

(
d1d2

′ − d2d1
′) (d1

2 + d2
2
)2

+ d3
2
(
d1

2 + d2
2
)3(

d1
2 + d2

2
)2 ,

respectively.

Proof. From (3.1), if we take the derivative of TT and consider the relation (2.4), then we get

DTT TT =
−

(
d2

(
d1d2

′ − d2d1
′) + d2d3

(
d1

2 + d2
2
))

D2 +
(
d1

(
d1d2

′ − d2d1
′) + d1d3

(
d1

2 + d2
2
))

D1(
d1

2 + d2
2
)2 − T.

By using the relation given in (2.7), kT
g can be easily obtained. On the other hand, when considered the Gauss equation

given in (2.6), we get the following relations

D̄TT TT = DTT TT + 〈S (TT ) ,TT 〉T

=
−

(
d2

(
d1d2

′ − d2d1
′) + d2d3

(
d1

2 + d2
2
))

D2 +
(
d1

(
d1d2

′ − d2d1
′) + d1d3

(
d1

2 + d2
2
))

D1(
d1

2 + d2
2
)2

to be used to calculate µT
g by the definition given in (2.8), which completes the proof. �

Remark 3.4. Since, Frenet and Flc frame have a common tangent vector field which means the images of tangent
indicatrix for both are the same on a unit sphere, one would argue the necessity of calculations. However, we are
concerned to the Flc frame, and express those characterizations of T-indicatrix according to the Flc invariants.

Definition 3.5. Let α be a polynomial curve in E3 and {T,D2,D1} denote the Flc frame. The curve traced out by the
vector D2 centered at unit sphere is called D2− or normal like indicatrix curve and is defined as

αD2 (s) = D2(s).

Theorem 3.6. The Frenet vectors TD2 ,ND2 , BD2 of D2− indicatrix curve according to Flc frame are given as follows:
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TD2 =
−d1√

d1
2 + d3

2
T +

d3√
d1

2 + d3
2

D1,

ND2 =
u2d3√

d1
2 + d3

2
T −

u1d3 + u3d1√
d1

2 + d3
2

D2 +
u2d1√

d1
2 + d3

2
D1,

BD2 =

(
v3d3(d2

1 + d2
3)
)
T +

(
− vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2)

)
D2 +

(
v3d1(d2

1 + d2
3)
)
D1√

(−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2))2 + v6(d2
1 + d2

3)3

(3.2)

where the coefficients u1, u2 and u3 are of the following forms:

u1 =
v3d3(d2

1 + d2
3)√

(−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2))2 + v6(d2
1 + d2

3)3
,

u2 =
−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2)√

(−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2))2 + v6(d2
1 + d2

3)3
,

u3 =
v3d1(d2

1 + d2
3)√

(−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2))2 + v6(d2
1 + d2

3)3
,

respectively.

Proof. By taking the first and second derivative of the expression αD2 (s) = D2(s) and using (2.4) we get

αD2
′(s) = v(−d1T + d3D1),

αD2
′′(s) = −

(
(vd1)′ + d2d3v2)T − v2(d2

1 + d2
3)D2 +

(
(vd3)′ − d1d2v2)D1.

Similarly, by calculating the necessary relations as following∥∥∥αD2
′(s)

∥∥∥ = ν

√
d1

2 + d3
2,

αD2
′(s) ∧ αD2

′′(s) =
(
v3d3(d2

1 + d2
3)
)
T +

(
− vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2)

)
D2 +

(
v3d1(d2

1 + d2
3)
)
D1,

∥∥∥αD2
′(s) ∧ αD2

′′(s)
∥∥∥ =

√
(−vd3((vd1)′ + d2d3v2) + vd1((vd3)′ − d1d2v2))2 + v6(d2

1 + d2
3)3

to substitute in (2.1), we complete the proof. �

Theorem 3.7. The geodesic curvatures of D2− indicatrix curve according to E3 and S 2 are given as following:

kD2
g =

√(
d1

2 + d3
2
) (

d1d3
′ − d3d1

′)2
− 2d2

(
d1d3

′ − d3d1
′) (d1

2 + d3
2
)2

+ d2
2
(
d1

2 + d3
2
)3

+
(
d1

2 + d3
2
)4(

d1
2 + d3

2
)2 ,

µD2
g =

√(
d1

2 + d3
2
) (

d1d3
′ − d3d1

′)2
− 2d2

(
d1d3

′ − d3d1
′) (d1

2 + d3
2
)2

+ d2
2
(
d1

2 + d3
2
)3(

d1
2 + d3

2
)2 ,
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respectively.

Proof. By taking the derivative of TD2 given in (3.2), and considering again (2.4), we have

DTD2
TD2 =

(
d3

(
d1d3

′ − d3d1
′) − d2d3

(
d1

2 + d3
2
))

T +
(
d1

(
d1d3

′ − d3d1
′) − d1d2

(
d1

2 + d3
2
))

D1(
d1

2 + d3
2
)2 − D2.

From the definition, (2.7), the geodesic curvature according to E3, kD2
g can be easily calculated. By the Gauss relation

(2.6), we write

D̄TD2
TD2 = DTD2

TD2 +
〈
S

(
TD2

)
,TD2

〉
D2

=

(
d3

(
d1d3

′ − d3d1
′) − d2d3

(
d1

2 + d3
2
))

T +
(
d1

(
d1d3

′ − d3d1
′) − d1d2

(
d1

2 + d3
2
))

D1(
d1

2 + d3
2
)2 .

Now, by referring the definition in (2.8) the geodesic curvature according to S 2, µD2
g can be obtained, which completes

the proof. �

Definition 3.8. Let α be a polynomial curve in E3 and {T,D2,D1} denote its Flc frame. The curve traced out by the
vector D1 centered at unit sphere is called D1− or binormal like indicatrix curve and is defined as

αD1 (s) = D1(s).

Theorem 3.9. The Frenet vectors TD1 ,ND1 , BD1 of D1− indicatrix curve according to Flc frame are given as follows:

TD1 = −
d2√

d2
2 + d3

2
T −

d3√
d2

2 + d3
2

D2,

ND1 =
m3d3√

d2
2 + d3

2
T −

m3d2√
d2

2 + d3
2

D2 +
m2d2 − m1d3√

d2
2 + d3

2
D1,

BD1 =

(
v3d3(d2

2 + d2
3)
)
T −

(
v3d2(d2

2 + d2
3)
)
D2 +

(
vd2((vd3)′ − vd3(vd2)′ + v2d1(d2

2 + d2
3)
)
D1√

v6(d2
2 + d2

3)3 +
(
vd2((vd3)′ − vd3(vd2)′ + v2d2(d2

2 + d2
3)
)2

,

(3.3)

where the coefficients m1, m2 and m3 are of the following form

m1 =
v3d3(d2

2 + d2
3)√

v6(d2
2 + d2

3)3 +
(
vd2((vd3)′ − vd3(vd2)′ + v2d2(d2

2 + d2
3)
)2
,

m2 = −
v3d2(d2

2 + d2
3)√

v6(d2
2 + d2

3)3 +
(
vd2((vd3)′ − vd3(vd2)′ + v2d2(d2

2 + d2
3)
)2
,

m3 =
vd2((vd3)′ − vd3(vd2)′ + v2d1(d2

2 + d2
3)√

v6(d2
2 + d2

3)3 +
(
vd2((vd3)′ − vd3(vd2)′ + v2d2(d2

2 + d2
3)
)2
.

Proof. By taking the first and second derivative of the expression αD1 (s) = D1(s) and using (2.4) we get

αD1
′(s) = −v(d2T + d3D2),

αD1
′′(s) = −

(
(vd2)′ − vd1d3

)
T −

(
(vd3)′ + vd1d2

)
D2 − v2(d2

2 + d2
3)D1.
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By following the same steps as before, we calculate the necessary relations as∥∥∥αD1
′(s)

∥∥∥ = ν

√
d2

2 + d3
2,

αD1
′(s) ∧ αD1

′′(s) ==
(
v3d3(d2

2 + d2
3)
)
T −

(
v3d2(d2

2 + d2
3)
)
D2 +

(
vd2((vd3)′ − vd3(vd2)′ + v2d1(d2

2 + d2
3)
)
D1.

∥∥∥αD1
′(s) ∧ αD1

′′(s)
∥∥∥ =

√
v6(d2

2 + d2
3)3 +

(
vd2((vd3)′ − vd3(vd2)′ + v2d2(d2

2 + d2
3)
)2

to substitute in (2.1) and complete the proof. �

Theorem 3.10. The geodesic curvatures of D1− indicatrix curve according to E3 and S 2 are given as following:

kD1
g =

√(
d2

2 + d3
2
) (

d2d3
′ − d3d2

′)2
+ 2d1

(
d2d3

′ − d3d2
′) (d2

2 + d3
2
)2

+ d1
2
(
d2

2 + d3
2
)3

+
(
d2

2 + d3
2
)4(

d2
2 + d3

2
)2 ,

µD1
g =

√(
d2

2 + d3
2
) (

d2d3
′ − d3d2

′)2
+ 2d1

(
d2d3

′ − d3d2
′) (d2

2 + d3
2
)2

+ d1
2
(
d2

2 + d3
2
)3(

d2
2 + d3

2
)2 ,

respectively.

Proof. By taking the derivative of TD1 given in (3.3), and recalling once more (2.4), we have

DTD1
TD1 =

(
d3

(
d2d3

′ − d3d2
′) + d1d3

(
d2

2 + d3
2
))

T +
(
d2

(
d3d2

′ − d2d3
′) − d1d2

(
d2

2 + d3
2
))

D2(
d2

2 + d3
2
)2 − D1.

From the definition in (2.7), kD1
g is simply the norm of latter relation. By recalling the Gauss equation (2.6) again, we

have

D̄TD1
TD1 = DTD1

TD1 +
〈
S

(
TD1

)
,TD1

〉
D1

=

(
d3

(
d2d3

′ − d3d2
′) + d1d3

(
d2

2 + d3
2
))

T +
(
d2

(
d3d2

′ − d2d3
′) − d1d2

(
d2

2 + d3
2
))

D2(
d2

2 + d3
2
)2

and by using (2.8) we obtain µD1
g and complete the proof. �

4. Examples

Example 4.1. Let α be the 3rd degree polynomial curve in E3 given by the following parameterization

α(s) = (s,
s2

2
,

s3

6
).

From the relations, (2.1), (2.3) and (2.5) the vector elements of Frenet and Flc-frame can be found as

T (s) =

(
2

s2 + 2
,

2s
s2 + 2

,
s2

s2 + 2

)
, N(s) =

(
−2s

s2 + 2
,−

s2 − 2
s2 + 2

,
2s

s2 + 2

)
,

B(s) =

(
s2

s2 + 2
,−
−2s

s2 + 2
,

2
s2 + 2

)
, D2(s) =

 −s2

(s2 + 2)
√

s2 + 1
,

−s3

(s2 + 2)
√

s2 + 1
,

2
√

s2 + 1
s2 + 2

 ,
D1(s) =

(
s

√
s2 + 1

,
−1
√

s2 + 1
, 0

)
.
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The curvatures and the corresponding unit Darboux vectors (C and CW ) of α(s) according to both Frenet and Flc frame
are given in respective order as

κ = τ =
4

(s2 + 2)2 ,

d1 =
4s

√
(s2 + 1)(s2 + 2)2

, d2 = −
4

√
(s2 + 1)(s2 + 2)2

, d3 =
2s2

(s2 + 1)(s2 + 2)2 .

The spherical indicatrix of tangent vector T (s) of α(s) is given in Fig. 1

Figure 1. Tangent Spherical Image of α(s) (is same for both frames)

The normal and normal like indicatrix curves of α(s) are illustrated in Fig. 2

Figure 2. The N− indicatrix (red) and D2− indicatrix (blue) curves of α(s)

The binormal and binormal like indicatrix curves of α(s) are illustrated in Fig. 3
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Figure 3. The B− indicatrix (red) and D1− indicatrix (blue) curves of α(s)
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[12] Yılmaz, S., Özyılmaz, E., Turgut, M., New spherical indicatrices and their characterizations, An. Şt. Univ. Ovidius Constanta., 18(2)(2010),
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