Turk. J. Math. Comput. Sci.
14(1)(2022) 16-23

© MatDer

DOI : 10.47000/tjmcs.975585

Weighted Statistical Limit Supremum-Infimum

Maya ALTINOK

Department of Natural and Mathematical Sciences, Faculty of Engineering, Tarsus University, 33400, Mersin, Turkey.

Received: 28-07-2021 e  Accepted: 07-04-2022

ABSTRACT. In this paper, by using weight g-statistical density we introduce weight g-statistical supremum-infimum
for real valued sequences. We also define weight g-statistical limit supremum-infimum with the help of above new
concepts. In addition, we shall establish some results about weight g-statistical core.
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1. INTRODUCTION

The idea of statistical convergence was formerly described under the name “almost convergence” by Zygmund in the
first edition of his celebrated monograph published in Warsaw in 1935 [24]. The concept was formally introduced by
Fast [12] and was later reintroduced by Schoenberg [20] and also, independently, by Buck [6]. Statistical convergence
becomes one of the most popular areas of studies in summability theory [13, 16,21]. Some significant results on
statistical convergence of real valued sequences can be seen from [7-9, 14,15,17,19,22,23].

In [5, 10], the authors proposed a modified version of density by replacing n by n® where 0 < @ < 1. In [4], the
authors defined a more general kind of density by replacing n by a function g : N — [0, c0) with r}l)n; g(n) = oco.

Firstly, we remind some basic notions related to statistical convergence and weight g-statistical convergence of
sequences.

Let A be a subset of N. A(n) denotes the set of elements of the set A which are less or equal to n € N. The natural
density of the set A is defined by d(A) := 11_>r£10 @ if the limit exists where |A(n)| denotes the number of elements of
An). !

A sequence x = (x;,) is statistical convergent to xy (denoted by st — lim x,, = xo) if for every & > 0, the set

{k e N : |x; — xo| > &}

has zero asymptotic density. The set of all statistical convergent sequences is denoted by the symbol ¢*.
Let g : N — [0, o) be a function with lim g(n) = co. The function g is called weight function and g density of a set
n—oo

A C N defined by the formula

. |Am)l
d,(A) = lim R
ST o g(n)
if the limit exists [4, 11] under the condition ﬁ -+ 0,n — oo.

Now let us remember the definition of weight g-statistical convergence.
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Definition 1.1. Let X = (x,,) be a real valued sequence. % is weight g-statistical convergent to the number x if for each
>0

i [k <n:lx — xo| 2 €}l
m

n—c0 g(n)
holds. In this case we write sz, — lim x,, = xo. cgf denotes the set of all weight g-statistical convergent sequences [1].

=0

2. SoME DEFINITIONS AND MAIN RESULTS

In this section, weighted analogue of statistical upper and statistical lower bound, introduced and studied in [2, 3],
will be given by considering g density.
g-statistical lower and upper bound can be defined for ¥ = (x,) as follows:

Definition 2.1. Let ¥ = (x,) be a real valued sequence.
(1) Weight g-Statistical Lower Bound: A number / € R is weight g-statistical lower bound of the sequence X = (x;,),
if
de(fk : xx <)) =0
holds.
(i1) Weight g-Statistical Upper Bound: A number u € R is weight g-statistical upper bound of the sequence ¥ = (x;,),
if
dy(tk : x> u}) =0 2.1
holds.

The set of weight g-statistical lower bounds and the set of weight g-statistical upper bounds of the sequence ¥ = (x;,)
are denoted by Ly, (%) and Uy, (%), respectively.

Also, the set of all usual lower bounds and upper bounds of the sequence ¥ = (x,) are denoted by L(¥) :=
{{leR:1< x,holds forall n e N} and U(%) := {u € R : x,, < u holds for all n € N}, respectively.

Let us note that L(¥) C Ly, (%) holds for any weight function g.

Actually, let [ € L(X) be an arbitrary element. Then, {k : x; < [} = @ and d;({k : xx < }) = 0 holds. Therefore,
l € Ly, (X). By the same way using (2.1) it can be obtained easily that U(%) C Uy, (%) holds for any weight function g.

The converses are not true. Let us consider the sequence (x,) = (—%) and take [ = —% eR. I = —% is a weight
g-statistical lower bound because d,({k : x; < —%}) = d,({1,2}) = 0, but it is clear that —% is not usual lower bound
for given sequence.

Also, let us consider the sequence ¥ = (x,) = (%) and take u = % eR. u= % is a weight g-statistical upper bound
because d,({k : x; > %}) =d,({1,2}) = 0, but it is clear that % is not usual upper bound for given sequence.

Following result is clearly obtained from Definition 2.1.

Corollary 2.2. (i) If | € R is a weight g-statistical lower bound of the sequence X = (x,,), then any number less than [
is also weight g-statistical lower bound.

(ii) If u € R is a weight g-statistical upper bound of the sequence X = (x,), then any number greater than u is also
weight g-statistical upper bound.

Proof. (i) Let us assume that / € R is a weight g-statistical lower bound of the sequence ¥ = (x,) and I’ < [ be an

arbitrary real number. From the assumption the set {k : x; < [} has weight g density 0. Since I < [, the inclusion
fk:xe <} clhk:xe<l)

holds. So, we have
0<d({k:x <I'}) <0.

This gives that I’ is a weight g-statistical lower bound. Because of the arbitrariness of /', desired result holds.

(1) Let us assume that # € R is a weight g-statistical upper bound of the sequence ¥ = (x,,) and u < u’ be an arbitrary

real number. From the assumption the set {k : x; > u} has weight g density 0. Since u < u’, the inclusion

(kx> u'} ik x> ul

holds. So, we have
0<d(fk:x <u'}) <.
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This gives that u’ is a weight g-statistical upper bound. Because of the arbitrariness of u’, desired result holds. O
Now, let us give the main definitions that we will focus on.
Definition 2.3. (i) Weight g-Statistical Infimum (st, —inf): If /* € R is the supremum of Ly, (X), then it is called weight
g-statistical infimum of the sequence X = (x,). That is, st, — inf x,, := sup Ly, (X).
(i) Weight g-Statistical Supremum (s7,—sup): If u* € R is the infimum of Uy, (%), then it is called weight g-statistical
supremum of the sequence ¥ = (x,). That is, st, — sup x,, := inf Uy, (%).
Theorem 2.4. Following inequalities

inf x, < st, —inf x, < st, — sup x, < supx,

hold for any real valued sequence X = (x,) and any weight function g.

Proof. Definition of usual infimum gives

do(lk : x, <infx,}) = d, (@) = 0.
So, inf x, € Ly, (x). Since st; — inf x, = sup Ly, (x), then we have st, — inf x, > inf x,,. Definition of usual supremum
gives

dg({k : sup x, < xi}) = dg (@) = 0.
So, sup x, € Uy, (x). Since st, — sup x, = inf Usi (x), we have

Sty — SUP X < SUP Xp.
To complete the proof it is enough to show that
I<u (2.2)

holds for an arbitrary / € Ly, (x) and u € Uy, (x). Let us assume that the inverse of (2.2) holds. So, there exist I € Ly, (x)
and u’ € Uy, (x) such that u” < I is satisfied. Since u" is a weight g-statistical upper bound, from Corollary 2.2 (ii), /'
is also weight g-statistical upper bound of the sequence. This is a contradiction of the assumption on /’. That is, (2.2)
is true and desired result holds. O

Lemma 2.5. Let X = (x,) be a real valued sequence and I" € R. Then, st; —inf x, = I" if and only if for an arbitrary
e>0

D) dy(tk : xxp <" =€) =0,
and

(i) dy(fk : ;e <I"+&)#0
hold.
Proof. ”=" Let us assume that sf, — inf x, = [". That is, sup Ly, (X) = I". So, we have

(@ 1<,V 1e Ly (%),
and
(h)Ve>031' € Ly (¥) suchthat ' —e < I'.

Corollary 2.2-(i) and (b) imply I* — € is a weight g-statistical lower bound. So, (i) is hold. Now suppose that (ii) is not
true. That is, there exists g such that d,({k : x; < I* + &}) = 0. It means that, I + gy € Ly, (%). Since I" < I" + &, it
contradicts to [* = sup Ly, (%).

”<" Now assume that (i) and (ii) are hold for all positive £ > 0. It is clear that I* — & € L, (X) and I + & ¢ Ly, (%).
S0, Ly, (%) = (=00, I — g] for all £ > 0. Thus, sup Ly (%) =1 holds. |

Lemma 2.6. Let % = (x,) be a real valued sequence and u* € R. Then, st — sup x, = u” if and only if for an arbitrary
e>0
D dy(fk : xx>u"+€}) =0,
and
() de({k : xx>u"—¢€}) #0
hold.
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Proof. ”=" Let us assume that st, — sup x, = u*. That is, inf Usi (X) = u*. So, we have
(@u" <u,¥YueUg/(x),
and
(b)Ve>03u' € Uy, (X)such that u’ < u” +&.

Corollary 2.2-(ii) and (b) imply u* + ¢ is a weight g-statistical upper bound. So, (i) is hold. Now suppose that (ii) is not
true. That is, there exists gy > 0 such that d,({k : u" — &9 < x¢}) = 0. It means that, u* — &y € Uy, (X), it contradicts to
u* =inf Uy, (%).

7" Now assume that (i) and (ii) are hold for every & > 0. It is clear that u* + & € U, (%) and u” — & € Uy, (%). So,
Ut (X) = [u" + &, 00) for all € > 0. Thus, inf Uy, (X) = u* holds. |

Theorem 2.7. Let X = (x,) be a real valued sequence. If X = (x,) is monotone increasing (or decreasing), then
sty — inf x,, = sup x, (or st, — sup x,, = inf x,,) holds.

Proof. We shall prove only first case. The other case can be obtained by to follow same steps. Now, suppose that
X = (x,) is monotone increasing and

sup x, < co.
So,

Xr < sup x,
holds for all k € N. Also, there exists kg € N such that

Sup x, — € < X,
for every & > 0. From the first inequality above, sup x, € Ly, (X). From the second inequality we have
{k:xp <supx,—¢&}={1,2,3,....ko}.
Since d,({1,2,3, ...,ko}) = 0, then sup x,, — & € Ly, (X). So, Corollary 2.2-(i) gives that
Ly, (%) = (=00, sup x, — &)
for all £ > 0. Thus,
sty — inf x,, = sup Ly, (%) = sup x,.

Now, let us assume that

sup x, = co.
It means that for all / € R there exists kp € N such that / < x;, and x;, < x; holds for every k > ko. Thus, we have

{k:x, <l}c{1,2,3,....ko}.
Since dq({1,2,3, ..., ko}) = 0, then for an arbitrary point /, [ € Ly, (X). So,
Ly (X) = (—00,00) and sup Ly, (X) = 0.

So, the proof is completed. O
Corollary 2.8. Ler X = (x,,) be a bounded real valued sequence. If X = (x,) is monotone decreasing (or increasing)

then,
lim x, = st, — sup x, (= sty —inf x,).

n—oo

Theorem 2.9. If lim x,, = xo, then st; — sup x, = st, —inf x, = xo.

n—oo

Proof. Let us assume that nlLH.}O X, = xo. That is, for any & > 0, there exists ny = no(¢) € N such that
[x, — x0| < &, 2.3)
holds for all n > ng. Thus, (2.3) implies
{k:xy<xg—e}Cc{l,2,...,n0}, tk:xx>x0+&}C{l,2,....n0}. 2.4)

So, from (2.4) we have
de(lk: xp <x0—&}) =0, de({k : x> x9 + &) =0,
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respectively. This discussion gives

Xo— & € Ly (%), x0 + &€ Uy (X)
for all € > 0. Also, from Corollary 2.2-(i) and (ii)

Ly, (X) = (=00, x0) and Uy, (X) = (x, o0)

hold, respectively. Thus,

sty —inf x,, = sup(—o0, x9) = Xo,
and

sty — sup x, = inf(xg, 00) = xp

are obtained. |

Remark 2.10. The inverse of the Theorem 2.9 is not true.

Example 2.11. Let us consider the function g(n) = n and the sequence ¥ = (x,) as

. = 3, n=m2m=1,2,..,
"7 1 0, otherwise.

It is clear that st, — inf x,, = st, — sup x,, = 0 but this sequence does not converge to 0.
Theorem 2.12. sz, — }Ln(}o X = Xo if and only if st, — sup x, = st, — inf x,, = xo.

Proof. ”==" Let us assume that st, — lim x,, = xo. From the hypothesis,
n—-oo

1
lim —— [{k - k <n, by —xol = &) =0 2.5)
naoog(n)

holds for every € > 0. Also, we have
fk:k<n, |lxp—xol2e}={k:k<n xp2xg+&lUlk:k<n, x, <x9-¢&}.
By using last equality and (2.5), we obtain
de ({k : x> x0 +&}) =0, (2.6)
and
de ({k : xp < x0—€}) =0. 2.7
From (2.6), xo + € is a weight g-statistical upper bound, also from (2.7), xy — & is a weight g-statistical lower bound.
Thus,
L‘Ytg(-i') = (_007 )C()), USlg(jz) = (.X(), OO)
hold for all € > 0. Therefore, we obtain
sty —inf x,, = sup Ly, (%) = x0, sty —supx, = inf Uy, (%) = xo.
”&=" Let us assume that
Sty — Sup x, = st, —inf x, = xo.
Namely,
Xo = sup Ly, (%) = inf U, (X).
From the definitions of usual supremum and infimum, for every € > 0, there exists at least one element / € Ly, (X) and
u € Ug,(X) such that the inequalities
xo—e<lbu<xy+e
hold.
Since u is a weight g-statistical upper bound, then the following inclusion
{k:xp >x0+&} Clk: x> u}
holds. Thus, we have
do({k : x> x0 + &}) = 0. 2.8)
Since [ is a weight g-statistical lower bound, then the following inclusion

{k:xp <xo—e}Clk:x <}
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holds. Thus, we have
do(tk : x; < x9— €}) = 0. 2.9
From (2.8), (2.9) and following equation
{k:lxy—xol >} =fk:xx >2x0+efUlk:x < xo—¢},
we have
dy(tk : |xx — x0| > €}) = 0.
Thus, the sequence X = (x,) is weight g-statistical convergent to xy € R. O

3. WEIGHTED g-STATISTICAL CORE THEOREM

In this section, we will define weight g-statistical limit supremum and weight g-statistical limit infimum for real
valued sequences. Then, we will express weight g-statistical core theorem.

Definition 3.1. Let X = (x,) be a real valued sequence. Weight g-statistical limit supremum and weight g-statistical
limit infimum of X defined as
sty — limsup x,, := lim (st, — sup x)
n—eo k=n
and

stg — liminf x, := lim (st, — inf xy),
n—oo k>n
respectively.

Lemma 3.2. Let X = (x,,) be a real valued sequence.
(i) If @, := sty — SUpys, X for all n € N, then (a,)pen is a constant sequence and so

sty — limsup x, = st, — sup x,.

(ii) If B, := sty — infys, xi for all n € N, then (B,),en is a constant sequence and so
stg — liminf x, = st, — inf x,,.
As a result of Definition 3.1 and Theorem 2.4 we have following result.

Theorem 3.3. For any real valued sequence X,
liminf x, < st, — liminf x, < st, — limsup x,, < limsup x,, 3.1
hold.

Definition 3.4. The real number sequence X = (x,,) is said to be weight g-statistically bounded if there is a number M
such that dy({k : |x¢| > M}) = 0.

Theorem 3.5. Weight g-statistical bounded sequence X = (x,) is weight g-statistical convergent if and only if st, —
liminf x, = st, — lim sup x,.

Proof. Let us assume that for simplicity that st, — liminf x, := [* and
sty — limsup x, := u".

(=) Let st —lim x, = xo. So, dy({k : |x; — xo| > &}) = 0 holds for every & > 0. Thus, d,({k : x; > xo +&}) = 0 which
implies that u* < xp. Also, we have from the definition of g-statistical convergence that d,({k : x; < xo —&}) = 0 which
implies that xy < [*. Therefore, I* = u*.

(<) Conversely, assume that I* = u* and choose xy := [* = u*. If & > 0 then from Theorem 2.5, Theorem 2.6 and
Definition 3.4 we have d,({k : x; > xo + &}) = 0 and d,({k : xx < xo — &}) = 0. Therefore, st, — lim x, = xo. O

In [18], Knopp defined core of a sequence and proved well-known Core Theorem. In this paper, we will use weight
g-statistical limit infimum and weight g-statistical limit supremum instead of limit points to obtain an analogue of
Knopp’s core.

Definition 3.6. Let ¥ = (x,) be a weight g-statistical bounded sequence. Then, weight g-statistical core of X is the
closed interval [st, — liminf x,, sz, — limsup x,] and it is denoted by st, — core{%}. If % is not weight g-statistical
bounded, then st, — core{X} is defined as either [st, — liminf x,,, c0), (—co, st, — lim sup x,] or (—oo, c0).
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K — core{x} is the usual core of X. It is clear from (3.1) that for any real valued sequence X
sty — core{X} C K — core{X}.

Theorem 3.7. Let g; and g, be two weight function and X = (x,,) be a real valued sequence. If we have following limit
condition

S8 _ 1 (o oo, (32)
82(n)
then
stg, — core{X} = stq, — core{X} (3.3)
holds.

Proof. Let ¥ = (x,) be a weight g-statistical bounded sequence. Then, st;, — core{¥} = [st, — liminf x,, st;, —
lim sup x,]. For brevity, let us take [* = st,, — liminf x, and u* = st,, — lim sup x,,. So, from Theorem 2.5

de(fk:x <" =€) =0 and dy({k:xx <I"+&})#0
hold for every & > 0. Thus, from (3.2)
Hk:xe <l —ell  Hk:xpg<lI'—&ll gi(n) Hk:xp<I'—&}ll gi(n)
o pm g g g®
holds. If we take limit when n — oo, then from hypothesis we obtain
de,({k :xp < I —€}) = 0.

Moreover, by the same way we obtain

do,({k:x <"+ €)) £0.
Therefore, I* = stg, — liminf x,. Considering that u* = st,, — limsup x,, from Theorem 2.6 we obtain u* = st,, —
lim sup x,,. So, st,, — core{X} = st,, — core{%}. Now, let us assume that ¥ = (x,) is not weight g;-statistical bounded
sequence. Then, one of the last three cases in the Definition 3.6 is provided. In this case, (3.3) can be obtained by the
similar calculations above. |

4. CONCLUSION

In this paper, Theorem 2.9 and Theorem 2.12 are given as an application of st, — sup and sz, — inf. It is seen that
equality of st, —sup and st, —inf necessary but not sufficient for existence of classical limit but necessary and sufficient
for weighted g statistical limit.
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