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The aim of this manuscript is to examine and survey various formulae for Fubini type numbers and 

polynomials with application of the  𝑝-adic integrals to some special polynomials. Relations and 

formulae related to the Fubini type numbers and polynomials, the Bernoulli numbers, the Euler numbers, 

Stirling type numbers, and combinatorial numbers are given. Moreover, by using generating functions 

with their functional equations, some new formulae including the Hermite polynomials, the Fubini type 

polynomials, and the Lah numbers are given. Finally, remarks on the results of this manuscript are 

presented. 
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1. INTRODUCTION 

In “The On-Line Encyclopedia of Integer Sequences” (OEIS, 2021) (https://oeis.org/A000670), it is well-know 

that the Fubini numbers are related to the number of preferential arrangements of 𝑛 labeled elements, and also 

the number of ordered partitions of [𝑛]. The Fubini numbers are also called the ordered Bell numbers. Later, 

by Comtet (1974), these numbers were also called the Fubini numbers. 

Kilar & Simsek (2017) modified these numbers and defined new generalized Fubini type numbers and 

polynomials. They also gave very different and interesting applications of these numbers and polynomials with 

aid of the generating functions and their functional equations. Recently, it is known that these type numbers 

and polynomials have been studied by many mathematicians using different methods and fields (Belbachir et 

al., 2011; Kilar, 2017; 2021; Kilar & Simsek, 2017; 2019a,b; Kim et al., 2018; Srivastava & Kızılateş, 2019). 

Some definitions and notations connected with special polynomials and numbers and their generating functions 

are presented as follows: 

Let ℕ = {1,2,3, … } and ℕ ∪ {0} = ℕ0. Let  ℤ = ℕ ∪ {0, −1, −2, −3, … }. Let ℂ indicate the set of complex numbers 

and ℤ𝑝 indicate the set of 𝑝-adic integers. 

 (
𝑢
𝑐

) =
𝑢(𝑢 − 1) … (𝑢 − 𝑐 + 1)

𝑐!
=

(𝑢)𝑐

c!
, 

about:blank
about:blank
https://doi.org/10.54287/gujsa.980263
http://dergipark.gov.tr/gujsa
https://oeis.org/A000670
https://orcid.org/0000-0001-5797-6301
https://orcid.org/0000-0002-0611-7141


403 
Neslihan KILAR, Yilmaz SIMSEK 

GU J Sci, Part A, 8(4): 402-410 (2021) 
 

 

where 𝑐 ∈ ℕ, 𝑢 ∈ ℂ and (𝑢)0 = 1 (Belbachir et al., 2011;-; Srivastava & Choi, 2012). 

Generating function of the classical Bernoulli polynomials is given by 

 
𝑧

𝑒𝑧 − 1
𝑒𝑡𝑧 = ∑ 𝐵𝑚(𝑡)

𝑧𝑚

𝑚!

∞

m=0

 ,  (1) 

where |𝑧| < 2𝜋 (Comtet, 1974;-; Srivastava & Choi, 2012).  

Setting 𝑡 = 0 in (1), we see that 

 𝐵𝑚(0) = 𝐵𝑚 ,  

denoted the classical Bernoulli numbers (Comtet, 1974;-; Srivastava & Choi, 2012). 

Generating function of the classical Euler polynomials is given by 

 
2

𝑒𝑧 + 1
𝑒𝑡𝑧 = ∑ 𝐸𝑚(𝑡)

𝑧𝑚

𝑚!

∞

𝑚=0

 ,  (2) 

where |𝑧| < 𝜋 (Comtet, 1974;-; Srivastava & Choi, 2012).  

Setting 𝑡 = 0 in (2), we observe that 

 𝐸𝑚(0) = 𝐸𝑚 ,  

denoted the classical Euler numbers (Comtet, 1974;-; Srivastava & Choi, 2012). 

Generating function of the Hermite polynomials is given by 

 𝐺𝐻(𝑧, t) = 𝑒2𝑡𝑧−𝑧2
= ∑ 𝐻𝑚(𝑡)

𝑧𝑚

m!

∞

𝑚=0

 , (3) 

(Rainville, 1960). 

Using equation (3), we have 

 𝑡𝑛 = ∑
𝑛! 𝐻𝑛−2𝑘(𝑡)

2𝑛𝑘! (𝑛 − 2𝑘)!

[
𝑛
2

]

𝑘=0

  (4) 

(Rainville, 1960). 

Let 𝑐 ∈ ℕ0 and 𝑎 ∈ ℂ.  Generating function of Stirling type numbers is given by 

 
(𝑎𝑒𝑧 − 1)𝑐

𝑐!
= ∑ 𝑆2(𝑑, 𝑐; 𝑎)

𝑧𝑑

𝑑!

∞

𝑑=0

  (5) 

(Simsek, 2013; 2019). 

Generating function of the Stirling numbers of the second kind is given by 
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(𝑒𝑧 − 1)𝑐

𝑐!
= ∑ 𝑆2(𝑑, 𝑐)

𝑧𝑑

𝑑!

∞

𝑑=0

  (6) 

and 

 𝑡𝑐 = ∑ 𝑆2(𝑐, 𝑚)(𝑡)𝑚

𝑐

𝑚=0

 (7) 

(Comtet, 1974;-; Srivastava & Choi, 2012).   

Substituting 𝑎 = 1 into (5), we have 

 𝑆2(𝑑, 𝑐; 1) = 𝑆2(𝑑, 𝑐). 

For 𝑐 > 𝑑, one has 

 𝑆2(𝑑, 𝑐) = 0     

(Comtet, 1974;-; Srivastava & Choi, 2012).  

An explicit formula for the Lah numbers is given by 

 
𝐿(𝑐, 𝑠) =

(−1)𝑐𝑐! (
𝑐 − 1
𝑠 − 1

)

𝑠!
, 

(8) 

where 𝑐 ≥ 𝑠 ≥ 1, 𝐿(0,0) = 1 and  𝐿(𝑐, 𝑠) = 0 for all 𝑠 > 𝑐 (Riordan, 1958; Comtet, 1974). Here note that this 

numbers are so called signed Lah numbers. 

By the aid of the equation (8), we have 

 (𝑟)𝑐 = ∑ 𝐿(𝑐, 𝑠)(−𝑟)𝑠

𝑐

𝑠=0

 (9) 

(Riordan, 1958 (p.43); Comtet, 1974 (p.156)). 

The Daehee numbers are given by 

 
ln(1 + 𝑧)

z
= ∑ 𝐷𝑚

𝑧𝑚

𝑚!

∞

𝑚=0

  (10) 

(Kim & Kim, 2013; 2018; Simsek, 2016; 2019).  

By using (10), we get 

 𝐷𝑣 =
(−1)𝑣𝑣!

𝑣 + 1
  

(Kim & Kim, 2013; 2018; Simsek, 2016; 2019). 

The Changhee numbers 𝐶ℎ𝑚 are given by 
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2

z + 2
= ∑ 𝐶ℎ𝑚

𝑧𝑚

m!

∞

𝑚=0

  (11) 

(Kim et al., 2013; Simsek, 2019). By using (11), we have 

 𝐶ℎ𝑣 =
(−1)𝑣𝑣!

2𝑣
  

(Kim et al., 2013; Simsek, 2019). 

Generating function of the Fubini type polynomials of order 𝑐 is given by 

 𝐺𝑎(𝑧, 𝑡, 𝑐) =
2𝑐

(2 − 𝑒𝑧)2𝑐
𝑒𝑡𝑧 = ∑ 𝑎𝑚

(𝑐)(𝑡)
𝑧𝑚

𝑚!

∞

𝑚=0

 , (12) 

where |𝑧| < ln2 and 𝑐 ∈ ℕ0 (Kilar & Simsek, 2017; see also Kilar, 2017; Kilar & Simsek, 2019a,b). 

Setting 𝑡 = 0 in (12), we have the Fubini type numbers of order 𝑐: 

 𝑎𝑚
(𝑐)(0) = 𝑎𝑚

(𝑐)
  

(Kilar & Simsek, 2017; see also Kilar, 2017; Kilar & Simsek, 2019a,b). 

Using (12), we get 

 𝑎𝑑

(𝑐)(𝑡) = ∑ (
𝑑

𝑘
)

d

𝑘=0

𝑎𝑘
(𝑐)

𝑡𝑑−𝑘 (13) 

(Kilar & Simsek, 2017; Kilar, 2017). 

1.1. Formulas for 𝒑-adic Integrals and Some Special Numbers 

Here, we give some formulas including the 𝑝-adic integrals involving the Volkenborn integral and the 𝑝-adic 

Fermionic integral and special numbers. These formulas have many applications in physics and in engineering 

besides in mathematics. 

Let 𝐶1 (ℤ𝑝 →K) denotes the set of the uniformly differential function 𝑓 on ℤ𝑝.  

The Volkenborn integral (or the bosonic 𝑝-adic integral) of the uniformly differential function 𝑓 on ℤ𝑝 is given 

by 

 ∫ 𝑓(𝑥)𝑑𝜇1(𝑥)
ℤ𝑝

= lim
𝑁→∞

1

𝑝𝑁
∑ 𝑓(𝑥),

𝑝𝑁−1

𝑥=0

 (14) 

where 𝑓 ∈(ℤ𝑝 →K) and 

 𝜇1(𝑥) = 𝜇1(𝑥 + 𝑝𝑁ℤ𝑝) = 𝑝−𝑁  

(Schikhof, 1984; Kim, 2002a; 2005; Kim & Kim, 2013; Simsek, 2019; 2021).  

Using (14), the Bernoulli numbers 𝐵𝑚 is also given by 
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 ∫ 𝑥𝑚𝑑𝜇1(𝑥)
ℤ𝑝

= 𝐵𝑚 (15) 

(Schikhof, 1984; Kim, 2002a; Kim & Kim, 2013; Simsek, 2019). 

Using (14), the Daehee numbers 𝐷𝑚   is also given by 

 ∫ (𝑥)𝑚𝑑𝜇1(𝑥)
ℤ𝑝

= 𝐷𝑚 (16) 

(Kim, 2002b; Kim & Kim, 2013; Simsek, 2019). 

Let 𝑓 ∈(ℤ𝑝 →K). The 𝑝-adic Fermionic integral of the uniformly differential function 𝑓 on ℤ𝑝 is given by 

 ∫ 𝑓(𝑥)𝑑𝜇−1(𝑥)
ℤ𝑝

= lim
𝑁→∞

∑ (−1)𝑥𝑓(𝑥),

𝑝𝑁−1

𝑥=0

 (17) 

Where 

 𝜇−1(𝑥) = (−1)𝑥  

(Kim, 2007; Simsek, 2019).  

Using (17), the Euler numbers 𝐸𝑚  is also given by 

 ∫ 𝑥𝑚𝑑𝜇−1(𝑥)
ℤ𝑝

= 𝐸𝑚 (18) 

(Kim, 2007; Simsek, 2019).  

Using (17), the Changhee numbers 𝐶ℎ𝑚  is also given by 

 ∫ (𝑥)𝑚𝑑𝜇−1(𝑥)
ℤ𝑝

= 𝐶ℎ𝑚 (19) 

(Kim et al., 2013; Simsek, 2019).  

2. FORMULAE FOR FUBINI TYPE NUMBERS: APPROACH TO APPLICATION OF 𝑷-ADIC 

INTEGRALS 

By using the 𝑝-adic integrals and functional equations of the generating functions, we give some formulae and 

finite sums including the Fubini type polynomials and numbers of higher order, the Bernoulli numbers, the 

Euler numbers, the Lah numbers, the Stirling type numbers, combinatorial numbers, and also the Hermite 

polynomials. 

For 𝑣 ∈ ℕ0, Kilar (2017; Corollary 4.2, p. 28) gave the following identity: 

 𝑥𝑣 = (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) 𝑎𝑣−𝑟

(𝑐) (𝑥).

𝑣

𝑟=0

 (20) 
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By using (20) and (7), the following result is derived: 

Corollary 2.1. Let 𝑣 ∈ ℕ0. Then we have 

 ∑ 𝑆2(𝑣, 𝑠)(𝑥)𝑠

𝑣

𝑠=0

= (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) 𝑎𝑣−𝑟

(𝑐) (𝑥).

𝑣

𝑟=0

 (21) 

Combining (21) with (9), we derive the following relation involving the Lah numbers, the Stirling type 

numbers, and the Fubini type polynomials of higher order: 

Theorem 2.2. Let 𝑣 ∈ ℕ0. Then we have 

 ∑ ∑ 𝑆2(𝑣, 𝑠)𝐿(𝑠, 𝑑)(−𝑥)𝑑

𝑠

𝑑=0

𝑣

𝑠=0

= (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) 𝑎𝑣−𝑟

(𝑐) (𝑥).

𝑣

𝑟=0

 

Theorem 2.3. Let 𝑣 ∈ ℕ0. Then we have 

 𝑎𝑣
(𝑐)(2𝑥) = ∑ ∑ (

𝑣 − 2𝑟

𝑠
) (

𝑣

2𝑟
)

𝑣−2𝑟

𝑠=0

[
𝑣

2
]

𝑟=0

𝑎𝑠
(𝑐)

𝐻𝑣−2r−𝑠(𝑥). 

Proof. Multiplying the function 
2𝑐

(2−𝑒𝑧)2𝑐  on the both-sides of (3), after that using the resulting equation and 

(12), we obtain 

 𝐺𝑎(𝑧, 2𝑥, 𝑐) = 𝑒𝑧2
𝐺𝑎(𝑧, 0, 𝑐)𝐺𝐻(𝑧, 𝑥). 

With the help of the above functional equation, we get 

 ∑ 𝑎𝑣
(𝑐)(2𝑥)

𝑧𝑣

𝑣!

∞

𝑣=0

= ∑
𝑧2𝑣

𝑣!

∞

𝑣=0

∑ 𝑎𝑣
(𝑐) 𝑧𝑣

𝑣!

∞

𝑣=0

∑ 𝐻𝑣(𝑥)
𝑧𝑣

𝑣!

∞

𝑣=0

. 

Thus 

 ∑ 𝑎𝑣
(𝑐)(2𝑥)

𝑧𝑣

𝑣!

∞

𝑣=0

= ∑ ∑ ∑ (
𝑣 − 2𝑟

𝑠
) (

𝑣
2𝑟

)

𝑣−2𝑟

𝑠=0

[
𝑣
2

]

𝑟=0

𝑎𝑠
(𝑐)

𝐻𝑣−2r−𝑠(𝑥)
𝑧𝑣

𝑣!

∞

𝑣=0

. 

 

Therefore, we arrive at the desired result. 

Applying the Volkenborn integral to (20), then make use of the final equation with (13) and (15), we obtain 

the following result: 

Theorem 2.4. Let 𝑣 ∈ ℕ0. Then we have 

 𝐵𝑣 = (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐵𝑣−𝑟−𝑙 .

𝑣

𝑟=0

 (22) 

Applying the Volkenborn integral to (21), after that using the resulting equation with (15) and (16), we have 

the following result: 
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Theorem 2.5. Let 𝑣 ∈ ℕ0. Then we have 

 ∑ 𝑆2(𝑣, 𝑠)𝐷𝑠

𝑣

𝑠=0

= (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐵𝑣−𝑟−𝑙

𝑣

𝑟=0

 (23) 

or, equivalently, 

 ∑(−1)𝑠

𝑣

𝑠=0

𝑠! 𝑆2(𝑣, 𝑠)

𝑠 + 1
= (2𝑐)! 2𝑐 ∑ (

𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐵𝑣−𝑟−𝑙 .

𝑣

𝑟=0

  

Remark 2.6. Combining (23) with (22), we get 

 ∑ 𝑆2(𝑣, 𝑠)𝐷𝑠

𝑣

𝑠=0

= 𝐵𝑣 ,  

where 𝑣 ∈ ℕ0 (Kim & Kim, 2013; Simsek, 2019). 

Applying the 𝑝-adic Fermionic integral to (20), then using final equation and equations (13) and (18), we get 

Theorem 2.7 as follows. 

Theorem 2.7. Let 𝑣 ∈ ℕ0. Then we have 

 𝐸𝑣 = (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐸𝑣−𝑟−𝑙 .

𝑣

𝑟=0

 (24) 

Applying the 𝑝-adic Fermionic integral to (21), then make use of the final equation with (18) and (19), we 

derive Theorem 2.8 below. 

Theorem 2.8. Let 𝑣 ∈ ℕ0. Then we have 

 ∑ 𝑆2(𝑣, 𝑠)𝐶ℎ𝑠

𝑣

𝑠=0

= (2𝑐)! 2𝑐 ∑ (
𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐸𝑣−𝑟−𝑙

𝑣

𝑟=0

 (25) 

or, equivalently, 

 ∑(−1)𝑠

𝑣

𝑠=0

𝑠! 𝑆2(𝑣, 𝑠)

2𝑠
= (2𝑐)! 2𝑐 ∑ (

𝑣
𝑟

) 𝑆2 (𝑟, 2𝑐;
1

2
) ∑ (

𝑣 − 𝑟
𝑙

)

𝑣−𝑟

𝑙=0

𝑎𝑙
(𝑐)

𝐸𝑣−𝑟−𝑙 .

𝑣

𝑟=0

  

Remark 2.9. Combining (25) with (24), we have 

 ∑ 𝑆2(𝑣, 𝑠)𝐶ℎ𝑠

𝑣

𝑠=0

= 𝐸𝑣 ,  

where 𝑣 ∈ ℕ0 (Kim et al., 2013; Simsek, 2019). 

3. CONCLUSION 

Generating functions and 𝑝-adic integrals have been widely investigated by many mathematicians, physicists, 

engineers, and other scientists. In particular, the applications of 𝑝-adic integrals have been frequently used in 

many different areas. For this reason, here, we gave some interesting formulae for the Fubini type polynomials 

and numbers by the aid of 𝑝-adic integrals. These formulae are involved in the Fubini type numbers of higher 
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order, the Bernoulli polynomials and numbers, the Euler polynomials and numbers, the Lah numbers, the 

Stirling type numbers, the combinatorial numbers, and the Hermite polynomials. Consequently, the results of 

this paper may be usefulness in many areas such as mathematics, engineering and physics. 
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