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1. INTRODUCTION

In “The On-Line Encyclopedia of Integer Sequences” (OEIS, 2021) (https://oeis.org/A000670), it is well-know
that the Fubini numbers are related to the number of preferential arrangements of n labeled elements, and also
the number of ordered partitions of [n]. The Fubini numbers are also called the ordered Bell numbers. Later,
by Comtet (1974), these numbers were also called the Fubini numbers.

Kilar & Simsek (2017) modified these numbers and defined new generalized Fubini type numbers and
polynomials. They also gave very different and interesting applications of these numbers and polynomials with
aid of the generating functions and their functional equations. Recently, it is known that these type numbers
and polynomials have been studied by many mathematicians using different methods and fields (Belbachir et
al., 2011; Kilar, 2017; 2021; Kilar & Simsek, 2017; 2019a,b; Kim et al., 2018; Srivastava & Kizilates, 2019).

Some definitions and notations connected with special polynomials and numbers and their generating functions
are presented as follows:

LetN ={1,2,3,...}andNU {0} = N,. Let Z=NuU {0,—1,—2,-3,...}. Let C indicate the set of complex numbers
and Z, indicate the set of p-adic integers.

(u) _ uu—1..(u—c+1) _ (w),

c c! c!
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where c € N, u € C and (u), = 1 (Belbachir et al., 2011;-; Srivastava & Choi, 2012).

Generating function of the classical Bernoulli polynomials is given by

N QN
yqe—Z%@m, (1)
where |z| < 2z (Comtet, 1974;-; Srivastava & Choi, 2012).
Setting ¢t = 0 in (1), we see that
Br(0) = By,

denoted the classical Bernoulli numbers (Comtet, 1974;-; Srivastava & Choi, 2012).

Generating function of the classical Euler polynomials is given by

(o) Zm
= EnO =, @
m=0

where |z| < = (Comtet, 1974;-; Srivastava & Choi, 2012).

Setting t = 0 in (2), we observe that

denoted the classical Euler numbers (Comtet, 1974;-; Srivastava & Choi, 2012).

Generating function of the Hermite polynomials is given by
2 - zm
Gu(z, D) = €257 = Z (=, @3)
m=0
(Rainville, 1960).

Using equation (3), we have

[2]
n! Hy 5, (€) (4)
L 2k1 (n — 200!

tn_

(Rainville, 1960).

Let c € Ny and a € C. Generating function of Stirling type numbers is given by

e Z1° Z%wc@— )

(Simsek, 2013; 2019).

Generating function of the Stirling numbers of the second kind is given by
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(e? = 1) - z¢
=) s@07 (6)
d=0
and
= ) S,mOn ™
m=0

(Comtet, 1974;-; Srivastava & Choi, 2012).

Substituting a = 1 into (5), we have

Sz(d, C, 1) = Sz(d, C).

For ¢ > d, one has

52 (d, C) = 0
(Comtet, 1974;-; Srivastava & Choi, 2012).
An explicit formula for the Lah numbers is given by

L(c,s) = < )

where ¢ > s =1, L(0,0) =1 and L(c,s) =0 for all s > ¢ (Riordan, 1958; Comtet, 1974). Here note that this
numbers are so called signed Lah numbers.

By the aid of the equation (8), we have

(e = ) L ©
s=0

(Riordan, 1958 (p.43); Comtet, 1974 (p.156)).

The Daehee numbers are given by

m

In(1+ z) _ Z D, z" (10)

Z m!

m=0

(Kim & Kim, 2013; 2018; Simsek, 2016; 2019).
By using (10), we get

_(=D¥!
Vo411

(Kim & Kim, 2013; 2018; Simsek, 2016; 2019).

The Changhee numbers Ch,, are given by
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2 - z™m
(Kim et al., 2013; Simsek, 2019). By using (11), we have

(—Dv!
Ch, = >

(Kim et al., 2013; Simsek, 2019).

Generating function of the Fubini type polynomials of order ¢ is given by

[oe]

G,z t,¢) = (2_—;)2(@” - ZB a®(6) %": (12)
where |z| < In2 and ¢ € N, (Kilar & Simsek, 2017; see also Kilar, 2017; Kilar & Simsek, 2019a,b).
Setting ¢t = 0 in (12), we have the Fubini type numbers of order c:

a? (0) = a)

(Kilar & Simsek, 2017; see also Kilar, 2017; Kilar & Simsek, 2019a,b).
Using (12), we get
d
agc) (t) = z (z) a,(f)td_k (13)

k=0

(Kilar & Simsek, 2017; Kilar, 2017).

1.1. Formulas for p-adic Integrals and Some Special Numbers

Here, we give some formulas including the p-adic integrals involving the VVolkenborn integral and the p-adic
Fermionic integral and special numbers. These formulas have many applications in physics and in engineering
besides in mathematics.

Let C* (Z, —K) denotes the set of the uniformly differential function f on Z,.

The Volkenborn integral (or the bosonic p-adic integral) of the uniformly differential function f on Z,, is given
by

pV-1

1
i) = Jim 2 Z £, (14)
where f €(Z, —»K) and
m () =y (x +p"z,) = p~™

(Schikhof, 1984; Kim, 2002a; 2005; Kim & Kim, 2013; Simsek, 2019; 2021).

Using (14), the Bernoulli numbers B,, is also given by
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L ™y, (x) = By (15)

14
(Schikhof, 1984; Kim, 2002a; Kim & Kim, 2013; Simsek, 2019).

Using (14), the Daehee numbers D,,, is also given by

(x)mdﬂl (X) = Dm (16)

Zp
(Kim, 2002b; Kim & Kim, 2013; Simsek, 2019).
Let f €(Z, —K). The p-adic Fermionic integral of the uniformly differential function f on Z, is given by

pN-1

du_,(x) = li —1)*f(x), (17)
| (1) = Jim ZO( Y f@

Where

po1(x) = (=1)*
(Kim, 2007; Simsek, 2019).
Using (17), the Euler numbers E,,, is also given by

[ xmduaGo = (18)
Z

14
(Kim, 2007; Simsek, 2019).

Using (17), the Changhee numbers Ch,, is also given by

(Omdp_1(x) = Chy, (19)

Zp

(Kim et al., 2013; Simsek, 2019).

2. FORMULAE FOR FUBINI TYPE NUMBERS: APPROACH TO APPLICATION OF P-ADIC

INTEGRALS

By using the p-adic integrals and functional equations of the generating functions, we give some formulae and
finite sums including the Fubini type polynomials and numbers of higher order, the Bernoulli numbers, the
Euler numbers, the Lah numbers, the Stirling type numbers, combinatorial numbers, and also the Hermite

polynomials.

For v € N, Kilar (2017; Corollary 4.2, p. 28) gave the following identity:

v

=z Y (7)s, <r,2€; %) a0, (x). (20)

r=0
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By using (20) and (7), the following result is derived:

Corollary 2.1. Let v € N,. Then we have

4

iSz(v, (), = (20)! ZZ( )s; (r 20 —) © (). @1)
s=0

r=0

Combining (21) with (9), we derive the following relation involving the Lah numbers, the Stirling type
numbers, and the Fubini type polynomials of higher order:

Theorem 2.2. Let v € N,,. Then we have

v

Zv: Z S,(1,)L(s, d)(=x)4 = (2¢)!2° Z (s, (r, 2¢; %) al® (x).

s=0d=0 r=0

Theorem 2.3. Let v € N,,. Then we have

v—2r

: -2 ¢
”(z@—ZE ") G a0,

r=0 s=0

Proof. Multiplying the function ———
(12), we obtain

o z)zc on the both-sides of (3), after that using the resulting equation and

G,(z,2x,c) = e G,(2,0,c)Gy(z,x).

With the help of the above functional equation, we get

Y et Y L W
v=0

Thus
- w [z voor
ZO ©enZ ZOZO ZO ("2 (L) aHy e

Therefore, we arrive at the desired result.

Applying the Volkenborn integral to (20), then make use of the final equation with (13) and (15), we obtain
the following result:

Theorem 2.4. Let v € N,,. Then we have

v v—r
v 1 v—r
= (20)12¢ Z (s (r, 2¢; E) Z ("] ") a©Byere. 22)
r=0 =0

Applying the Volkenborn integral to (21), after that using the resulting equation with (15) and (16), we have
the following result:
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Theorem 2.5. Let v € N,,. Then we have

v—r

S, (v, s)D, = (2¢)!2¢ 5 2 (C)Bv - (23)
z (v, s c Z} 2 (r c; >l=0 L
or, equivalently,
Z( 1ys 5. 8) s! Sz(v s) _ = (20)12°¢ zv: (:) s, (T' 2¢; %) vz_:r (v ? r) a©B, ..
r=0 =0

Remark 2.6. Combining (23) with (22), we get

v
Z S,(v,s)Dg = B,
s=0

where v € N, (Kim & Kim, 2013; Simsek, 2019).

Applying the p-adic Fermionic integral to (20), then using final equation and equations (13) and (18), we get
Theorem 2.7 as follows.

Theorem 2.7. Let v € N,,. Then we have

v

= (2¢)!2° z (’r’) S, (r, 2¢; %) Ui (U i ) a{VE, . (24)
=0

r=0

Applying the p-adic Fermionic integral to (21), then make use of the final equation with (18) and (19), we
derive Theorem 2.8 below.

Theorem 2.8. Let v € N,,. Then we have

v v v—r
ZSZ(V,S)ChS = (2c)!zcz S, (r 2¢; ) )i,y (25)
s=0 r=0 =0
or, equivalently,
S 4 1 v—r
ss 2( CZ v < _)Z V=T\ (o
Z( 1) ) _ o2 (7)s. .26 lo( L) A,
r=0 -

Remark 2.9. Combining (25) with (24), we have

v
Z S,(v,s)Chs = E,,

s=0
where v € N, (Kim et al., 2013; Simsek, 2019).

3. CONCLUSION

Generating functions and p-adic integrals have been widely investigated by many mathematicians, physicists,
engineers, and other scientists. In particular, the applications of p-adic integrals have been frequently used in
many different areas. For this reason, here, we gave some interesting formulae for the Fubini type polynomials
and numbers by the aid of p-adic integrals. These formulae are involved in the Fubini type numbers of higher
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order, the Bernoulli polynomials and numbers, the Euler polynomials and numbers, the Lah numbers, the
Stirling type numbers, the combinatorial numbers, and the Hermite polynomials. Consequently, the results of
this paper may be usefulness in many areas such as mathematics, engineering and physics.
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