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Abstract

In this study, effects of higher order Taylor series expansion terms in
the nodal integration scheme of radial point interpolation method
(NI-RPIM) are investigated on the solution accuracy of 2D elastic
problems. The nodal integration scheme is proposed by Liu et al. [1]
and based on the Taylor series expansion. It is used with increasing the
order of terms up to 4t order in this study. 3 different case studies are
applied and the results are compared with analytical, FEM and RPIM
with Gaussian integration solutions. Also the effect of number of nodes
is investigated. It can be accepted that the usage of Taylor series
expansion and Gaussian method in integration of RPIM give similar
solution times. However NI-RPIM with higher order Taylor series
expansion terms has better solution speed than using Gaussian
integration, especially in the solutions of model which has higher
number of nodes. It is detected that 2" order terms of nodal
integration give sufficient results. If stress values are investigated, 4t
order terms of nodal integration can be used for accuracy of the
solution.
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Bu ¢alismada, yiiksek mertebeden Taylor serisi agilim terimlerinin
radyal nokta interpolasyon yéntemi diigiim entegrasyon semasi
(NI-RPIM) agisindan 2 boyutlu elastik problemlerin  ¢éztim
dogruluguna etkileri incelenmistir. Diigiim integrasyon semasi
Liu ve dig. [1] tarafindan tasarlanmistir ve Taylor serisi agilimi
lizerinedir. Bu ¢alismada 4. mertebeye kadar terimleri arttirilarak
kullamimistir. 3 farkli alan ¢alismast yapilmis ve sonuglart analitik,
sonlu elemanlar yéntemi ve Gauss integrasyonlu RPIM sonuclari ile
kisaylanmistir. Ayrica nokta sayisinin etkisi arastirilmistir. RPIM
integrasyonu igerisinde kullanilan Taylor serisi acilimi ve Gauss
metodu benzer ¢éziim zamanlart verdigi kabul edilebilir. Bununla
birlikte ozellikle yiiksek sayida nokta iceren modellerin ¢éziimiinde,
NI-RPIM ile yiiksek mertebeden Taylor serisi acilimi terimleri Gauss
integrasyonundan daha iyi ¢oziim hizina sahiptir. 2. mertebeden
diigiim integrasyon terimlerinin yeterli sonug¢ verdigi belirlenmistir.
Eger gerilme degerleri incelenmekteyse, ¢6ziim hassasiyeti icin 4.
mertebe diigiim integrasyon terimleri kullanilabilinir.

Anahtar Kkelimeler: NI-RPIM, RBF, Noktasal integrasyon,
Taylor agilimi

1 Introduction

In the usage of numerical methods, numerical integration has
an important role and it is widely used in the most of the
solution of engineering problems. These problems are either
concepts of mechanics or heat transfer, fluid mechanics and
other study areas. Their solutions need fully definite
mathematical representations, if numerical solution
techniques are used. On the contrary to use experimental
methods, numerical techniques are easily adapted and they do
not require any experimental setup or apparatus. If a
numerical model provides satisfied and logical results, other
related investigations are adapted quickly for research. But it
is hard to handle to describe the investigated conditions with a
suitable mathematical representation.

Lots of different conditions and dependent or independent
parameters are available in engineering problems. Some
concepts of engineering problems have been easily solved.
They can behave linear, elastic and steady. However in most of
the cases, mechanical systems have nonlinear, time dependent
and unpredictable responses. For prevention of deadlock in
these cases, some simplifications and assumptions are
accepted without losing the systems’ behaviour. Besides of
that, some assumptions are not enough for solving the

problem. The applied numerical solution technique and its
adaptability are also important.

Besides of the solution and its accuracy, researchers are trying
to develop easily adapted numerical methods. Some methods
like BEM (boundary element method), FDM (finite difference
method), FEM (finite element method) have been developed
and widely used with respect to developed computational
technology. In commercial usage, finite element method may
be the most used and common, especially in solid mechanics
problems. The solution has been progressed by small divided
elements, which is called finite elements. The representation
of model with finite elements is very important and directly
influences the results. Hence most of the investigation time is
spent on the construction of the finite element models of the
investigated problems.

To remove the dependency of finite elements and their
construction, developers are trying to develop different
solution methods. Meshfree methods are mainly developed for
prevention of finite element formation and supply a suitable
numerical model. It can also be used with FEM in different
cases [2]-[6].

The study of meshfree methods initially begins with the study
of SPH (smoothed particle hydrodynamics) [7]. In the further
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stage of SPH, different meshfree techniques are also
developed.

Several meshfree methods have been reported in literature,
such as DEM (diffuse element method) [8], EFG (element free
Galerkin method) [9], RKPM (reproducing kernel particle
method) [10], MLPG (meshless local Petrov-Galerkin) [11],
PIM (point interpolation method) [12] and RPIM (radial point
interpolation method) [13] and so on. These methods are
mainly used for prevention of predefined mesh construction
for interpolation and integration of numerical model. Some of
them use strong forms (such as SPH) and the others use weak
form (such as EFG and PIM), especially Galerkin weak form, on
the solutions of differential equations.

Researchers are aimed to prevent the dependency of
numerical integration with background cells. Different tries
are available in the literature. LC-PIM (linearly conforming
point interpolation method) [14] has been extended from PIM
and RPIM for increasing the accuracy in numerical integration.
Nodal integration technique is used in NI-RPIM
(nodal integration radial point interpolation method) [1] by
using Taylor series expansion. 3D heat transfer problems are
investigated by developed NS-PIM (node-based smoothed
point interpolation method) [15]. CS-RPIM (cell-based
smoothed radial point interpolation method) [16] uses
triangular small divided background cells with RPIM and is
used in static and vibration analysis of solids.

These studies also include different shape parameters,
construction rule of shape functions and numerical integration
methods. Hence, their effects on the accuracy of the solution
must be investigated carefully. Taylor series expansion is used
in NI-RPIM [1] and the degree of series expansion has been
effective. In this study, the effect of order of Taylor series
expansion in NI-RPIM [1] on the solution of 2D elastic
problems is investigated. The results are compared with RPIM
with Gaussian integration technique, FEM solution and
analytical results. All solutions are performed in FORTRAN for
RPIM with nodal and Gaussian integrations.

2 RPIM Shape Functions

Construction of shape functions are one of the main concept of
FEM and meshfree methods. Accomplish of the solution,
accuracy and simplicity can be directly influenced with respect
to effects of shape functions. Relation of numerical model
components is provided with constructed shape functions.

Different numerical methods and their shape functions are
available in the literature. PIM [12] has been developed, which
uses polynomial basis functions. It is developed and added
radial basis functions (RBF) in RPIM to increase accuracy. The
shape functions in NI-RPIM are constructed by using RPIM,
which has been defined by Liu and Gu [13]. This technique has
been used in the construction of interpolation functions at
NI-RPIM models and it has been applied and defined in detail
in the study of Liu and Gu [17].

Main concept of this technique [1],[17] is adding to radial
basis functions to polynomial functions for representing the
assumed function. The assumed function or field function u(x)
can be represented as Eq. 1 for local support domain.

u(x) = Z R(x)a; + Z P()b; = RT(x)a+PT(x)b (1)
i=1 =1

In here, R;(x) represents radial basis and P;(x) represents
polynomial basis functions. a; and b; are corresponding
constants, n is the number of field nodes in the local support
domain and m is the number of polynomial terms. Different
kinds of radial basis functions are available in the literature.
Multiquadric basis (MQ) is one of RBF and is used in the
solutions of partial differential equations. It is used as radial
basis function [18] in Eq. 2.

Ri(0) = (17 + (a.d.)?)’ )

Where d. is the average nodal spacing near the point of
interest at x; a. and q are two arbitrary real numbers of
dimensionless parameters, which are called shape parameters.
q is [13],[17]-[19] not recommended to equal to use as 1.00
with respect to singularity problem of moment matrix in
RPIM-MQ. The effect of shape parameters are also investigated
in the study of Wang and Lui [19]. It is recommended
[19]-[21] to use q as 1.03 and a, as 3 for MQ basis. The radial
distance is given in Eq. 3. Also the used polynomial terms are
given in Eq. 4 which are mainly derived from binomial
expansion.

=y —x)? + (v - y)? ©)
PT(x) = {1,x,y,x%xy,y%, ..} (4)
interest g0 O Smmm, local
field - %, support
node -¥ domain

proble‘m‘ -
domain R

Figure 1: Different types of local support domains for point of
interests [17].

A support domain determination is needed to prepare
interpolation. Point of interest, x is used for the centre of
support domains and interpolations are applied for field nodes
in the local support domain, which is given in Figure 1.
Different types of support domain geometries can be used, like
circular, elliptical, triangular or rectangular. A circular local
support domain is used and its covered area is given by radius
of circle (ds), which is given in Eq. 5.

ds = asd, %)

Where d. is average nodal spacing and «; is a positive real
number of dimensionless size of the local support domain. Its
value is commonly used between 2 and 3 [17].

The unknown constants of field function of a; and b; in Eq. 1
can be determined by enforcing the field function pass
through all n field nodes in the local support domain. At the kth
point or last point in local support domain, field function can
be written as:

n m
u(xg, yi) = ZRi(xkrYk) a; +ij(xk,}’k)b', (6)
i=1 =
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The matrix form of the above equation can be expressed as
U, =Rga+ Bpb = {ug uy .o uy}’ N

Where U, the vector of function values at the nodes in the
local support domain. R, is the moment matrix of RBF and P,
is the polynomial moment matrix, which are given in Eq. 8 and
9 respectively.

Ri(r)) Ry(ry) .. Ru(r)

Ry = |Fi(z) Ro(rz) . Rn(r2) (8)
Rl(rn) Rz(rn) Rn(rn) (nxn)
L n % e )

Pm = 1 X2 %’f ...... pm(xz) (9)
1 X yn pm(xn) (nxm)

a is the vector of unknown coefficients for RBF and b is the
vector of unknown coefficients for polynomial basis functions.
They are given in Eq. 10 and 11.

T={a, ay..a,} (10)
bT = {by by ..b,,} (11)

For solution of the field function, unknown parameter a in Eq.
7 must satisfy in polynomial function,

ij(xi) a;=Pla=0, j=12,..,m (12)
=1

Combination of Eq. 7 and Eq. 1 yields the following equations
in the matrix form:

- Ue _ Rq Pm a _
=[] = [PnTl 0 ]{b} = Ga, (13)
Where
— U,
7 =| Oe] ={a, a ..a, 00..0}" (14)
Unique solution is obtained if the inverse of matrix G exists:
a i~
a,={;}=67T, (15)

Substituting Eq. 15 into Eq. 1, the interpolation with respect to
field function can be expressed as,

u(x) ={R"(x) PT(x)}G™U, = §(x)T, (16)

Finally, the RPIM shape functions for the corresponding n field
nodes can be obtained as

T ={p1 () 9(x) .. @u(0} a7

The approximation function can be written as
n
w() = T, = ) pa (18)
i=1

The derivatives of u(x) can be easily obtained as

;i (x) = @l (U, (19)

Where k denotes the coordinates x or y. Partial differentiation
is taken with respect to that defined coordinated by k.

The usage of radial basis functions in interpolation becomes
widely. Dinis et al. investigate analysis of 3D solids [22] and
plates [23] by NNR-PIM (natural neighbour radial point
interpolation method) with using RBF. Static and free
vibration [24] analysis of thick plate is investigated by using
LRPIM (local radial point interpolation method) and radial
basis functions. Quadratic polynomial basis functions are used
as trial function. Polynomial and radial basis functions support
Kronecker Delta Function property in shape functions.

3 Nodal Integration Based on Taylor Series
Expansion

Representations of function with serial expansions are
another powerful mathematical operation, used on mainly to
describe hard handle functions. It is generally used on the
determination of function values from known values to
unknown values. The usage area of series is wide, especially in
the numerical analysis. The methodology of series converge
the related solution with step by step. Integrals and limits can
be defined and solved by using series.

Taylor series are one of the concepts of numerical methods
and its usage in numerical solutions can be seen in finite
difference method. General representation of FDM is given in
Eq. 20. xq + h value of function can be defined serial expansion
of xo value of functions. Rn is the total error between value of
f(xo + h) and its Taylor expansion results. In general, the
degree of used terms in FDM increases the accuracy.

f'(x O)h"'f”z(TO) L.
n 20
f(o)hn+R (20

flxo+h) =f(xp) +

This serial representation can be applied in numerical
integration. The numerical integration is applied [1] on
Galerkin weak formulation of governing equations of the solid
mechanics problems. Equilibrium equation is given in Eq. 21,
which is valid in the domain. Also applied natural and
essential boundary conditions are given in Eq. 22 and 23,
respectively.

L'e+b=0 (21)
o'n=t ont (22)
u=7u on Ty, (23)

LT is [1] differential operator, o is the stress vector, uis the
displacement vector, b is the body force vector, t is prescribed
traction on the natural boundies, u is prescribed displacement
on the essential boundaries and n is the vector of unit outward
normal on the natural boundary. They are given in Eq. 24,

respectively.

o o]
LT=[60" a9 aa' —[O'yy],u—[u] b—[] (24)
ay

The equilibrium equation (Eq. 21) can be defined as in
Galerkin weak formulation in Eq. 25,

f(L(Su)T(DLu) dn —f6uTb dn —fduTt dr =0 (25)
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D matrix is material coefficient matrix and it is given for linear
elasticity plane stress problems in Eq. 26, where E is Young’s
modulus and 9 is Poisson’s ratio.

19 0

E [9 1 o
D=1—%3 -9 (26)

00 ——

When substituting the approximated Eq. 18, into Eq. 25,
we have

Ku=f (27)
Where
Kij = fBiTDBj an (28)
(pi,x 0
Bi = 0 (pi,y (30)
Piy Pix

Taylor series expansion can be used in different areas, like
developing [25] 2D weight functions for investigation of
cracks. Both FDM [26] (which includes Taylor series
expansion) and radial interpolation is used for the solutions of
mechanics problems.

9f (x0,¥o)

0f Gio.y0)

dy
1 af%(xo,
i
af%(xo,
# 20—y -y L2

URCED

ay?

1 af3(x0,¥0) (31)
0 (20, )
0x20y

af3(xo,
+ 30—y —yor L)
URCED\ WS
FRE 4

fy) = f(x0,¥0) + (x — x0)

+ (= o)

+ = y0)?

+3(x = x0)*(y — ¥o)

+ @ =y0)?

Taylor series expansion is used in nodal integration in the
study [1]. Eq. 28 represents stiffness matrix and will be used
as approximate function f(x,y), which is given in Eq. 31. The
nodal integration of Eq. 31 can be written as Eq. 32,

of (xo,
dy
1 af?(x0,¥0)
0xdy
af?(x0,¥0)
+(y—yo)2#>

3 32
b (G- L2 ¢

+ = vo)

+2(x — x0)(y — yo)

dx3
af3 (X'O, yO)
d0x20y

af3(xo,
+3(x—xo)cy—yo)2%°yy°)

( 0)3 f (xO'y0)>+4' )dﬂ

+3(x = %0)*(y = yo)

Regulating the Eq. 32, we have

[ rwnan= [ reoyo aa
G0y .

+ f(x —Xg) Fpe
f (- af (xO'yO)

f(x— O)Zaf (xo.yo) 0

0 )
+ @ -0 —yo)%“yy")dn

f(y 0)26f (xo,yo) e
f(x— 0)38f (xo.yo) 0

+§J-(x—xo) (v

NS,
Yo 0x20y

1
+Ef(x

af3 (xo,
— x0) (¥ — ¥0)? %"y”’)dn

o5, )36f (xo,yo) -

(33)

an
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ff(x,y)dﬂ zf(xo,yo)fmn
+ £ Georyo) f (x = x0) d2
+ fy(XOnYO) f(y — ¥o) df2
+f;cx(x20ry0) f(x _ xo)z d.Q
+ iy Cor¥0) f (@ = 20)(y = yo) 22

_I_fyy(xzo:}’O)f(y_yO)z a0

Xo,
+ fxxx(60 YO)

+Mf(x = %0)*(y = y0) 2

4 Lon(odo) [CREDCREDR

+f7m(’6‘°'y ) Jo-yraa+-

(34)
f(x —x0)3dR2

Eq. 33 can be regulating more and it is given in Eq. 34, where
dQ represent Taylor integration cell domain or area
(d? = da = dx.dy). The function represents K;; in Eq. 28.
Derivatives of the function causes to take more derivatives of
B matrix, which contains shape functions. Shape functions also
have radial basis functions, whose more derivatives are also
necessary for increased order terms of Taylor series
expansion. The derivatives [18] of Eq. 2, where r depends on x
and y (given in Eq. 3), are given in Eq. 35 and 36 for x and y
coordinates with respect to used order of Taylor Series
expansion. Further derivatives are also taken for 2nd, 3rd, 4th
and further degrees of xand y.

w =2q(r + (acdc)z)q_l(x - x;) (35)
—aR’éﬁ’ D _ 2q(r? + (@ed)?) " (v = y) (36)

4 Solutions and Discussion

Besides of numerical solution for approximate results, in some
cases analytical solutions are available in engineering
problems. Axial loaded, cantilever and simply supported beam
with distributed loading problems have analytical solutions.
Also numerical techniques like FEM can be applied on these
types of problems. Representation of nodal integration by
using Taylor series expansion is mentioned. Increasing the
orders of Taylor series expansions terms on these types of
problems are examined in these cases.

Three different loading conditions are formed on a beam.
Beam models have same geometrical and material properties.
The only changed parameters are applied boundary
conditions. Beam is modelled unit thickness and in the
calculations, plane stress assumption is used. Young modulus
of 200 GPa and Poisson’s ratio of 0.0 are used in material
properties. The selection of Poisson’s ratio as 0.0 is mainly
used for providing the similar condition as analytical
solutions, although solutions are ideal. The behaviour of
material is assumed fully elastic.

Beam models are given for analytical solution in Figure 2. The
beam has a length of 1.00 m and a height of 0.1 m. P is applied
as 1000 N and w is applied as 1000N/m. In axial loaded beam,
deformation and normal stress have more dominant effect on
mechanical robustness. Results are taken at the natural axis of
the beam in x-direction. The deformation and x-stress
(axial stress) are given in Eq. 37 and 38, respectively for
analytical solution.

AY ,
= L,
v
(a) P (case II)
w(case III)
| e R R A At iy R Bty i |

V.V ¥V ¥ Y ¥V ¥ VvV v ¥

(b) &

Figure 2: The models are used in analytical solution for;
a) Axial loaded beam (case 1), cantilever beam (case II),
b) Simply supported beam problem with distributed loaded

(case 1.
Px
S = i 37
P
g = 2 (38)

P represents applied force, A is area, E is Young’s modulus in
the notifications. X-stress is also dominant effect on cantilever
and simply supported beam problem. However, they occur at
the maximum values on the surfaces. Hence the x-stress
results are taken on the upper surface of the beams. They are
given in Eq. 39 for cantilever and simply supported beam
models. ¢ represents the distance between natural axis and
upper surface of the beam.

g = T (39)
On the contrary to check x-direction deformation, y-direction
deflection is considered in cantilever and simply supported
beams. Deflection is given in Eq. 40 for cantilever beam
problem. [ is inertia of the beam. Deflection of distributed
loaded simply supported beam model is given in Eq. 41,
where w is applied distributed force.

P
y= @(xs —3Lx?) (40)
— w 4 3 3
y——24E1(x —2Lx3 — L3x) 41

Numerical models of FEM are given in Figure 3 for 10
elements (a) and 20 elements (b). 10 element model have 18
nodes and 20 element model have 33 nodes. Same boundary
conditions as analytical models are applied on FEM models.
Plane182 element, which has 4 nodes for rectangular shape, is
used in ANSYS.
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FElzl elements (@) nodes*”

(b)

Figure 3: The models are used in FEM solutions;
a) 10 elements model, b) 20 elements model.

In Figure 4, NI-RPIM models are given for 18 nodes and 33
nodes. These NI-RPIM models are both used for Gaussian and
Taylor integration. In 18 nodes model, a nodal interval of 0.05
m in height and a nodal interval of 0.2 m in length are used. In
33 nodes model, a nodal interval of 0.05 m in height and a
nodal interval of 0.1 m in length are used. The used Taylor
series expansion terms are up to 4t and if Gaussian
integration is used, 2*2 gauss points are available in each
background cell.

R M mm e Y BEommmeem ] S mem e 5
R O ——
)'k __________ e mim e Fomrmmem e e

:nodes (a)
e
e el e e
Fomon Fomme E Feomom oo P m e Plomm Plmeme e FEom e ®

Figure 4: The models are used in NI-RPIM solutions;
a) 18 nodes model, b) 33 nodes model.

4.1 Axial Loaded Beam Model

In Figure 5, analytical, FEM (10 elements) RPIM (18 nodes)
with  Gaussian integration and Taylor integration
(2nd order NI-RPIM) results are given for axial loaded beam
problem. Whole compared numerical results have good
agreements with analytical solution. However, results of
NI-RPIM (2nd order terms) have larger deformation than
analytical results at the force application location of the beam.
But, general characteristics of compared results behave
similar and the difference can be accepted. Further increasing
the number of nodes to 33, the results of NI-RPIM
(2nd order terms) get better and are drawn to analytical
results, especially the force applied location in Figure 6. FEM
and Gaussian int. of PRIM results have good agreement with
analytical results.

__ 6.0E-08
E
£ 5.0E-08 —Analytical'Sol‘n ) L
5 NI-RPIM (2 terms) o
f ---RPIM with Gauss Int. L
= 40E-08 = - - FEM (ANSYS) g
k=
£ 3.0E-08 =
£ i
2 2.0E-08 L
z e
= A
g 1.0E-08 //

0.0E+00

0 0.2 0.4 0.6 0.8 1

length of the beam (m)

Figure 5: Comparison of different solution techniques on
vertical deformation of 18 nodes axial loaded beam.

6.0E-08
;IS‘OE-OS — Analytical Sol'n S
g -~ NI-RPIM (2 terms) /.,y

RPIM with Gauss Int. =

L7 : -
EHE08 T pEM (aNsYS) =
s e
£3.0E-08 o
s e
£ 7
ﬁ 2.0E-08 ///
Z10E-08 >
a e
s ,

00800

0 0.2 0.4 0.6 0.8 1

length of the beam (m)

Figure 6: Comparison of different solution techniques on
vertical deformation of 33 node axial loaded beam.

The effect of used terms in Taylor Series expansion is given in
Figure 7 for 18 nodes and they are compared with only
analytical results. The usage of 1st order term in Taylor series
expansion in NI-RPIM causes to a fluctuation at the vertical
deformation results of the beam. The fluctuation disappears
and the vertical deformation results are improved with
increasing the used order of Taylor series expansion terms.
However, the vertical deformations of tip locations of beam
are same in all used terms of NI-RPIM scheme.

6.0E-08

n

OE-08 — Analytical Sol'n
NI-RPIM (1 term)
NI-RPIM (2 terms)
4.0E-08 -~ NI-RPIM (3 terms)
-~ NI-RPIM (4 terms)

£ 3.0E-08

2.0E-08

1.0E-08

vertical deformation of the beam (m)

o
i
0.0E+00 +

] 0.2 0.6 0.8 1

0.4
length of the beam (m)
Figure 7: Effect of Taylor series expansion terms on vertical
deformation of 18 nodes axial loaded beam.
6.0E-08
— Analytical Sol'n
5.0E-08 —=NI-RPIM (1 term)

~--NI-RPIM (2 terms)
NI-RPIM (3 terms)

£
§
*)
= 4.0E-08 ---NI-RPIM (4 terms)
£ 3.0E-08
S 2.0E-08
5
S 1.08-08
=
5
- P

P

0.0E+00 =
0 0.2 0.4 0.6 0.8 1

lengtﬁ of the beam (m)

Figure 8: Effect of Taylor series expansion terms on vertical
deformation of 33 nodes axial loaded beam.

The increased node results in NI-RPIM are given in Figure 8. It
has seen that 2nd and greater terms of NI-RPIM results have
good agreements with compared analytical solution. However,
the used 1st term in NI-RPIM gives greater fluctuation results
than 1st term of 15 node NI-RPIM results. Besides of that the
tip vertical deformation of the beam approximately overlaps
with analytical result.
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20
Zia — Analytical Sol'n
= NI-RPIM (1 term)
Fl16 —— NI-RPIM (2 terms)
:14 - NI-RPIM (3 terms)
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812
%10 - —
2
?—j 6
= 4
£
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0 0.2 0.8 1

0.4 0.6
length of the beam (m)

Figure 9: Effect of Taylor series expansion terms on axial
stress of 18 nodes axial loaded beam.

The effect of used terms can be seen more easily in stress
results. Normal stress results in x-direction are given for 18
nodes in Figure 9. NI-RPIM stress results at the support
location of the beam have a great difference from analytical
solution. This location influences the further sections results
of the beam. But the fluctuation decreases at the far sections of
support location. This local high stresses may be related with
Saint Venant's principle. The results are improved with
increasing the order of Taylor series expansion terms. In
Figure 10, increasing the number of nodes provide more
suitable and better normal stress results. 4th order terms of
NI-RPIM results are the best results and have the least
fluctuation. Besides of that, using only 1st term in NI-RPIM
gives the worst stress results.
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Figure 10: Effect of Taylor series expansion terms on axial
stress of 33 nodes axial loaded beam.

4.2 Cantilever Beam Model

The deflection results of cantilever beam for different methods
are given in Figure 11. The compared methods give sufficient
results with respect to analytical solution. However, there is a
small gap between analytical and NI-RPIM results, which have
2nd order Taylor series expansion terms. This gap between the
compared results is eliminated with increasing the number of
nodes in Figure 12. Nearly whole of the compared methods
have perfectly agreement with analytical solution.

The effect of used terms in horizontal deformation of the beam
is given in Figure 13. 1st order term of NI-RPIM gives
insufficient results. When increasing the order of terms, the
results become close enough to analytical results.

But increasing the number of nodes to 33, the results are
approximately same as analytical solution without 1st order
term results in Figure 14.
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Figure 11: Comparison of different solution techniques on
vertical deformation of 18 nodes cantilever beam.
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Figure 12: Comparison of different solution techniques on
vertical deformation of 33 nodes cantilever beam.
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Figure 13: Effect of Taylor series expansion terms on vertical
deformation of 18 nodes cantilever beam.
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Figure 14: Effect of Taylor series expansion terms on vertical
deformation of 33 nodes cantilever beam.
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The stress results of cantilever beam for 18 nodes are given in
Figure 15. The results of 1st order term give insufficient
results. However increasing the order of NI-RPIM terms gives
similar results as analytical solution. A high distortion on the
results of 1st order terms is seen in Figure 16 and causes to not
behave similar behaviour as analytical results. But 2nd and
greater order of NI-RPIM terms nearly gives the same results
as analytical solution.
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Figure 15: Effect of Taylor series expansion terms on axial
stress of 18 nodes cantilever beam.
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Figure 16: Effect of Taylor series expansion terms on axial
stress of 33 node cantilever beam.

4.3 Simply Supported Beam Model

The horizontal deformation results of simply supported beam
are given for 18 nodes in Figure 17. FEM results are the closest
results to analytical solution. Besides, the results of 2nd order
terms in NI-RPIM are the farthest results, general behaviour of
the results has similar characteristics with analytical solution.
When increasing the number of nodes, nearly all the compared
methods overlap with the analytical solution in Figure 18.
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Figure 17: Comparison of different solution techniques on
vertical deformation of 18 nodes simply supported beam.
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Figure 18: Comparison of different solution techniques on
vertical deformation of 33 nodes simply supported beam.

The effect of terms of NI-RPIM is given in Figure 19 for 18
node results. It is seen that 2nd, 3rd and 4th order terms give
similar and less deformation values than analytical solution.
But 1st order term results have great difference from analytical
solution and greater deformation values than analytical
solution. When increasing number of nodes to 33, the results
of 2nd, 3rd and 4th order terms approximately overlap with
analytical solution in Figure 20. The difference between 1st
order term and analytical results decreases, but it has not
vanished.
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Figure 19: Effect of Taylor series expansion terms on vertical
deformation of 18 nodes simply supported beam.
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Figure 20: Effect of Taylor series expansion terms on vertical
deformation of 33 nodes simply supported beam.

Similar condition can be seen in the stress results of simply
supported beam. In Figure 21, the results show that 1st order
term solution has insufficient results. However, 2nd and
greater order terms have closed enough results to analytical
solution. In Figure 22, nearly 2nd, 3rd and 4th order terms stress
results are very close to analytical solution. The difference
between 1st order terms results and analytical results
decreases, but the stability of 1st order terms vanishes and a
fluctuation occurs.
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Figure 21: Effect of Taylor series expansion terms on axial
stress of 18 nodes simply supported beam.
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Figure 22: Effect of Taylor series expansion terms on axial
stress of 33 nodes simply supported beam.

It has been reported that first-order finite difference scheme
[27] doesn't give sufficient results in most of the
computational fluid dynamics (CFD) analysis and second-
order terms is suggested. Similar condition is detected in this
study for 2D elastic problems.

Solution time and computational performance are also
important subjects for a numerical analysis. These properties
can affect the usage of numerical analysis, if their
requirements in the solution need high solution time and
cause high computational cost. Hence, solution times of RPIM
with nodal and Gaussian integration are investigated and their
results are given in Table 1. A computer has a memory of 3GB
and a processor speed of 2.4 GHz, is used in the analysis.
2 different numbers of nodes (33 and 1111) are used for
observing the solution times. It is seen that in the results of 33
nodes, Gaussian integration works faster than nodal
integration, even if 4*4 number of Gauss points are used in the
each background cell. But all solution cases are completed in
less than one second.

However, when increasing the used number of nodes to 1111,
the results of 1st order term of nodal integration and 2*2 gauss
points of Gaussian integration have similar solution times.
When increasing the number of gauss points (3*3 and 4*4),
the solution time increases rapidly rather than the increment
of terms of nodal integration. The increment of order of Taylor
series expansion in nodal integration is not dominant as the
used number of gauss points in Gaussian integration for
solution time. Nearly, the solution of RPIM with 4th order
terms of nodal integration needs half of solution time of 4*4
gauss point solutions of Gaussian integration.

Table 1: Comparison of solution times of RPIM with nodal and
Gaussian integration techniques for axial loaded beam models
of 33 and 1111 nodes.

RPIM with nodal Soln Soln RPIM with Gauss
integration tl;n © ()m tlgne ()m integration
ecs ecs

1 term 0.442 0.187 2%2
33 2terms  0.474 0.249 3*3 33
nodes  3terms  0.528 0.39 4%4 nodes
4 terms 0.73
1 term 22.58 22.259 2%2
1111 2terms  24.064 42557 33 1111
nodes  3terms  27.033 70.98 44 nodes

4 terms 31.944

5 Conclusion

In this study, the effect of higher order terms of Taylor series
expansion is investigated up to 4th order within the method of
NI-RPIM which is used by Liu et al. [1]. 3 different case studies
for elastic problems are examined with plane stress
assumption. Also the effect of number of nodes is observed by
changing the used number of nodes.

Some findings can be summarized that;
Increasing the number of nodes gives better results.

It has been detected that 2nd order Taylor terms can satisfy
suitable result with respect to analytical solution.

Fluctuation may occur in the 1st order terms in NI-RPIM.

In axial loaded beam results, higher order terms give more
realistic results, especially on the investigation of stress
conditions.

FEM, NI-RPIM with Gaussian and Taylor integration can give
similar results as analytical solution.

On the contrary to high solution times in fewer nodes,
NI-RPIM with Taylor series expansion has benefits and faster
than Gaussian integration in the solution times, especially
using lots of numbers in the analysis.
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