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Abstract 

 

Since charged particle multiplicity distributions provide important results about the interactions of particles 

it has been studied in various experiments so far. The analysis of multiplicity distributions, which can be 

easily obtained in experiments, is therefore very important. There are several parametric models to describe 

the charged particle multiplicity distributions in literature. Among them, log-normal distribution and 

negative binomial distribution are the most well-known parametric models. In this study, negative binomial 

and log-normal distributions are compared and tested in neutrino interactions produced in Direct 

Observation of Nu-Tau experiment. This analysis was carried out using the real experimental results of the 

Direct Observation of Nu-Tau experiment collaboration. The results of the analysis show that the neutrino 

data, reported by Direct Observation of Nu-Tau Collaboration, is well described by negative binomial and 

log-normal distribution. In terms of fit parameters, the χ/ndf value of the both distribution NBD and LND 

are close to unity but log-normal distribution data slightly better than negative binomial distribution.  
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1. Introduction 

 

In particle physics experiments, the multiplicity 

distribution is an interesting parameter that can be easily 

obtained in the experiment, but it keeps information 

about the characteristics of the interaction. To reveal the 

nature of the interaction, it is necessary to understand 

the behavior of multiplicity distribution. Several 

measurements have been collected so far in many 

experiments at different energies and on different 

reactions to understand the behavior of charged particle 

multiplicity distributions. In particular, the shape of the 

multiplicity distribution is very important as it provides 

information about the particle production mechanism. 

Therefore, various theoretical, phenomenological 

models and rules are proposed to parameterize charged 

particle multiplicity distributions in the literature. 

However, results from experiments showed that some 

parametric models are more successful in describing the 

data and its energy dependence up to now [1-7]. 

 

Among the parametric models, log-normal distribution 

and negative binomial distribution are the most well-

known parametric models, so this study focuses on 

these two models. The log normal distribution, is a 

statistical function has a longer tail, more peaked than 

the negative binomial distribution. It is very common to 

encounter this distribution in nature. Therefore, it has 

been found to be applicable in a number of different 

fields like population ecology, income distribution in 

some economies and multi-particle production etc. 

[8,9]. 

 
The Log-Normal Distribution (LND) is defined as; 

 

𝑃(𝑥) =
1

𝑥√2𝜋𝑠2
𝑒−(𝑙𝑛𝑥−𝑚)2 2𝑠2⁄                                (1.1) 

 
and here m and s are the free parameters. When multi-

particle production is analyzed, the log normal 

distribution arises in naturally so this leads an important 

and simple physical interpretation. In 1990, R. Szwed et 

al. has showed that, LND describes the e+e- multiplicity 

data very well [10,11]. Then, Apparatus for LEP 

PHysics (ALEPH) Collaboration proved that, LND 

gives a proper description of the charged particle 

multiplicity distribution of e+e- annihilation in 1991 

[12]. In addition, the studies on of 𝜈p, 𝜈ҧ𝑝 , and 𝑝ҧ𝑝 

interactions showed that, charged particle multiplicity 

data can be parameterized by a log-normal distribution 

[11,13-15]. Although, the LND has been tested in many 

experiments, it has been studied very rarely in neutrino 

interactions. 

mailto:*%20gunesc@ankara.edu.tr
https://orcid.org/0000-0003-2610-6447


 

Celal Bayar University Journal of Science  
Volume 18, Issue 2, 2022, p 181-184 

Doi: 10.18466/cbayarfbe.986699                                                                                        Ç. Kamışcıoğlu 

 

182 

To describe the charged particle multiplicity, the other 

parametric model is Negative Binomial Distribution 

(NBD) which is a statistical distribution and defined as; 

 

𝑃(𝑛; 𝑘, 𝑛̅) = (
𝑛̅+𝑘−1

𝑛̅
) 𝑝𝑛̅(1 − 𝑝)𝑘                   (1.2) 

 

where k and 𝑛̅  are free parameters of the distribution 

with p=(𝑛̅/𝑘)/( 1 + (𝑛̅/𝑘)). It is known that the first 

application was made to the cosmic-ray muon data by 

McKeown and Wolfendale in 1966 [16]. In 1985, the 

UA5 Collaboration obtained a remarkably good 

negative binomial fit in the 𝑝ҧ𝑝 collision and this made 

an overwhelming impression [17-19]. In the same year, 

it was shown that NBD was describe the charged 

multiplicity distribution of e+e- annihilation excellently 

[20]. Similar results were obtained for the charged 

particle multiplicity distribution of µp and pp collisions 

[21,22]. Recently, The Oscillation Project with 

Emulsion-Tracking Apparatus (OPERA) Collaboration 

also tested the NBD distribution and published the 

result that NBD describes the charged particle 

multiplicity in neutrino interactions very well [6]. 

 

Previously, neutrino multiplicity data of Direct 

Observation of Nu-Tau (DONUT) experiment is 

compared and tested for KNO-G scaling and the 

validation of data has been shown [23]. In this study, 

charged particle multiplicity distribution of neutrino 

interaction produced in DONUT experiment is analyzed 

for NBD and LND. Although, these models have been 

tested in several experiments before, this is the first 

study for DONUT which is an emulsion based-neutrino 

experiment. 

 

2. Experimental Data and Analysis 

 

The DONUT experiment was design to observe directly 

and study about 𝜈𝜏CC interactions in the SPS Wide 

Band Neutrino Beam. For this purpose, a number of 

800GeV protons from the Tevatron collide into the 

beam dump so a prompt neutrino beam, composed of 

𝜈µ(%60), 𝜈e(%35), 𝜈𝜏(%5) neutrinos with 53GeV 

average energy, was created. Then charm particles (Ds) 

are produced and decays to an anti-tau neutrino and a 

tau lepton. The tau neutrino, produces in the decays of 

tau, travels 36 m to reach the emulsion target. The 

experiment used an emulsion/counter-hybrid-detector 

and the target was composed of nuclear emulsion as a 

three-dimensional tracking device. Because of its sub-

micron accuracy and high spatial resolution, nuclear 

emulsion is a very powerful technique for the detection 

of short-lived tau particle. So, three emulsion target 

designs were used in the experiment. Each design had 

different plastic base layer and emulsion layer thickness, 

called as ECC200, ECC800 and Bulk type. The 

combination of emulsion designs intent to increase the 

amount of mass while increasing the precision for tau 

particle. The first design, (ECC 200) composed of 1 mm 

thick steel sheets interleaved with emulsions having 100 

µm thick emulsion layers on both size 200 µm plastic 

base. The second design (ECC800) is the same as the 

first design, only the thickness of the plastic base is 800 

µm. The bulk design consists of only 350 µm thick 

emulsion layers on both size of 90 µm plastic base 

without steel plates. 

 

DONUT experiment collected data during 1997 and 

published first and the most important results in 2000. 

Thanks to the emulsion technology and the detector 

identified 578 neutrino interactions and the 

collaboration observed 9 𝜈𝜏CC events with background 

of 1.5 events. Based on these data, they announced the 

discovery of the tau particle in 2000 [24-27]. 

 

1. Negative Binomial and Log-normal Distributions 

 

The NBD provides a convenient framework for 

multiplicity distributions with two free parameters. In 

fact, the two free parameters make NB distribution a 

highly flexible distribution [28,29]. In order to test 

negative binomial distribution, the data of located 

multiplicity distributions of charged particles produced 

in the DONUT experiment obtained directly from the 

ref [24] which is given in Figure 1.  

 
Figure 1. The located multiplicity distributions of 

charged particles produced in the DONUT experiment. 

 
Then NBD fit applied to the P(n) vs. n distribution of 

charged particles and the parameters 𝑛̅  and k are 

obtained from this fit directly. The fitting procedure was 

applied, using the 𝜒2 method, until the best fit was 

achieved. The data and superimposed fit line are given 

in Figure 2 and the values of parameters obtained from 

negative binomial fit is given in Table 1. It can be seen 

that the fit line shows good agreement with the data set. 



 

Celal Bayar University Journal of Science  
Volume 18, Issue 2, 2022, p 181-184 

Doi: 10.18466/cbayarfbe.986699                                                                                        Ç. Kamışcıoğlu 

 

183 

 
Figure 2. The data distribution with the negative 

binomial fit. 

 

Another parametric model that is well known and has 

many applications in the literature is LND [30].  

 

Since shape of charged multiplicity distributions is 

showed well described by LND, in this study LND fit 

applied to the data of located multiplicity distributions 

of charged particles produced in the DONUT 

experiment. 
 

Table 1. The negative binomial fit results. 

 

Applied 

Fit 

𝒏ഥ k 𝝌2/𝒏𝒅𝒇 

Negative 

Binomial 

3.20±0.01 4.85±1.07 6.60/10 

 

The fitting procedure was applied, using the 𝜒2method, 

until the best fit was achieved. The data and the 

resulting fit are shown in Figure 3 and fit parameters are 

given in Table 2. It is observed that, LND fit seen to be 

very good which reflects the shape of charged particle 

multiplicity distribution. 

 

Table 2. The log-normal fit results. 

 

Applied 

Fit 

m s 𝝌2/𝒏𝒅𝒇 

Log-

normal 

1.80±0.02 0.38±0.01 8.52/10 

 

 
Figure 3. The data distribution with the log-normal fit. 

 

3. Conclusion 

 

In this study, the charged particle multiplicity data of 

DONUT experiment tested for two well-known 

parametric models which are log-normal distribution 

and negative binomial distribution. For the analysis, the 

real data directly obtained from the DONUT reference 

paper [24], NBD (1.1) and LND (1.2) fits were applied 

one by one until the best fit was achieved and the results 

are presented in the form of tables. It has been shown 

that, charged particle multiplicity distribution of 

DONUT experiment can be described in terms of the k 

and 𝑛̅ parameters of NBD and can be described in terms 

of m and s parameters of LND. Although both fit lines 

show good agreement with data, 𝜒2/ndf results shows 

that log-normal distribution gives a better description of 

data than the negative binomial distribution. The 𝜒2/ndf 

values of NBD and LND are close to unity, but the fit 

value of the lognormal distribution are relatively better 

for DONUT neutrino interactions. At the same time, the 

dependence of the free parameters on energy are 

reported in the tables for the neutrino interactions. 
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