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OPERATORS
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ABSTRACT. In the present paper we give quantitative type theorems for the
differences of different bivariate positive linear operators by using weighted
modulus of continuity. Similar estimates are obtained via K-functional and
for Chebyshev functionals. Moreover, an example involving Szédsz and Szédsz-
Kantorovich operators is given.

1. INTRODUCTION

Studies in the theory of approximations have been going on for many years.
During these times, the most well-known operator Bernstein operators, the best-
known theorem for convergence was the Korovkin Theorem. Then, Szasz, Baskakov,
Kantorovich operators are defined and their convergence properties are examined.
Many researchers have defined various modification forms of these operators and
examined their convergence properties and their applications are given. In recent
years, some studies have been carried out to obtain general information between the
convergence speeds of the operators by taking the difference of any two operators.

In the recent past, there is a growing interest in studying the difference of linear
positive operators in approximation theory (see |1], [2], [3] and [6])

In 2006, Gonska et al., using Taylor’s expansion with Peano remainder, gave a
Theorem showing that the difference of two operators A and B can be limited by
the concave majorant w, where wy, is the k-th order modulus of smoothness [11].

In 2016, A. M. Acu and I. Rasga obtained some inequalities using Taylor’s formula
and obtained some estimations by applying these inequalities on the differences of
Linear Positive operators [1].
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In 2019, A. Aral et al. obtained some estimates for the difference of two general
linear positive operators on unbounded interval [5].

In 2021, A. M. Acu et al. gave some theorems for the difference of linear positive
operators of two variables defined on a simplex [4].

In this study, we will give some theorems given by A. Aral et al. |5] for univariate
operators for bivariate operators.

This paper deals with the difference of certain bivariate operators defined on
unbounded intervals. The differences are estimated in terms of weighted moduli
of smoothness for the operators constructed with the same fundamental functions
and different functionals in front of them.

2. AUXILIARY RESULTS

If we can calculate that the difference between the A and B operators is very
small, we can learn the properties of the other by looking at the properties of one.

It is well-known that classical modulus of continuity is a very useful tool in
order to determine the rate of convergence of the corresponding sequence of linear
positive operators defined bounded interval, in case of unbounded intervals, It would
be more appropriate to use a defined modulus of continuity in weighted function
spaces. This allows to enlarge the continuous function space to weighted function
space in approximation problems. For this purpose, we consider the modulus of
continuity defined in suitable polynomial weighted space, defined for univariate case
in [10] by Gadjieva and Dogru and for bivariate case in [12] by Ispir and Atakut.

Let D := [0,00) x [0,00) and p (z,y) := 1 + 2%+ 92, (x,y) € D. Throughout the
paper; C (D) will denote the space of real-valued continuous functions on D and
Cp (D) will denote the space of all f € C' (D) that are bounded on D. Let B, (D)
denote the space of functions f satisfying the inequality

\f (e, y)l <mpp(x,y), (x,y) €D,
where my is a positive constant which depend on the function f. B, (D) is a linear
normed space with the norm

(1)

fll, = sup .
171, (@y)ep P (T,Y)
Let C, (D) denote the subspace of all continuous functions belonging to B, (D).
Also, let C (D) denote the subspace of all functions f € C, (D) for which there
exists a constant k; such that

|f (2, )

lim ———— =ky <o0.
a:2+y2~>oo P x7y)

In the case of ky = 0, we will write C (D).
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We use the weighted modulus of continuity, considered in [10] and [12], denoted
Q, (f,-,-) and given by

f(x+hi,y+he)— f(x,y)
Q,(f, 61,6 su ; feCp
o (£,01,02) = (2,4)€D, |h1\£)61, lha|<6s (1 + 224+ 42) (1+ hi + h3) f D).
(2)

The weighted modulus of continuity €2, satisfies the following properties for f €
c, (D):
Qp (f,51,52) — 0 as d; — 0 and 6 — 0 for (51,52 > 0.
7i: For any positive real numbers A1, Ao, d; and d5 the following relation

Qp (f, )\151, /\252) <4 (1 =+ /\1) (1 + )\2) Qp (f, 51, 52) (3)

holds.
In the sequel, we will use the notation that e; ; (z,y) := z'y’, i, j € N, (z,y) € D,
1 denotes the constant function

1:D—=R, 1(z,y) =1, (z,y) €D, (4)

and ID denotes a linear subspace of C' (D), which contains C, (D). We also consider
the positive linear functional F' : D — R such that F' (1) = 1. Denoting

01 = F (e10) , 05 := F(eo1) (5)
and ‘ ‘
ply=F ((el,o - Ofl)l (6071 — 9§1>J> . i,jEN, (6)
then one has
nio = 0, pio=Fl(ero)’ - (95)2 >0, (7)
pon = 0. ph,= F(eon)” - (QQF)Q > 0.

Lemma 1. For (z,y) € D, f € C}; (D) and 0 < 01,02 < 1, we have

(t—a)" (s -9
|f(t7 5) - f(xay)‘ < 256p($,y) <1 + 54 ) <1 + 64 ) Qp (f751752)'

1 2

Proof. Using the inequality [5] with \; = lt zl ve Ap = |S y‘ , from (2) and (3), we
have

[f(ts) = flzy)l < 4p(2,y) R (f,01,02) (1+ |t5_1x|> (1+ |86_2y|>
X (l—i— (t—x)2) (1+(S_y)2)

16p (2,y) (1+67) (1+63) pUh81 02 lt-al<ouls-yl <
16p () (1+67) (1+63) © (f,al,csz)(” CSps e —al > 81, ls —yl > 62




794 S. O. AREMU, A. OLGUN

Therefore
F (ts) = f (@) < 16p (2,y) (1+63) (1+63) (1+ S52) (14 SE) 2 (/,61,62).
Choosing 0 < 61 <1, 0<é2 <1for f € C; (D), (x,y) € D, we get

4 4
t—x s —
5) ~ £ ()| < 2560 (2, (1 + ﬂ;)> (1 + w> 0, (1,61,62).
1 2
([l
Now, we present the following estimate for the difference ‘F H-f (0{, 05) ‘

Lemma 2. Let f and all of its partial derivatives of order< 2 belong to the space
C,(D) and 0 < 61 <1, 0<dy <1. Then we have

[P (f)— £ (67.05)| < dgp (67.65) [y + 5]
where

My = max { | faall ol il } -
Proof. For f € C, (D), (t,s) € D, using the Taylor formula we have

fts)— 1 (o705
= 1 (07.05) (1= 08) + 1, (0,05 (s =) + 3 { s cre (1 07’
+2f5y (c1,02) (t— Hf) (s — 95) + fyy (c1,¢2) (s —95)2}7

where (¢1,c¢2) is a point on the line connecting (9{,95) and (¢, s). Taking into
account of the fact that F'(1) = 1 and (5), one has

F(f)-f(6,08) F(1)
= £ (01.08) (F(er0) = 07 F (1)) = £, (67,65 (F (con) — 65 F (1))

1
"’5 {fxm (c1,c2) ,Ug,o + 2 fuy (c1,c2) Nfl + fyy (c1,c2) ﬂ(IiQ} . (8)

Using the facts

N My
~—

(V)
~—

fow (c1,02)] < M; (1 (o) + (0

oy (vl < 01y (14 (0 (65)°).
and

(vl < 01y (14 (6" (6£)°).
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and since

2#51 < Ng,o + u{;%
from (8) we get

P =1 (of.65)]

IN

S0y (1 (o) (05)2) (WEo 2ty + )
M; (1 + (95)2 + (95)2> (150 + o2 -

IN

3. DIFFERENCE OF BIVARIATE POSITIVE LINEAR OPERATORS

In this section, we will give estimates for the difference of bivariate positive linear
operators, on unbounded set D, in terms of weighted modulus of continuity. Let K
be a set of non-negative integers and consider a family of functions py; : D — D,
k,l € K. We consider discrete operators given by

U(fiey) = D Fra(Howa (@), V(izy) =Y G (f)pei(@,9),

k,leK k,leK

where > pri(x,y) =1, Fr;,Gry : D — R are positive linear functionals such
k,leK

that Fj; (1) =1, Gi; (1) = 1. U and V are positive linear operators such that

U,V :D— B, (D).

Theorem 1. Let f € C} (D) with all of its partial derivatives of order< 2 belong
to the space C, (D). Then we have

(U = V) (f2,9)] < 61402 +2%0, (£,03,00) {1+ 3 pra (,m) o (01405 |

k,leK
where
5= 307 3 e o o (02005 [+ ]
k,leK
G G G G
b = My Y pra (@:9)p (91 0 ’“”) [uzé’ +uo§’} )
k€K
4
_ Z Pru (:my)p (efkl79§kl) (ef‘k,z . 91le) 7
k€K
and

= 3 oo (02, 05) (05 - 05’

k,leK
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Proof. We can write

W=Vl = | D {Falh) =G () =1 (67,05) + £ (07, 05)

k€K

() 1 (005 )
Z Pr (7, Y) {‘sz (HH—rf (afk’lvogk’l)

k,l€K
+|Gra () = 1 (651, 05)
+lr (oo ) = g (705 [
Using Lemma 2] (5), (6) and (7), we get

‘F (1) = £ (o705 )| < Myp (07,050 ) {ui + 207" + mgs'}

IN

and
F F;
> e (o) [Fra () - £ (67, 05)
k,leK
. . X
< MY pea oy o (07,057) [ + o' |
k,leK
Similarly,

> pra(ay) ’Gk,l (f)—rf (efw,gg:k,L)

k,leK

Gy G G G
< My Y pra(z,y)p (91 0 ’“") [MQ,S’L +uo,’§‘l} :
k,leK

Using LemmalI] we get
() 7)

< 2% (Hf’“*l,egk”) Qy (f,03,04)
Foo  pGra\? Fui  pGra\?
X (1 + @15;1)) (1 + W)
Fii _ Gu,
< 2o, (1) {p (0 (o o) )
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4
Fi Gr1
+p (eFk-,l eFk,l) (02 B 92 )
1 V2

+p (6{’“,95“) (01

and we can write

Z i1 (2, y) ‘f (9fk’l,05’“"> —f (9?k>l’0§k,l>‘

k€K
< 20, (£,05,64) S D> prala,y)p (ﬁfk’l,9§k’l)
k€K
4
9Fk,l o HGk,L
+ Z Pk,1 (%y) 1Y (elk,laGkal) ( 1 )
k,leK 53
(95’“ B 92079,1>4
+ Y pra(@y)p (ka'lﬂgk’l> T
k,leK 4
4 4
aFk,L . 0Gk,1,) (eFk,l . eGk,l>
Fra pFra ( 1 ! 2 2
+ Zpk,l(xay)P(gfaaz’) 1 1
k,leK 03 04
= 2°Q,(f,03,04) {Ao,0 + A0+ Ao1 + A11},
where
(af'kz o 9?k,l)4 ’ (GQFk,L . 95k,l)4 /
Ai,j = gk, (‘Tay) 70 < Zv] <1

0 04

k.1 (1'73/) - Z Pk, (x7y) P <0fk,l70§k,l,) .

k,leK
Choosing
4
5% = Z pes (2,y) p (Gf’“*l,eg“) (efk,l _ efk,z)
k,leK
and
4
(54 — Z Pl (:my)p (efk,l79§k:,l) (egk,l . 92Gk,l) 7
k,leK

we reach to the desired result. O
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4. ESTIMATE VIA K-FUNCTIONAL

In this section, we give an estimate for the difference of bivariate positive linear
operators; in terms of K-functional. For this aim, we firstly recall the definition
of K-functional. Let C% (D) = {f € Cp(D); fP? € Cp(D),1<p,q< 2} where
f®9 is (p,q) th-order partial derivative with respect to x,y of f, equipped with
the norm

2

1flloz my = Iflomemy + D

i=1

2

o'f
Cs(D) =1 oy’
The Peetre K-functional of the function f € Cp (D) is given by

K (f;0) = ge(i,‘%f(D) {”f _gHCB(D) +9 ||g||C]23(D) ;0> 0}-

o' f
oz’

Cs(D)

It is known that there is a connection between the second order modulus of smooth-
ness and Peetre’s K-functional for all § > 0 as follows (see [9, p.192] or |7]):

K (£:6) < Co {w (f:V8) +min (1,6) o) }-

Here, the constant Cj is independent of § and f, and 2nd order modulus of smooth-
ness of f is a function ws : Cp(D) x (0,00) — [0, 00) given by

wy (f,0)= sup sup AZf(z), §>0,
0<||h||<6 2€D

where |.|| is the Euclidean norm in R? and AZ f is the 2nd order difference on D

given by

: 2
A,%f(x):Z(—l)z_k (k>f(x+kh), x €D, heD.

k=0
Now, assume that C% (D) C D, where, as it is mentioned in page 3, D is the linear
subspace of C' (D) containing C, (D).

Lemma 3. Let f e DNCpg (D). Then
1
]F%f)—»f(af,ei)\<:2Af<f;4[u§o+-ﬂﬁﬂ).

Proof. Let g(x,y) € C% (D) and (t,s) € D. Using Taylor’s expansion [8], we have

st =gley) = D o)+ LD (o)
¢ 29 (u s 29 (x,v
o[ = P i [0 T

Application of the functional F' on both sides of the last formula gives

F(9)—g(0F.00) F (1)
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IN

9o (01,08 (F(er0) 01 F (1)) | +

g, (67,65) (F (con) — 05 F (1))
F</:<tu>3298<52’y>‘du;x,y)w</:<3@32?/8(;’”@ y)
1

< 3 {ngMB(D) (Fer0) = 07 F (1) + oyl oy (F (c0) ~ 05 F <1>)2} .

Taking into account of F (1) =1, (4), (5) and (6), we get

[79) ~ 9 (67.05) | < 5 {92l cnmy 150 + Nguull e oy 152 -
Now, let f € DN Cp (D) and (¢, s) € D, then we have
|F(fi0.9) - £ (67,05) P (1))
F(r=g+gay) -7 (07.05) F)+g(0f,08) F (1)~ g (oF,05) F (1)
= IF(f—g;%y)JrF(g;x,y)—9(95,95)1”(1)
— r(07.05) F()+g(of.05) F (1)
IF(f—g;x,y)|+‘F(g;x,y)—9(9f,95)F(1)’
+ | (or08) Py - g (of.08) F 1)

1
211 = gllop oy + 5 {1902l op) 150 + N9l 162}

IN

IN

IN

1
20f = glleym) + 5 91l (p) [1d0 + 16.2] -

Therefore, taking the infimum on the right hand side over all g € C% (D)

. 1
F(fso) =S (0705)] < nf {2 1 =9l o) + 5 I9lles, o) (150 +qu,2]}

1
= 2K <f§4 [NQF,O‘FMOF:Q]) .

Now, the following theorem can be given.

Theorem 2. Let f € DNCg (D) with all of its first order partial derivatives belong
to Cp (D). Then

U= V) (i) < 45 (£ 00 + Mjn (.0,
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where M} := max { | foll ooy e lono) |

n(z,y) = Z Pk, (z,y) (/\Fk,z + )\Gk,l) )
k€K

. . Frg Fi G G
with Ap, , == Ho g + Hos s AGr, = Hao T Hoo

pey) = > poa (o) { |0 — o7
k,leK

and

+ ‘951” . egv'k,z

}

Proof. By the hypothesis, f is differentiable on the line connecting the points
(Gf’“” : 95’“”) and (9?"”1 , 92&“”). From the mean value theorem for function of two

variables (see, e.g., [7]), there is a point (c1, ¢2) on this line such that

7 (o705 )= (074,054 ) = o (eryea) (00 = 05 )fy (v, 0) (03 — 05™)

holds. For f € DN Cp (D), using Lemma 3, and the above formula, we have

(U =V)(fi2,9)]
< Y et (@,9) [P (f) = Gra ()]
k,leK
< 3 o) {|Fro () = 1 (01, 055)| + | Gra () = £ (67,65
k,leK
fo(ersea) (017 = 07 ) + £y (en,e) (057 = 05") |}
< 23 pri(ay) {K (f; H uéﬂ%lD +K (f;fL 5" + quSJD}
k,leK
+ 3 i @,9) {Ifelono |01 = 07|+ Wullcy oy 05 - 65|}
k,leK
= 2 Z Dkl (m,y) {K (fa i)\Fk,l> +K (fa i)\Gk,l>}
k,leK

F G
+Ky Z i (T,Y) {‘Qlw -0,
k€K

+ ‘egk,z _ GQGk,z

L

where we denote

Fia Gl Gt

F
AB,, = #2,%l+#0,2 s AGyy = Ha 0" T o2 and M} = max{”fﬂcHCB(D) ) foHCB(D)}

From the definition of K-functional, for a fixed g € C% (D), we can write

(U =V)(f;2,9)] < Alf = gllew) D pri(@,y)
k,leK
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1
+§ ||g||Cz(D) Z Pk, (x’y) ()\Fk,l + /\Gk,z)
k€K

+M; > pra(x,y) {‘9fk’l — o7
k,leK

— 4K (f, én(:c,y)) + Mip(z,y),

+ ‘Hgkl - egkl

}

where
n (Iay) = Z Dkl (x,y) (AFk,l + /\Gk.l)
k€K
and

p(y) =Y peil(z,y) {’95’“" -7
k,leK

+ ‘95’” o 02Gk,L

}

Note that using (9), from the above theorem we obtain

U =V) (fiz9)] < Cy {wz (f; \ ;nu,y)) +min (1,)) ||f|CB(D)}+M}u<x7y>.

5. DIFFERENCE FOR CHEBISHEV FUNCTIONALS

For f,g € C,, we take the bivariate positive linear operators U and V' defined
at the beginning of this section. Assuming that f,g, fg € C, (D), we consider the
Chebishev functional of U given by TV (f,g) := U (fg) — U (f) U (g) (similarly for
V) (see [5] and references therein). In this part, we give an upper estimate related
to the difference ’TU (f,9) =TV (f, g)’ .

Theorem 3. Let the functions f,g and fg belong to C} (D) and all of their partial
derivatives of order < 2 belong to C, (D). If

07" =07 =01, 03" =05 =6,
U (1 + (e1,0)” + (e0.1)? xy) < Mp(z,y)
and
4 (1 + (e10)” + (e0.1)* s 2, y) <M p(z,y),

then we have
TV (f,9:2,9) = TV (f,9;2,9)|
< (61 +62) [1+ Mp(,y) (171, + llgll, )] +2° [1 + au (. 9)]

x {9 (£9,85,60) + Mp (2,y) (11,2 (9.3, 60) + llgll, 2 (£.63.60)) }



802 S. O. AREMU, A. OLGUN

where 61 and 8 are the same as in Theorem/[d] and
oF F
ot ( Z P (T,y)p ( k’l,ezk”)
kleK

Proof. From the definition of Chebyshev functionals, we can write

TV (f.gi2,y) =TV (f,9:2,y)

= U(fg;z,y) = U (f;2,9)U(gs2,9) =V (fg;2,9) +V (fi2,9) V(g5 2, y)

= U(fgz.y) —U(fiz,9)U(gz,y) —U(fiz,9) V(giz.y) + U (fi2,9)V (952, )
-V (fg;2,9) +V (f;2,9)V (g;2,y)

= U(fgz,y) =V (fgiz,y) —U(fiz,y) [U(gz,y) =V (g2, 9)]
~V(giz,y) U (f;2,y) =V (f;2,9)].

By taking absolute value of both sides we obtain
TV (f.g;2,9) = TV (f.g;2,9)|
< U(fgzy) =V (fgz,y)|+|U (291U (g2, y) =V (g:2,)]
+ IV (gz, 9| IU (f;z,y) =V (fiz,9)].

From Theorem [I] we have

\U(fg;z,y) =V (fg;2,9)|
Z Pt (2, 9) [Fra (fgi2,y) — Gra (fg: 2, 9)]

k€K

IN

< 01+ 062 +2%Q, (fg,03,04) (1 + qry (2,9))
and
U (fiz. U (g:2,9) =V (g; 2, )]
< Mp(z,y) If]l, [61 + b2 +2°Q (9,83, 04) (1 + gres (2, 9))]
V(g:z, Y| [U (fiz,9) =V (fi2,9)]
< Mp (ilf,y) ||g||p [61 + 42 + 28Qp (fa 633 54) (1 + gk, ($, y))} .
If necessary arrangements are made, the proof is completed. O

6. APPLICATION

If we take the well-known bivariate Szdsz operator as the operator U and the
bivariate Szasz-Kantorovich as the operator V' given, respectively, by

k l
nm f,l’ y Z e~ na—my ’I’LJJ) (n;iy) f(k,l>

n m
k,i=0
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/ / f(t,s)dsdt.

0
Theorem 4. Let f € C ( ) with all of its partial derivatives of order < 2 belong
to the space C, (D). Then we have

|(U - V) (fazvy)‘ S 62 +2SQp (f,53,54)¢(x,y),

and

—nr—m
Vom (f52,y) E e y(nz)
k,l=

where
(1+8nx +4nx?) (1 + 8my + 4my?) 1 1
) =<1 oy
2 (@,9) { * 4n? 4m? 3n?  3m?
1 ne + 4dnz?  my + 4my?
53 =
3 (@:y) 16n2 + 16n4 16n2m?2 '
5 (@,1) = 1 nx +4nz?  my + 4my?
v 16m2  16n2m? 16m*
and

T
vy =242+t + S+ L
n m

Proof. We use Theorem. By making simple calculations for the operators U and V

given above, we have
k1
Fk,l(f) _f<7>7

n’m
k l
QfZFkl(em):E, 9F=m7
k+l +1
Gr.(f) = nm/ f (¢, ) dsdt,
G 1 " 1
91 —le(el 0) = (2]€+1) (2l+1)

2n
2
Mzo—Fkl<<€1o— ) 0, Fkl< 601—— ):0,
k\? 1 1
g - = J—
Mz,o—Gk,l<<€1,o—n>)—32aM02 le( 601—* )—W.

Therefore, we get

61 (l',y) = Oa
e () (my)! (2k+1)*  (20+1) 1 1
— nr—my -
02 (w,9) ; ¢ k! I 1+ 4n? + 2 3n? *

4m 4dmn

3n2  4dmn  3m

R (1 + 8nz + 4nz?) n (14 8my + 4my?) 1 1 1
B 4n? 4m? 2 {7

1

3

3m
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f Y - —nz—my (nm)k (my)l 0Fk,l aFk,l aFk,l eGk,l 4
3= D e K u”(l’2>(1_1>
k,leK ’ :
e (nx)k (my)l ko1l ko1 4
= nx—my - — —— —(2k+1
k%:Ke k! n P\nm n Qn( +1)
_ Z e~ nT—MyY (nx)k (my>l 1+ k72 + ﬁ i !
o ok k! I n?  m? 2n
1 nx + 4nx®  my + dmy?
16n2 16n4 16n2m2
and
4
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- 1 nx + 4na?  my + 4my?
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_ nz—my r
bzy) = 1+ ) e U TRl s
k,leK
g (n2) () (KB
+ k%:Ke k! 1! + n? + m?
= 242?44 o4
This completes the proof. ([
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