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Abstract. In the present paper we give quantitative type theorems for the

differences of different bivariate positive linear operators by using weighted
modulus of continuity. Similar estimates are obtained via K-functional and

for Chebyshev functionals. Moreover, an example involving Szász and Szász-

Kantorovich operators is given.

1. Introduction

Studies in the theory of approximations have been going on for many years.
During these times, the most well-known operator Bernstein operators, the best-
known theorem for convergence was the Korovkin Theorem. Then, Szasz, Baskakov,
Kantorovich operators are defined and their convergence properties are examined.
Many researchers have defined various modification forms of these operators and
examined their convergence properties and their applications are given. In recent
years, some studies have been carried out to obtain general information between the
convergence speeds of the operators by taking the difference of any two operators.

In the recent past, there is a growing interest in studying the difference of linear
positive operators in approximation theory (see [1], [2], [3] and [6])

In 2006, Gonska et al., using Taylor’s expansion with Peano remainder, gave a
Theorem showing that the difference of two operators A and B can be limited by

the concave majorant
∼
ω, where ωk is the k-th order modulus of smoothness [11].

In 2016, A. M. Acu and I. Raşa obtained some inequalities using Taylor’s formula
and obtained some estimations by applying these inequalities on the differences of
Linear Positive operators [1].
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In 2019, A. Aral et al. obtained some estimates for the difference of two general
linear positive operators on unbounded interval [5].

In 2021, A. M. Acu et al. gave some theorems for the difference of linear positive
operators of two variables defined on a simplex [4].

In this study, we will give some theorems given by A. Aral et al. [5] for univariate
operators for bivariate operators.

This paper deals with the difference of certain bivariate operators defined on
unbounded intervals. The differences are estimated in terms of weighted moduli
of smoothness for the operators constructed with the same fundamental functions
and different functionals in front of them.

2. Auxiliary Results

If we can calculate that the difference between the A and B operators is very
small, we can learn the properties of the other by looking at the properties of one.

It is well-known that classical modulus of continuity is a very useful tool in
order to determine the rate of convergence of the corresponding sequence of linear
positive operators defined bounded interval, in case of unbounded intervals, It would
be more appropriate to use a defined modulus of continuity in weighted function
spaces. This allows to enlarge the continuous function space to weighted function
space in approximation problems. For this purpose, we consider the modulus of
continuity defined in suitable polynomial weighted space, defined for univariate case
in [10] by Gadjieva and Doğru and for bivariate case in [12] by İspir and Atakut.

Let D := [0,∞)× [0,∞) and ρ (x, y) := 1+ x2 + y2, (x, y) ∈ D. Throughout the
paper; C (D) will denote the space of real-valued continuous functions on D and
CB (D) will denote the space of all f ∈ C (D) that are bounded on D. Let Bρ (D)
denote the space of functions f satisfying the inequality

|f (x, y)| ≤ mfρ (x, y) , (x, y) ∈ D,

where mf is a positive constant which depend on the function f . Bρ (D) is a linear
normed space with the norm

∥f∥ρ = sup
(x,y)∈D

|f (x, y)|
ρ (x, y)

. (1)

Let Cρ (D) denote the subspace of all continuous functions belonging to Bρ (D).
Also, let C∗

ρ (D) denote the subspace of all functions f ∈ Cρ (D) for which there
exists a constant kf such that

lim√
x2+y2→∞

|f (x, y)|
ρ (x, y)

= kf <∞.

In the case of kf = 0, we will write C0
ρ (D) .
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We use the weighted modulus of continuity, considered in [10] and [12], denoted
by Ωρ (f, ·, ·) and given by

Ωρ (f, δ1, δ2) = sup
(x,y)∈D, |h1|<δ1, |h2|<δ2

f (x+ h1, y + h2)− f (x, y)

(1 + x2 + y2) (1 + h21 + h22)
; f ∈ Cρ (D) .

(2)
The weighted modulus of continuity Ωρ satisfies the following properties for f ∈
C∗

ρ (D):

i: Ωρ (f, δ1, δ2) → 0 as δ1 → 0 and δ2 → 0 for δ1, δ2 > 0.
ii: For any positive real numbers λ1, λ2, δ1 and δ2 the following relation

Ωρ (f, λ1δ1, λ2δ2) ≤ 4 (1 + λ1) (1 + λ2) Ωρ (f, δ1, δ2) (3)

holds.

In the sequel, we will use the notation that ei,j (x, y) := xiyj , i, j ∈ N, (x, y) ∈ D,
1 denotes the constant function

1 : D → R, 1 (x, y) = 1, (x, y) ∈ D, (4)

and D denotes a linear subspace of C (D), which contains Cρ (D). We also consider
the positive linear functional F : D → R such that F (1) = 1. Denoting

θF1 := F (e1,0) , θ
F
2 := F (e0,1) (5)

and

µF
i,j := F

((
e1,0 − θF1 1

)i (
e0,1 − θF2 1

)j)
, i, j ∈ N, (6)

then one has

µF
1,0 = 0, µF

2,0 = F (e1,0)
2 −

(
θF1

)2
≥ 0, (7)

µF
0,1 = 0, µF

0,2 = F (e0,1)
2 −

(
θF2

)2
≥ 0.

Lemma 1. For (x, y) ∈ D, f ∈ C∗
ρ (D) and 0 < δ1, δ2 ≤ 1, we have

|f (t, s)− f (x, y)| ≤ 256ρ (x, y)

(
1 +

(t− x)
4

δ41

)(
1 +

(s− y)
4

δ42

)
Ωρ (f, δ1, δ2) .

Proof. Using the inequality [5] with λ1 = |t−x|
δ1

ve λ2 = |s−y|
δ2

, from (2) and (3), we
have

|f (t, s)− f (x, y)| ≤ 4ρ (x, y) Ωρ (f, δ1, δ2)

(
1 +

|t− x|
δ1

)(
1 +

|s− y|
δ2

)
×
(
1 + (t− x)

2
)(

1 + (s− y)
2
)

≤

{
16ρ (x, y)

(
1 + δ21

) (
1 + δ22

)
Ωρ (f, δ1, δ2) ; |t− x| ≤ δ1, |s− y| ≤ δ2

16ρ (x, y)
(
1 + δ21

) (
1 + δ22

)
Ωρ (f, δ1, δ2)

(t−x)4

δ41

(s−y)4

δ42
; |t− x| > δ1, |s− y| > δ2

.
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Therefore

|f (t, s)− f (x, y)| ≤ 16ρ (x, y)
(
1 + δ21

) (
1 + δ22

) (
1 + (t−x)4

δ41

)(
1 + (t−y)4

δ42

)
Ωρ (f, δ1, δ2).

Choosing 0 < δ1 ≤ 1, 0 < δ2 ≤ 1 for f ∈ C∗
ρ (D) , (x, y) ∈ D, we get

|f (t, s)− f (x, y)| ≤ 256ρ (x, y)

(
1 +

(t− x)
4

δ41

)(
1 +

(s− y)
4

δ42

)
Ωρ (f, δ1, δ2) .

□

Now, we present the following estimate for the difference
∣∣∣F (f)− f

(
θF1 , θ

F
2

)∣∣∣.
Lemma 2. Let f and all of its partial derivatives of order≤ 2 belong to the space
Cρ (D) and 0 < δ1 ≤ 1, 0 < δ2 ≤ 1. Then we have∣∣∣F (f)− f

(
θF1 , θ

F
2

)∣∣∣ ≤Mfρ
(
θF1 , θ

F
2

) [
µF
2,0 + µF

0,2

]
,

where

Mf := max
{
∥fxx∥ρ , ∥fxy∥ρ , ∥fyy∥ρ

}
.

Proof. For f ∈ Cρ (D), (t, s) ∈ D, using the Taylor formula we have

f (t, s)− f
(
θF1 , θ

F
2

)
= fx

(
θF1 , θ

F
2

)(
t− θF1

)
+ fy

(
θF1 , θ

F
2

)(
s− θF2

)
+

1

2

{
fxx (c1, c2)

(
t− θF1

)2
+2fxy (c1, c2)

(
t− θF1

)(
s− θF2

)
+ fyy (c1, c2)

(
s− θF2

)2}
,

where (c1, c2) is a point on the line connecting
(
θF1 , θ

F
2

)
and (t, s). Taking into

account of the fact that F (1) = 1 and (5), one has

F (f)− f
(
θF1 , θ

F
2

)
F (1)

= fx

(
θF1 , θ

F
2

)(
F (e1,0)− θF1 F (1)

)
− fy

(
θF1 , θ

F
2

)(
F (e0,1)− θF2 F (1)

)
+
1

2

{
fxx (c1, c2)µ

F
2,0 + 2fxy (c1, c2)µ

F
1,1 + fyy (c1, c2)µ

F
0,2

}
. (8)

Using the facts

|fxx (c1, c2)| ≤Mf

(
1 +

(
θF1

)2
+
(
θF2

)2)
,

|fxy (c1, c2)| ≤Mf

(
1 +

(
θF1

)2
+
(
θF2

)2)
,

and

|fyy (c1, c2)| ≤Mf

(
1 +

(
θF1

)2
+
(
θF2

)2)
,
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and since

2µF
1,1 ≤ µF

2,0 + µF
0,2,

from (8) we get∣∣∣F (f)− f
(
θF1 , θ

F
2

)∣∣∣ ≤ 1

2
Mf

(
1 +

(
θF1

)2
+
(
θF2

)2){
µF
2,0 + 2µF

1,1 + µF
0,2

}
≤ Mf

(
1 +

(
θF1

)2
+
(
θF2

)2)[
µF
2,0 + µF

0,2

]
.

□

3. Difference of Bivariate Positive Linear Operators

In this section, we will give estimates for the difference of bivariate positive linear
operators, on unbounded set D, in terms of weighted modulus of continuity. Let K
be a set of non-negative integers and consider a family of functions pk,l : D → D,
k, l ∈ K. We consider discrete operators given by

U (f ;x, y) =
∑
k,l∈K

Fk,l (f) pk,l (x, y) , V (f ;x, y) =
∑
k,l∈K

Gk,l (f) pk,l (x, y) ,

where
∑

k,l∈K
pk,l (x, y) = 1, Fk,l, Gk,l : D → R are positive linear functionals such

that Fk,l (1) = 1, Gk,l (1) = 1. U and V are positive linear operators such that
U, V : D → Bρ (D).

Theorem 1. Let f ∈ C∗
ρ (D) with all of its partial derivatives of order≤ 2 belong

to the space Cρ (D). Then we have

|(U − V ) (f ;x, y)| ≤ δ1+ δ2+28Ωρ (f, δ3, δ4)

1 +
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) ,

where

δ1 :=Mf

∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) [
µ
Fk,l

2,0 + µ
Fk,l

0,2

]
,

δ2 :=Mf

∑
k,l∈K

pk,l (x, y) ρ
(
θ
Gk,l

1 , θ
Gk,l

2

) [
µ
Gk,l

2,0 + µ
Gk,l

0,2

]
,

δ43 =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

1 − θ
Gk,l

1

)4
,

and

δ44 =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

2 − θ
Gk,l

2

)4
.



796 S. O. AREMU, A. OLGUN

Proof. We can write

|(U − V ) (f ;x, y)| =

∣∣∣∣∣∣
∑
k,l∈K

{
Fk,l (f)−Gk,l (f)− f

(
θ
Fk,l

1 , θ
Fk,l

2

)
+ f

(
θ
Fk,l

1 , θ
Fk,l

2

)
−f
(
θ
Gk,l

1 , θ
Gk,l

2

)
+ f

(
θ
Gk,l

1 , θ
Gk,l

2

)}
pk,l (x, y)

∣∣∣
≤

∑
k,l∈K

pk,l (x, y)
{∣∣∣Fk,l (f)− f

(
θ
Fk,l

1 , θ
Fk,l

2

)∣∣∣
+
∣∣∣Gk,l (f)− f

(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣
+
∣∣∣f (θFk,l

1 , θ
Fk,l

2

)
− f

(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣} .
Using Lemma 2, (5), (6) and (7), we get∣∣∣F (f)− f

(
θ
Fk,l

1 , θ
Fk,l

2

)∣∣∣ ≤Mfρ
(
θ
Fk,l

1 , θ
Fk,l

2

){
µ
Fk,l

2,0 + 2µ
Fk,l

1,1 + µ
Fk,l

0,2

}
and ∑

k,l∈K
pk,l (x, y)

∣∣∣Fk,l (f)− f
(
θ
Fk,l

1 , θ
Fk,l

2

)∣∣∣
≤ Mf

∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) [
µ
Fk,l

2,0 + µ
Fk,l

0,2

]
.

Similarly, ∑
k,l∈K

pk,l (x, y)
∣∣∣Gk,l (f)− f

(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣
≤ Mf

∑
k,l∈K

pk,l (x, y) ρ
(
θ
Gk,l

1 , θ
Gk,l

2

) [
µ
Gk,l

2,0 + µ
Gk,l

0,2

]
.

Using Lemma 1, we get∣∣∣f (θFk,l

1 , θ
Fk,l

2

)
− f

(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣
≤ 28ρ

(
θ
Fk,l

1 , θ
Fk,l

2

)
Ωρ (f, δ3, δ4)

×

1 +

(
θ
Fk,l

1 − θ
Gk,l

1

)4
δ43


1 +

(
θ
Fk,l

2 − θ
Gk,l

2

)4
δ44


≤ 28Ωρ (f, δ3, δ4)

ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)
+ ρ

(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

1 − θ
Gk,l

1

)4
δ43
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+ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

2 − θ
Gk,l

2

)4
δ44

+ ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

1 − θ
Gk,l

1

)4
δ43

(
θ
Fk,l

2 − θ
Gk,l

2

)4
δ44


and we can write∑

k,l∈K
pk,l (x, y)

∣∣∣f (θFk,l

1 , θ
Fk,l

2

)
− f

(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣
≤ 28Ωρ (f, δ3, δ4)

∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)

+
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

1 − θ
Gk,l

1

)4
δ43

+
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

2 − θ
Gk,l

2

)4
δ44

+
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

) (θFk,l

1 − θ
Gk,l

1

)4
δ43

(
θ
Fk,l

2 − θ
Gk,l

2

)4
δ44


= 28Ωρ (f, δ3, δ4) {A0,0 +A1,0 +A0,1 +A1,1} ,

where

Ai,j = qk,l (x, y)


(
θ
Fk,l

1 − θ
Gk,l

1

)4
δ43


i 
(
θ
Fk,l

2 − θ
Gk,l

2

)4
δ44


j

; 0 ≤ i, j ≤ 1

qk,l (x, y) =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)
.

Choosing

δ43 =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

1 − θ
Gk,l

1

)4
and

δ44 =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

2 − θ
Gk,l

2

)4
,

we reach to the desired result. □
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4. Estimate via K-functional

In this section, we give an estimate for the difference of bivariate positive linear
operators; in terms of K-functional. For this aim, we firstly recall the definition
of K-functional. Let C2

B (D) =
{
f ∈ CB (D) ; f (p,q) ∈ CB (D) , 1 ≤ p, q ≤ 2

}
where

f (p,q) is (p, q) th-order partial derivative with respect to x, y of f , equipped with
the norm

∥f∥C2
B(D) = ∥f∥CB(D) +

2∑
i=1

∥∥∥∥∂if∂xi
∥∥∥∥
CB(D)

+

2∑
i=1

∥∥∥∥∂if∂yi
∥∥∥∥
CB(D)

.

The Peetre K-functional of the function f ∈ CB (D) is given by

K (f ; δ) = inf
g∈C2

B(D)

{
∥f − g∥CB(D) + δ ∥g∥C2

B(D) , δ > 0
}
.

It is known that there is a connection between the second order modulus of smooth-
ness and Peetre’s K-functional for all δ > 0 as follows (see [9, p.192] or [7]):

K (f ; δ) ≤ C0

{
ω2

(
f ;

√
δ
)
+min (1, δ) ∥f∥CB(D)

}
.

Here, the constant C0 is independent of δ and f , and 2nd order modulus of smooth-
ness of f is a function ω2 : CB(D)× (0,∞) → [0,∞) given by

ω2 (f, δ) = sup
0<∥h∥≤δ

sup
x∈D

∆2
hf (x) , δ > 0,

where ∥.∥ is the Euclidean norm in R2 and ∆2
hf is the 2nd order difference on D

given by

∆2
hf (x) =

2∑
k=0

(−1)
2−k

(
2

k

)
f (x+ kh) , x ∈ D, h ∈ D.

Now, assume that C2
B (D) ⊂ D, where, as it is mentioned in page 3, D is the linear

subspace of C (D) containing Cρ (D) .

Lemma 3. Let f ∈ D ∩ CB (D). Then∣∣∣F (f)− f
(
θF1 , θ

F
2

)∣∣∣ ≤ 2K

(
f ;

1

4

[
µF
2,0 + µF

0,2

])
.

Proof. Let g (x, y) ∈ C2
B (D) and (t, s) ∈ D. Using Taylor’s expansion [8], we have

g (t, s)− g (x, y) =
∂g (x, y)

∂x
(t− x) +

∂g (x, y)

∂y
(s− y)

+

∫ t

x

(t− u)
∂2g (u, y)

∂u2
du+

∫ s

y

(s− v)
∂2g (x, v)

∂v2
dv.

Application of the functional F on both sides of the last formula gives∣∣∣F (g)− g
(
θF1 , θ

F
2

)
F (1)

∣∣∣
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≤
∣∣∣gx (θF1 , θF2 )(F (e1,0)− θF1 F (1)

)∣∣∣+ ∣∣∣gy (θF1 , θF2 )(F (e0,1)− θF2 F (1)
)∣∣∣

F

(∣∣∣∣∫ t

x

(t− u)
∂2g (u, y)

∂u2

∣∣∣∣ du;x, y)+ F

(∣∣∣∣∫ s

y

(s− v)
∂2g (x, v)

∂v2
dv

∣∣∣∣ ;x, y)
≤ 1

2

{
∥gxx∥CB(D)

(
F (e1,0)− θF1 F (1)

)2
+ ∥gyy∥CB(D)

(
F (e0,1)− θF2 F (1)

)2}
.

Taking into account of F (1) = 1, (4), (5) and (6), we get∣∣∣F (g)− g
(
θF1 , θ

F
2

)∣∣∣ ≤ 1

2

{
∥gxx∥CB(D) µ

F
2,0 + ∥gyy∥CB(D) µ

F
0,2

}
.

Now, let f ∈ D ∩ CB (D) and (t, s) ∈ D, then we have∣∣∣F (f ;x, y)− f
(
θF1 , θ

F
2

)
F (1)

∣∣∣
=

∣∣∣F (f − g + g;x, y)− f
(
θF1 , θ

F
2

)
F (1) + g

(
θF1 , θ

F
2

)
F (1)− g

(
θF1 , θ

F
2

)
F (1)

∣∣∣
=

∣∣F (f − g;x, y) + F (g;x, y)− g
(
θF1 , θ

F
2

)
F (1)

− f
(
θF1 , θ

F
2

)
F (1) + g

(
θF1 , θ

F
2

)
F (1)

∣∣
≤

∣∣F (f − g;x, y)
∣∣+ ∣∣∣F (g;x, y)− g

(
θF1 , θ

F
2

)
F (1)

∣∣∣
+

∣∣∣f (θF1 , θF2 )F (1)− g
(
θF1 , θ

F
2

)
F (1)

∣∣∣
≤ 2 ∥f − g∥CB(D) +

1

2

{
∥gxx∥CB(D) µ

F
2,0 + ∥gyy∥CB(D) µ

F
0,2

}
≤ 2 ∥f − g∥CB(D) +

1

2
∥g∥C2

B(D)

[
µF
2,0 + µF

0,2

]
.

Therefore, taking the infimum on the right hand side over all g ∈ C2
B (D)∣∣∣F (f ;x, y)− f

(
θF1 , θ

F
2

)∣∣∣ ≤ inf
g∈C2

B(D)

{
2 ∥f − g∥CB(D) +

1

2
∥g∥C2

B(D)

[
µF
2,0 + µF

0,2

]}
= 2K

(
f ;

1

4

[
µF
2,0 + µF

0,2

])
.

□

Now, the following theorem can be given.

Theorem 2. Let f ∈ D∩CB (D) with all of its first order partial derivatives belong
to CB (D). Then

|(U − V ) (f ;x, y)| ≤ 4K

(
f,

1

8
η (x, y)

)
+M ′

fµ (x, y) ,
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where M ′
f := max

{
∥fx∥CB(D) , ∥fx∥CB(D)

}
,

η (x, y) :=
∑
k,l∈K

pk,l (x, y)
(
λFk,l

+ λGk,l

)
,

with λFk,l
:= µ

Fk,l

2,0 + µ
Fk,l

0,2 , λGk,l
:= µ

Gk,l

2,0 + µ
Gk,l

0,2 and

µ (x, y) =
∑
k,l∈K

pk,l (x, y)
{∣∣∣θFk,l

1 − θ
Gk,l

1

∣∣∣+ ∣∣∣θFk,l

2 − θ
Gk,l

2

∣∣∣} .
Proof. By the hypothesis, f is differentiable on the line connecting the points(
θ
Fk,l

1 , θ
Fk,l

2

)
and

(
θ
Gk,l

1 , θ
Gk,l

2

)
. From the mean value theorem for function of two

variables (see, e.g., [7]), there is a point (c1, c2) on this line such that

f
(
θ
Fk,l

1 , θ
Fk,l

2

)
−f
(
θ
Gk,l

1 , θ
Gk,l

2

)
= fx (c1, c2)

(
θ
Fk,l

1 − θ
Gk,l

1

)
+fy (c1, c2)

(
θ
Fk,l

2 − θ
Gk,l

2

)
holds. For f ∈ D ∩ CB (D), using Lemma 3, and the above formula, we have

|(U − V ) (f ;x, y)|
≤

∑
k,l∈K

pk,l (x, y) |Fk,l (f)−Gk,l (f)|

≤
∑
k,l∈K

pk,l (x, y)
{∣∣∣Fk,l (f)− f

(
θ
Fk,l

1 , θ
Fk,l

2

)∣∣∣+ ∣∣∣Gk,l (f)− f
(
θ
Gk,l

1 , θ
Gk,l

2

)∣∣∣∣∣∣fx (c1, c2)(θFk,l

1 − θ
Gk,l

1

)
+ fy (c1, c2)

(
θ
Fk,l

2 − θ
Gk,l

2

)∣∣∣}
≤ 2

∑
k,l∈K

pk,l (x, y)

{
K

(
f ;

1

4

[
µ
Fk,l

2,0 + µ
Fk,l

0,2

])
+K

(
f ;

1

4

[
µ
Gk,l

2,0 + µ
Gk,l

0,2

])}
+
∑
k,l∈K

pk,l (x, y)
{
∥fx∥CB(D)

∣∣∣θFk,l

1 − θ
Gk,l

1

∣∣∣+ ∥fy∥CB(D)

∣∣∣θFk,l

2 − θ
Gk,l

2

∣∣∣}
= 2

∑
k,l∈K

pk,l (x, y)

{
K

(
f ;

1

4
λFk,l

)
+K

(
f ;

1

4
λGk,l

)}
+Kf

∑
k,l∈K

pk,l (x, y)
{∣∣∣θFk,l

1 − θ
Gk,l

1

∣∣∣+ ∣∣∣θFk,l

2 − θ
Gk,l

2

∣∣∣} ,
where we denote

λFk,l
:= µ

Fk,l

2,0 +µ
Fk,l

0,2 , λGk,l
:= µ

Gk,l

2,0 +µ
Gk,l

0,2 and M ′
f := max

{
∥fx∥CB(D) , ∥fx∥CB(D)

}
From the definition of K-functional, for a fixed g ∈ C2

B (D), we can write

|(U − V ) (f ;x, y)| ≤ 4 ∥f − g∥C(D)

∑
k,l∈K

pk,l (x, y)
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+
1

2
∥g∥C2(D)

∑
k,l∈K

pk,l (x, y)
(
λFk,l

+ λGk,l

)
+M ′

f

∑
k,l∈K

pk,l (x, y)
{∣∣∣θFk,l

1 − θ
Gk,l

1

∣∣∣+ ∣∣∣θFk,l

2 − θ
Gk,l

2

∣∣∣}
= 4K

(
f,

1

8
η (x, y)

)
+M ′

fµ (x, y) ,

where

η (x, y) :=
∑
k,l∈K

pk,l (x, y)
(
λFk,l

+ λGk,l

)
and

µ (x, y) =
∑
k,l∈K

pk,l (x, y)
{∣∣∣θFk,l

1 − θ
Gk,l

1

∣∣∣+ ∣∣∣θFk,l

2 − θ
Gk,l

2

∣∣∣} .
□

Note that using (9), from the above theorem we obtain

|(U − V ) (f ;x, y)| ≤ C0

{
ω2

(
f ;

√
1

8
η (x, y)

)
+min (1, λ) ∥f∥CB(D)

}
+M ′

fµ (x, y) .

5. Difference for Chebishev Functionals

For f, g ∈ Cρ, we take the bivariate positive linear operators U and V defined
at the beginning of this section. Assuming that f, g, fg ∈ Cρ (D), we consider the
Chebishev functional of U given by TU (f, g) := U (fg)−U (f)U (g) (similarly for
V ) (see [5] and references therein). In this part, we give an upper estimate related
to the difference

∣∣TU (f, g)− TV (f, g)
∣∣ .

Theorem 3. Let the functions f, g and fg belong to C∗
ρ (D) and all of their partial

derivatives of order ≤ 2 belong to Cρ (D). If

θ
Fk,l

1 = θ
Gk,l

1 = θ1, θ
Fk,l

2 = θ
Gk,l

2 = θ2 ,

U
(
1 + (e1,0)

2
+ (e0,1)

2
;x, y

)
≤Mρ (x, y)

and

V
(
1 + (e1,0)

2
+ (e0,1)

2
;x, y

)
≤M ρ (x, y) ,

then we have∣∣TU (f, g;x, y)− TV (f, g;x, y)
∣∣

≤ (δ1 + δ2)
[
1 +Mρ (x, y)

(
∥f∥ρ + ∥g∥ρ

)]
+ 28 [1 + qk,l (x, y)]

×
{
Ωρ (fg, δ3, δ4) +Mρ (x, y)

(
∥f∥ρ Ωρ (g, δ3, δ4) + ∥g∥ρ Ωρ (f, δ3, δ4)

)}
,
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where δ1 and δ2 are the same as in Theorem 1 and

qk,l (x, y) =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)
.

Proof. From the definition of Chebyshev functionals, we can write

TU (f, g;x, y)− TV (f, g;x, y)

= U (fg;x, y)− U (f ;x, y)U (g;x, y)− V (fg;x, y) + V (f ;x, y)V (g;x, y)

= U (fg;x, y)− U (f ;x, y)U (g;x, y)− U (f ;x, y)V (g;x, y) + U (f ;x, y)V (g;x, y)

−V (fg;x, y) + V (f ;x, y)V (g;x, y)

= U (fg;x, y)− V (fg;x, y)− U (f ;x, y) [U (g;x, y)− V (g;x, y)]

−V (g;x, y) [U (f ;x, y)− V (f ;x, y)] .

By taking absolute value of both sides we obtain∣∣TU (f, g;x, y)− TV (f, g;x, y)
∣∣

≤ |U (fg;x, y)− V (fg;x, y)|+ |U (f ;x, y)| |U (g;x, y)− V (g;x, y)|
+ |V (g;x, y)| |U (f ;x, y)− V (f ;x, y)| .

From Theorem 1 we have

|U (fg;x, y)− V (fg;x, y)|
≤

∑
k,l∈K

pk,l (x, y) |Fk,l (fg;x, y)−Gk,l (fg;x, y)|

≤ δ1 + δ2 + 28Ωρ (fg, δ3, δ4) (1 + qk,l (x, y))

and

|U (f ;x, y)| |U (g;x, y)− V (g;x, y)|
≤ Mρ (x, y) ∥f∥ρ

[
δ1 + δ2 + 28Ωρ (g, δ3, δ4) (1 + qk,l (x, y))

]
|V (g;x, y)| [U (f ;x, y)− V (f ;x, y)]

≤ Mρ (x, y) ∥g∥ρ
[
δ1 + δ2 + 28Ωρ (f, δ3, δ4) (1 + qk,l (x, y))

]
.

If necessary arrangements are made, the proof is completed. □

6. Application

If we take the well-known bivariate Szász operator as the operator U and the
bivariate Szász-Kantorovich as the operator V given, respectively, by

Un,m (f ;x, y) =

∞∑
k,l=0

e−nx−my (nx)
k

k!

(my)
l

l!
f

(
k

n
,
l

m

)
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and

Vn,m (f ;x, y) =

∞∑
k,l=0

e−nx−my (nx)
k

k!

(my)
l

l!
nm

∫ k+1
n

k
n

∫ l+1
m

l
m

f (t, s) dsdt.

Theorem 4. Let f ∈ C∗
ρ (D) with all of its partial derivatives of order ≤ 2 belong

to the space Cρ (D). Then we have

|(U − V ) (f ;x, y)| ≤ δ2 + 28Ωρ (f, δ3, δ4)ψ (x, y) ,

where

δ2 (x, y) =

{
1 +

(1 + 8nx+ 4nx2)

4n2
+

(1 + 8my + 4my2)

4m2

}{
1

3n2
+

1

3m2

}
,

δ43 (x, y) =
1

16n2
+
nx+ 4nx2

16n4
+
my + 4my2

16n2m2
,

δ44 (x, y) =
1

16m2
+
nx+ 4nx2

16n2m2
+
my + 4my2

16m4

and
ψ (x, y) = 2 + x2 + y2 +

x

n
+
y

m
.

Proof. We use Theorem. By making simple calculations for the operators U and V
given above, we have

Fk,l (f) = f

(
k

n
,
l

m

)
,

θF1 = Fk,l (e1,0) =
k

n
, θF2 =

l

m
,

Gk,l (f) = nm

∫ k+1
n

k
n

∫ l+1
m

l
m

f (t, s) dsdt,

θG1 = Gk,l (e1,0) =
1

2n
(2k + 1) , θF2 =

1

2m
(2l + 1) ,

µF
2,0 = Fk,l

((
e1,0 −

k

n

)2
)

= 0, µF
0,2 = Fk,l

((
e0,1 −

l

m

)2
)

= 0,

µG
2,0 = Gk,l

((
e1,0 −

k

n

)2
)

=
1

3n2
, µG

0,2 = Gk,l

((
e0,1 −

l

m

)2
)

=
1

3m2
.

Therefore, we get

δ1 (x, y) = 0,

δ2 (x, y) =

∞∑
k,l

e−nx−my (nx)
k

k!

(my)
l

l!

{(
1 +

(2k + 1)
2

4n2
+

(2l + 1)
2

4m2

){
1

3n2
+

1

4mn
+

1

3m2

}}

=

{
1 +

(1 + 8nx+ 4nx2)

4n2
+

(1 + 8my + 4my2)

4m2

}{
1

3n2
+

1

4mn
+

1

3m2

}
,
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δ43 =
∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!
ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

1 − θ
Gk,l

1

)4
=

∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!
ρ

(
k

n
,
l

m

)(
k

n
− 1

2n
(2k + 1)

)4

=
∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!

(
1 +

k2

n2
+

l2

m2

)(
1

2n

)4

=
1

16n2
+
nx+ 4nx2

16n4
+
my + 4my2

16n2m2

and

δ44 =
∑
k,l∈K

pk,l (x, y) ρ
(
θ
Fk,l

1 , θ
Fk,l

2

)(
θ
Fk,l

2 − θ
Gk,l

2

)4
=

∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!

(
1 +

k2

n2
+

l2

m2

)(
1

2m

)4

=
1

16m2
+
nx+ 4nx2

16n2m2
+
my + 4my2

16m4
.

ψ (x, y) = 1 +
∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!
ρ

(
k

n
,
l

m

)

= 1 +
∑
k,l∈K

e−nx−my (nx)
k

k!

(my)
l

l!

(
1 +

k2

n2
+

l2

m2

)
= 2 + x2 + y2 +

x

n
+
y

m
.

This completes the proof. □
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