Sigma J Eng Nat Sci, Vol. 39, Issue. 2, pp. 177-188, June, 2021

Sigma Journal of Engineering and Natural Sciences -

Sigma Miihendislik ve Fen Bilimleri Dergisi
Web page info: https://sigma.yildiz.edu.tr DOI: 10.14744/sigma.2021.00007

Journal of Engineering
and Natural Sciences

Mihendislik ve Fen
Bilimleri Dergisi

Technical Note

Lifts of connections to the bundle of (1,1) type tensor frames

Habil FATTAYEV!

, Hasim CAYIR>*

'Department of Algebra and Geometry, Faculty of Mechanics and Mathematics, Baku State University, Baku,
Azerbaijan, *Department of Mathematics, Faculty of Arts and Sciences, Giresun University, Giresun, Turkey

ARTICLE INFO ABSTRACT

Article history
Received: 04 April 2020
Accepted: 01 January 2021

Key words:

Bundle of (1,1) type tensor
frame, linear connection, adapted
frame, horizontal lift, complete
lift, geodesic line, Sasaki metric,
metrical connection.

INTRODUCTION

Let M be an n—dimensional manifold of class C=. The
problem of extending differential-geometrical structures on
M to its fiber bundles has been the subject of a number of
papers. An account of these can be found in Yano and Ishiha-
ra [15] (see, also [1]). Yano, Kobayashi and Ishihara [16, 17]
have defined the complete and horizontal lifts of linear con-
nections on M to tangent bundle T(M). On the other hand,
using the Riemannian extension, Yano and Patterson [18, 19]
have investigated the complete and horizontal lifts of linear
connections on M to cotangent bundle CT(M). The relations
between various metrics and connections on the “T(M) have
been studied by Mok [8]. Similar studies for linear frame, cof-
rame and tensor bundles were carried out in [2, 3, 6, 7, 11].

In the present paper, we shall define the complete and

horizontal lifts of a symmetric linear connections from a
manifold M to the bundle of (1,1) type tensor frames

Ll1 (M). In 2 we briefly describe the definitions and results
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In this paper we consider the bundle of (1,1) type tensor frames over a smooth manifold,
define the horizontal and complete lifts of symmetric linear connection into this bundle. Also
we study the properties of the geodesic lines corresponding to the complete lift of the linear
connection and investigate the relations between Sasaki metric and lifted connections on the
bundle of (1,1) type tensor frames.
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that are needed later, after which the horizontal lift of a sym-
metric linear connection is defined in 3. The complete lift of
a symmetric linear connection is investigated in 4. In 5 we
study the properties of the geodesic line of the complete lift
of the linear connection. The relations between Sasaki met-
ric and lifted connections on the Ll1 (M) are determined in 6.

PRELIMINARIES

In this paper all manifolds, mappings, tensor fields and
connections are assumed to be differentiable of class C*

Let M an n— dimensional differentiable manifold and
Ll1 (M) the bundle of (1,1) type tensor frames of M
(see, [4]). The bundle Lll(M) consists of all pairs (x,4,),
where x is a point of M and A, is a basis ((1,1) type tensor
frame) for the linear space T11 (x) of all (1,1) type tensors at

a point x. We denote by 7x: Ll1 (M) — M the projection
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map defined by 7(x,A,)==x. For the coordinate system
(U,x') in M, we put L; (U) 7' (U)anda (1,1) type tensor
X5 p of the frame A, can be uniquely expressed in the form

X§ = Xg) (&)X ® (dx'),,

so that {L U),(x, X )} is a coordinate system in
Lll(M) [4].Ind1ce51,],k,...,oc B.7,... haverangein {1,2,...,11},
while indices A, B,C,... have range in {1,..,n,n +1,...,n +n*

and indices iyg, js5:Kpe - have range in {n+1,...,n+n4}.
Summation over repeated indices is always implied.
We denote by 37 (M) the set of all differentiable tensor

fields of type (r,s) on M. Let V be a linear connection,
Ve S},(M) avector field and B e Si(M) a (1,1) type tensor

field on M with local components I‘f; V' and Bij , respec-

tively. Then there are exactly one vector field “V on M,
called the horizontal lift of V', and exactly one vector field

Vo8 Bon L1 (M,) for each pair a,B=12,..,n, called the
aff— vertlcal lift of B, that are known to be defined in L1 )
(see, [4]) by

my v v x-S
ox' aXﬁiJ
Voo %ﬁga% @

with respect to the natural frame {d;,0 } { FR a)?a) }

in L(M), where 8" is the Kronecker delta. If f is a differ-
entiable function on M, ' f = fom denotes its canonical
vertical lift to Ll1 (M).

Let (U,x') be a coordinate systemin M.In UcC M, we
put 8

a
X, =8 —
(1) a i

e 3 (M),

Al =%®de' =3!'5]0, ®dx* € 3} (M),i,j=1,2,...,n.
X

From (1) and (2), we have

. 9
"X, =89, +(XghI — X! Fl’j’”)a a 3)
Vo AJ = 62596/6] — 4)

oh

with respect to the natural frame {0;,0, } in L1 (M).

These n+n* vector fields are linearly 1ndependent and gen-
erate, respectively, the horizontal distribution of linear con-

nection V and the vertical distribution of Ll1 (M). We call

the set {H Xy Vap A{ } the frame adapted to the linear con-

nection V on 7 }(U) cL;(M). Putting

_H _ Vg A
D;="Xg, Diaﬁ = A,
we write the adapted frame as {D,}={D,,D, ﬁ}. From

(3) and (4) we see that 7V and Y% B have respectively,

components
) vi
HV=V’D1»=(HV’)=£O} (5)
Vep isrsB Vas g1 0
B=B/5)8;D;, =("*B')= 57585 (6)
a~o 1

with respect to the adapted frame {D,}, V' and B/ are
the local components of V and B on M, respectively.

Let BeS;(M)which is locally represented by
B= B,.j % ®dx'. We define the vector fields yB and 7B on

L,(M) by
0
mpJ
YyB= (Xﬂ )aXaj
Bi
d
7= (X B )axgi

with respect to the natural frame {0;,0, , }in Lll(M ).

HORIZONTAL LIFTS OF LINEAR CONNECTIONS

Let V be the symmetric linear connection on M and
r S its components.

Definition 3.1 A horizontal lift of the symmetric linear
connection V on M to the bundle of (1,1) type tensor
frames Ll1 (M) is the linear connection Hy; defined by

H H H H Voo n _ Vpo
vHX = (VXY)’ VHX h B_ p (VXB))

H Hy _ H Vo' _
VVWA = V FeB=0 (7)

forall X,Y € 3y(M) and A,Be 3 (M).

The components of the horizontal lift Hy; of V on M
with components F in the natural frame {aa } are defined
X

in the adapted frame {D,} by decomposition

1V, Dy =T} Dy. (8)
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From (7) and (8), by using of (5) and (6), we get.

Theorem 3.1 The horizontal lift 1y, of the symmetric
linear connection V given on M, to the bundle of (1,1)
type tensor frames L (M) have the components

Hpp _ H Png _Hypvp _H Pne _
riaykﬁq =0, riaykﬁq =70 = Firyk =0,
Hyp _ypp HypPre _ Hpp o _
L =T, "Iy =715 =0,
HypPpe _ snso ska _ SN S0 S1 k
P = SIoTSATY ~SRoTsI (o)

with respect to the adapted frame {D,}.

Now let us consider the following transformation of
frames on Lll(M):

_J_0 9
0.0, 1= {23
5/ 0
—Xﬁ;?‘rfm+xﬁ"rf" 556{,5,55; '

om= ij
ie.
D, =43
1 1 95-

We note that matrix (A, ]) and its inverse matrix (AK ;)
are defined of the form

Al oAd
1 1
A — (AL ]) — . 'r/t
A Jps A 1po
] 1,
j
= B k51 Bk B /(1) ksl (10)
—XGJ'."Flm + Xaml“,'j” 0780, 5;’
and
i A
-1 ~1 J ]ﬂo
AT =(AT )= ~i
A A"
] Jgo
5 0
= . J . i | (11) respectively.
(04 o m o QO
Xy "C = Xy L% 8567 6,0]

We denote the components of the linear connection
"V with respect to the natural frame {9,} by “Th, i.e.

H H+P

VaIaK: FIKaP.
Then
_ s L o -
M = A, TR AT AR — (DA AT (AR (12)

Using (9), (10) and (11), from (12) we have

Theorem 3.2 The horizontal lift Hy; of a symmetric lin-
ear connection V given on M, to the bundle of (1,1) type

tensor frames Ll1 (M) have the components

Ht HTS b
[y =15, Ty = X{ (0 T =T Th+T5,Th)

b
+X0 (=0, T}, + DAL 415 Th) = X0 (T}, T4 +TRT;),

a ps jl
Hys _Hys _Hys _HySy
Ui ="Th,, = T, = T, =0
HpS%y _ sosvejprr _ sosverrj HpSw _
[, =805, 8IT}, ~ 808, 8,T), T =

SO8VS'TT —808V8 T

o~y st jm oy Tme js

(13)

with respect to the natural frame {-2,—9_1
' oxy
We note that the horizontal lifts of linear connections
to tangent, cotangent, linear frame and linear coframe bun-
dles were investigated in the [2, 6, 11, 17, 19].

COMPLETE LIFTS OF LINEAR CONNECTIONS

Now we consider the torsion-free (or the symmetric)
linear connection V on the differentiable manifold M , i.e.
Fff = F’Yi. We determine the new linear connection V on
the bundle of (1,1) type tensor frames Lll(M )by following
manner:

I, ="T+Kj, (14)

where Kﬂ is the (1,2) type tensor field on the Ll1 (M)
with unique non zero components

Pop _ ~Or pm om pr
K5 = X omRipj = Xgp Ry (15)
with respect to the natural frame {i,, aﬁ } and R is
xl” axP
the curvature tensor of V. /

By using of (13), (14) and (15), we obtain the non zero
components of the linear connection V in the induced nat-

ural frame {i 2 }:

—
dx’ an?

re 1P 1Pw — §¢5VSITT — 898V ST
Ph=Th, PP = 628, 51T, ~805,8.T),
Poy _ SO soSlpr _ o socrl

P = 805080~ 30875/,

ffi”'” = X0 0, + X0 (9, -0, 1%, —0 T +

ar;, ') -X (T}, L8 +T ). (16)
We have
Theorem 4.1 Covariant differentiation with respect to

the linear connection V has the following property:
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Ve, Y = SV ) +7(QX,Y))

0
for all X,Y € 3;(M), where ¥(Q(X,Y)) = (F ko ] is the

vertical vector field on the bundle of (1,1) type tensor frames

Ll1 (M) such that
F% = xP (v, X"V _Y*+V,Y"V X

— XY (R, +Ry)) = XB0(V, X'V, Y +V, XV, Y),

Ris the curvature tensor field of linear connection V

and “X, “Yare complete lifts of vector fields X,Y from a

manifold M to Lll (M), respectively.

Proof. Let us consider the vector fields X,Y € S})(M ).
The complete lift X of vector field X from a manifold to

the bundle of (1,1) type frames Ll1 (M) defined by [4]

°X'=x', °X" =Xx§"a, X -Xgla.x" (17)

with respect to the induced frame { -%,—2_1.
ox' axg‘g

1) If K =k, then by using (16) and (17), we have
(Ve, V) = X" @, “Y* +T} °Y)
=X'@Y* +T5Y7) = (V1) = C(Vy 1)

2) In the case K =kg,, by the same way, we obtain:

v k
kg — CXI (aI CYkﬁf, +F[;}a Cyf)

(Vey ©Y)
—Cxiy. CYkﬁa 4+ Cxlary. CYkﬁn " cXinym Cyi
i Ty y
4 Cxlr o Cyi y € xiT¥ 80 Cyor

Iay] Yor
_ vi Bi 1 ]
= X'9,(xPma, Y - xP 9, y™)

HX}"0,, X"~ X;nd,X™9, (X50,Y' ~ X502, Y*)

ym~i

+X'y/ [XﬁZ 9, + X5, (9T} =9, = 9,1 +205, T

o (F;brﬁi +I% Ty )}

+(X;"9,, X" = Xgnd, X" )Y/ (5484 5,T", — 5481 5,T)

i aZoTrT

+X (X279, YP — X209, Y ") (8h858]T, — 85555,

Tm~ j w- o p
_ yvPBm~si I Bl yi m Bm res Qi 1
=X2"X'0,0,Y - XJ X'0,0,Y" + X", X" 86,0,
1N i I
~xPmy x78!819, ¢ — XPr 9. x"5:510. Y

Tm=1

+X0r0,X" 8510, Y* + X'YI X209, + X'y xBlo, T4

Tm-1

-X'Y/XB0 Ty - XY XB 0. +2X' Y XE T T

ca”j ca”i ca m

ok “m

-X'Y Xy - X'y xBrar, + x5, X'l y

-X5r0, X'T Y - B 9, x"T" v/ + X8 9, X", ¥

om~1

+X' X809, YT, - X' XPr, Y'T) - X' XEPo, T,

m

i my~j kg m a
+X X2 oY) = C(V v+ XBL(v, X"V, Y

om”j

+V YV, XY= XY (R, +R;)) - XEN(V, X'V, Y +

+V, XV, Y.
Thus, we have shown that
Ve, Y = SV, ) +7(QX,Y)) (18)

0
for all X,Y € 3} (M), where y(Q(X,Y))= o ) is the

vertical vector field on Ll1 (M), moreover
F'% = X (v, X"V _Y*+V,Y"V X

—X'Y (R + Ry ) = X00 (V, X'V, Y +V, XV, YY),

This means that the Theorem 4.1 is proved.

The complete lifts of the symmetric linear connections
in the cotangent and coframe bundles satisfies relations
analogously to (18) (see, [11, 18]). Therefore, the linear con-
nection V defined by formula (4.1) and satisfying the rela-
tion (18) is called the complete lift of the symmetric linear
connection V on Mto the bundle of (1,1) type tensor
frames I} (M) and denoted by “V . By using the transfor-
mation

CS 1S CypP I K 1S I K
[, =A%, TR A, "ALC —(9,A° A, A, ",

it is easy to establish that a complete lift “V of a sym-
metric linear connection V defined on M to the bundle of
(L,1) type tensor frames Ll1 (M) has nonzero components in
the form

0 =15, ‘T = X0 Rt - XOR;

jl° m mjl>

e Ipr rl
v =8,8,8.I, - 8,8,6,T (19)

with respect to the adapted frame {D, } , where R is the

curvature tensor of V.

GEODESICS OF THE COMPLETE LIFTS

Different problems of geodesics in fiber bundles has
been very well investigated (see, for example [10, 12, 13]).
Geodesics of complete lifts of linear connections in tangent,
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cotangent, tensor, linear frame and linear coframe bundles
has been studied in [5, 7,9,11,16,18]. In the present section
we will investigate geodesics of the complete lifts of linear
connections in the bundle of (1,1) type tensor frames.

Let C be a geodesic curve on the bundle of (1,1) type

tensor frames Ll1 (M) with respect to the complete lift ¢V of

the symmetric linear connection V on M. In induced co-

. -1 i ah
ordinates (7~ (U),x Xy

curve

) the equation of the geodesic

C:I— Li(M),C:t > C(t)=(x' (), X5 (1) = (x' (1))

are of the form

d’x" dx' dx’!
> ¢ gii=0> I>],K=1,2,...,I’l+n4.
dr? dr dt

By using of formulas (17) for Cl"g ,

(20)

from (20) we obtain:

2k iy
dx | peds ddl o (21)
> U dt dt
dZXﬁ,lc I ! a a °
dt; +[X£1T 0, + X (9T =0, — 0,1
dx' dx’
a pmy_xBb(pl pa ypapl oy |8 40
+207, T Xo-u(rjbrki-'-rjkrbi):l dt dt
S dxP gxi
RO TR T @)

Let us consider the covariant differentiation of X g}l{ t):

Bb dxp
ok dt

Bl dxm

0 Bl dX'BIlc 1 a
E(Xok(t))zd—:+l"pr —Fkaan. (23)

Now taking into account the equality (21) and symme-
try of the linear connection V given on M, from (23) we
obtain:

2y Pl 1
6 ng :i ngk +Fl Xﬁb
pk“*oca dt

dx? ., g dx?
2 pb“*ck -I Xﬁ
dt dt| dt dt

dxPe dx

1 b

+Fib[ de +T0 x5 o

by podx’ |dx’
pkoa g | gt

_rt chélla_I_ ioxpa 8 o o dx Jdx
ik dt P(l ob dt pb oa dt dt

181
d*x5 RS
= — p I +p Bl a
= +H(XBOT | Ty Th T I X0 (0T,
dx' dx’
a a bl 1a a r
TR + T3 —Xo (Fjbrki-"rjkrbi))ﬁg
s i 1 dXO'i dx
+2(Fﬂ’6k ka(sh) dt dt (24)

Taking into account (24), the equation (22) is written

in the form:
O Xoi , p xm I dx o o dx!
dt? bitok gy qr MO g gy

=0. (25

From the above we get
Theorem 5.1 Let V be a symmetric linear connection

on a differentiable manifold M and let C(¢) = (C(t),Xg,lc )

be a curve on the bundle of (1,1) type tensor frames Lll (M).

In order for the curve C(t) to be a geodesic line of the com-
plete lift “V of the V, it is necessary and sufficient that the
following conditions be satisfied:

i) The curve C(t) is a geodesic line of the linear connec-
tion V;

ii) ‘The each (1,1) tensor field X g,l((t) satisfies the relation
(25) along the curve C(t).

THE SASAKI METRIC AND THE COMPLETE LIFT

Let g be ametric and V a symmetric linear connection
on M . The Sasaki metric on the bundle of (1,1) type tensor
frames Ll1 (M) denoted by § g (see, [4]). Note that metric
S¢ is an analogue of the metric introduced by Sasaki [14].

The line element of Sg on 7 1(U) is taken to be
Sgpdx'dx) = gijdxidxj + 5ag5ﬁygpqgﬁ5ng5X;-q, (26)
where
k k
SXpl =dXpl + T}, Xg"dx" ~ T Xghdx
is the usual covariant differential. It is easily seen that

(26) defines a global metric on L} (M) and that the compo-
nent matrix of ° g with respect to the adapted frame is

gij 0
0 8,,6"g,.8" |

We would like to establish conditions for 'V to be met-

rical with respect to 3 g. Let us denote by (°g y) the matrix

(27)

in (27). By a simple calculation based on (19) and (27) we

determine the possible non-zero components of “V5g:
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Co S, _p S CEM S CEM S
Vi 8i =D g — T "8 — T

8im

_ Cems CiMgs S Cpm S
=D gi— T "gmi— T Empyj ~ L " 8im

~ T3 g, = Vigys (28)
Cvk Sgiayj = Cvk sgjiay =Dy Sgiayj - Cf‘kA;Iay SgMj - Cf‘ﬁ;{ sgiayM
_Cf‘ﬁw ngj - CFZZ: ngﬁcj - sz; Sgiaym - Cf‘z;ﬁn Sgimyml_g}J
= _(Xgerj‘mk - Xgrlanrkj )(Saﬁsyagrlgmi
= —(Xf‘[Rj.mk - X%Rl’kj )g.8™; (29)
Cvk Sgiaij - Dk Sgiavjw -7 %ay SgMjW - T gw SgiayM

ji Cr1- S CtMgs S
:Dk(5a¢5wglqgﬂ)_ I‘Irgay gmjw - I‘kiﬁy gmﬁajw

_CNmﬁo' S

_Cym _ a ji
r D Simgy =090 (Di81g)g

s
Kigy Sigm

+5a¢5WquDkgji -84, F215ﬁ¢5wgrqgjm

a~-o~"m

+80 818/ 0007 8,,8"" ~05 5L 8),T

o “m” kq

8op07 818"

+6¢/)35V/5V1"£m6aﬁé‘07grlgim =85p0" (Vi )g”

o q

+5a¢5Wg,qvkgf". (30)

From (28), (29) and (30), we get

Theorem 6.1 Let ¢ be a metric and V a symmetric lin-
ear connection on M . Then, ¢V is metrical with respect to
Sg if V is the Riemannian connection of g and is locally
flat.

Using relations (14) and (29) - (30), we find the possible
non-zero components of v g:

Hy $
Vi 8 = Vig&i

Hvk Sgi

anW

= 6a¢5W(nglq )gﬁ +5a¢5wglqvkgﬁ .

Therefore, we have

Theorem 6.2 Let ¢ be a metric and V a symmetric lin-
ear connection on M . Then, 7'V is metrical with respect to
$g if V is the Riemannian connection of g.

CONCLUSION

In this paper we study on the bundle of (1,1) type ten-
sor frames over a smooth manifold, define the horizontal
and complete lifts of symmetric linear connection into this
bundle. In addition, we study the properties of the geodesic
lines corresponding to the complete lift of the linear con-
nection and investigate the relations between Sasaki metric
and lifted connections on the bundle of (1,1) type tensor
frames.
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