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ABSTRACT

In this paper we consider the bundle of (1,1) type tensor frames over a smooth manifold, 
define the horizontal and complete lifts of symmetric linear connection into this bundle. Also 
we study the properties of the geodesic lines corresponding to the complete lift of the linear 
connection and investigate the relations between Sasaki metric and lifted connections on the 
bundle of (1,1) type tensor frames.
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INTRODUCTION

Let M  be an n−dimensional manifold of class C∞. The 
problem of extending differential-geometrical structures on 
M  to its fiber bundles has been the subject of a number of 
papers. An account of these can be found in Yano and Ishiha-
ra [15] (see, also [1]). Yano, Kobayashi and Ishihara [16, 17] 
have defined the complete and horizontal lifts of linear con-
nections on M  to tangent bundle T M( ). On the other hand, 
using the Riemannian extension, Yano and Patterson [18, 19] 
have investigated the complete and horizontal lifts of linear 
connections on M  to cotangent bundle CT M( ). The relations 
between various metrics and connections on the CT M( ) have 
been studied by Mok [8]. Similar studies for linear frame, cof-
rame and tensor bundles were carried out in [2, 3, 6, 7, 11].

In the present paper, we shall define the complete and 
horizontal lifts of a symmetric linear connections from a 
manifold M  to the bundle of ( , )1 1  type tensor frames 
L M1

1 ( ).  In 2 we briefly describe the definitions and results 

that are needed later, after which the horizontal lift of a sym-
metric linear connection is defined in 3. The complete lift of 
a symmetric linear connection is investigated in 4. In 5 we 
study the properties of the geodesic line of the complete lift 
of the linear connection. The relations between Sasaki met-
ric and lifted connections on the L M1

1 ( )  are determined in 6.

PRELIMINARIES

In this paper all manifolds, mappings, tensor fields and 
connections are assumed to be differentiable of class C∞  
Let M  an n−  dimensional differentiable manifold and 
L M1

1 ( )  the bundle of ( , )1 1  type tensor frames of M  
(see,  [4]). The bundle L M1

1 ( )  consists of all pairs ( , )x Ax , 
where x  is a point of M  and Ax  is a basis (( , )1 1  type tensor 

frame) for the linear space T x1
1( )  of all ( , )1 1  type tensors at 

a point x . We denote by 1
1: ( )L M M →  the projection 
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map defined by ( , ) .xx A x =  For the coordinate system 
( , )U xi  in M , we put 1 1

1( ) ( )L U U −=  and a ( , )1 1  type tensor 
Xβ
α  of the frame Ax  can be uniquely expressed in the form

X X dxi
j

x x
i

xjβ
α

β
α= ⊗∂

∂
( ) ( ) ,

so that L U x Xi
i
j

1
1 ( ),( , )β

α{ }  is a coordinate system in 
L M1

1 ( )  [4]. Indices i j k, , ,..., , , ,...α β γ  have range in 1 2, ,..., ,n{ }  
while indices A B C, , ,...  have range in 1 1 4,..., , ,...,n n n n+ +{ }  

and indices i j kαβ γδ στ, , ,...  have range in n n n+ +{ }1 4,..., . 
Summation over repeated indices is always implied.

We denote by ℑs
r M( )  the set of all differentiable tensor 

fields of type ( , )r s  on M . Let ∇  be a linear connection, 
V M∈ℑ0

1 ( )  a vector field and B M∈ℑ1
1( )  a ( , )1 1  type tensor 

field on M  with local components Γij
k , V i  and Bi

j , respec-
tively. Then there are exactly one vector field HV  on M , 
called the horizontal lift of V , and exactly one vector field 
V Bαβ on L Mn1

1 ( ) for each pair α β, , ,...,=1 2 n, called the 
αβ −vertical lift of B , that are known to be defined in L U1

1 ( ) 
(see, [4]) by

H i
i

k
m
j

ki
m

i
m

km
j

i
jV V

x
V X X

X
=

∂
∂

+ −
∂

∂
( )β

α
β
α

β
αΓ Γ ,� (1)

		  V
i
j

i
jB B

X
αβ δ δα

γ
σ
β

σ
γ=
∂

∂
� (2)

with respect to the natural frame { , } ,∂ ∂ = 






∂
∂

∂
∂i i x Xi

i
jαβ

β
α  

in L M1
1 ( ) , where δα

γ  is the Kronecker delta. If f  is a differ-
entiable function on M , 

V f f =  denotes its canonical 
vertical lift to L M1

1 ( ) .

Let ( , )U xi  be a coordinate system in M . In U M⊂ , we 
put

X
x x

Mi i i
h

h( ) ( )=
∂
∂

=
∂

∂
∈ℑ 0

1 ,

Λi
j

i
j

i
h

k
j

h
k

x
dx dx M i j n=

∂
∂

⊗ = ∂ ⊗ ∈ℑ =  1
1 1 2( ), , , ,..., .

From (1) and (2), we have

	 H
i i

h
h m

k
hi
m

i
m

hm
k

h
kX X X

X( ) ( )= ∂ + −
∂

∂
δ β

α
β
α

β
αΓ Γ ,� (3)

		  V
i
j

i
h

k
j

h
kX

αβ δ δ δ δγ
α

β
σ

σ
γΛ =
∂

∂
� (4)

with respect to the natural frame { , }∂ ∂i iαβ
 in L M1

1 ( ) . 
These n n+ 4  vector fields are linearly independent and gen-
erate, respectively, the horizontal distribution of linear con-
nection ∇  and the vertical distribution of L M1

1 ( ) . We call 

the set H
i

V
i
jX( ) , αβ Λ{ }  the frame adapted to the linear con-

nection ∇  on 1( )U − ⊂L M1
1 ( ) . Putting

		  D Xi
H

i= ( ) , Di
V

i
j

αβ

αβ= Λ ,

we write the adapted frame as { } { , }D D DI i i=
αβ

. From 

(3) and (4) we see that HV  and V Bαβ  have respectively, 
components

	 H i
i

H I
i

V V D V
V

= = ( ) = 







0

,� (5)

	 V
i
j

i
V I

i
jB B D B

B
αβ

γσ

αβδ δ
δ δα

γ
σ
β

α
γ

σ
β= = =









( )

0
� (6)

with respect to the adapted frame { }DI , V i  and Bi
j  are 

the local components of V  and B  on M , respectively.

Let B M∈ℑ1
1( ) ,which is locally represented by 

B B dxi
j

x
i

j= ⊗∂
∂

. We define the vector fields B  and B  on 

L M1
1 ( )  by

γ

γ

β
α

β
α

β
α

β
α

B X B
X

B X B
X

i
m

m
j

i
j

m
j

i
m

i
j

=
∂

∂

=
∂

∂











( ) ,

( )

with respect to the natural frame { , }∂ ∂i iαβ
 in L M1

1 ( ) .

HORIZONTAL LIFTS OF LINEAR CONNECTIONS

Let ∇  be the symmetric linear connection on M  and 
Γij

k  its components.

Definition 3.1 A horizontal lift of the symmetric linear 
connection ∇  on M  to the bundle of ( , )1 1  type tensor 
frames L M1

1 ( )  is the linear connection H∇  defined by
H

X
H H

XH Y Y∇ = ∇( ) , H
X

V V
XH B B∇ = ∇βσ βσ ( ) , 		

	 H
A

H
V Y∇ =αγ 0, H

A
V

V B∇ =αγ
βσ 0 � (7)

for all X Y M, ( )∈ℑ0
1  and A B M, ( )∈ℑ1

1 .

The components of the horizontal lift H∇  of ∇  on M  

with components Γij
k  in the natural frame ∂

∂{ }xi , are defined 
in the adapted frame { }DI  by decomposition

		  H
D J

H
IJ
K

KI
D D∇ = Γ .� (8)
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From (7) and (8), by using of (5) and (6), we get.
Theorem 3.1 The horizontal lift H∇  of the symmetric 

linear connection ∇  given on M , to the bundle of ( , )1 1  
type tensor frames L M1

1 ( )  have the components

H
i k
p H

i k
pΓ Γ

αγ βσ αγ βσ

ηε= =0, H
i k
p H

i k
pΓ Γ

αγ τγ

ηε= = 0, 		

		  H
ik
p

ik
pΓ Γ= , H

ik
pΓ ηε = =H

ik
pΓ
βσ

0,

		  H
ik
pΓ
βσ

ηε = δ δ δ δ δ δβ
η

ε
σ

β
η

ε
σ

p
k

il
q

l
q

ip
kΓ Γ− � (9)

with respect to the adapted frame { }.DI

Now let us consider the following transformation of 
frames on L M1

1 ( ) :

{ , }D Di iαγ
= ∂

∂
∂

∂







x Xj

j
k,

σ
β

δ

δ δ δ δσ
β

σ
β

α
β

σ
γ

i
j

j
m

im
k

m
k

ij
m

h
k

j
iX X

0

− +











Γ Γ

,

i.e.

D AI I
J

J= ∂ .

We note that matrix ( )AI
J  and its inverse matrix ( )A J

K  
are defined of the form

A A
A A

A A

X X

L
J l

j
l

j

l
j

l
j

l
j

j
m

lm
k

m
k

= =












=
− +

( ) τλ

βσ

τλ

βσ

δ

σ
β

σ
β

0

Γ Γ llj
m

r
k

j
lδ δ δ δτ

β
σ
λ













� (10)

and

A A
A A

A A

X

J
I j

i
j

i

j
i

j
i

j
i

i
m

jm
h

− = =












=
−

1

0

( )

 

 

βσ

αγ

βσ

αγ

δ

γ
α Γ XX m

h
ji
m

k
h

i
j

γ
α

β
α

γ
σδ δ δ δΓ













, (11) respectively.

We denote the components of the linear connection 
H∇  with respect to the natural frame { }∂I  by H

IK
PΓ , i.e.

H
K

H
IK
P

PI
∇ ∂ = ∂∂ Γ .

Then

H
JL
S

P
S H

IK
P

J
I

L
K

I K
S

J
I

L
KA A A D A A AΓ Γ= −   ( ) .� (12)

Using (9), (10) and (11), from (12) we have

Theorem 3.2 The horizontal lift H∇  of a symmetric lin-
ear connection ∇  given on M , to the bundle of ( , )1 1  type 
tensor frames L M1

1 ( )  have the components

H
jl
sΓ =Γ jl

s , H
jl
sΓ φψ = X s

b
j lb

r
ψ
φ (∂ −Γ Γ Γpb

r
jl
p +Γ Γjp

r
lb
p )

+ −∂ +X a
r

j ls
a

ψ
φ ( Γ Γ Γjs

p
lp
a +Γ Γps

a
jl
p ) −X a

b
ψ
φ (Γ Γlb

r
sj
a +Γ Γls

a
bj
r ),

H
j l
sΓ
τν

= H
jl
sΓ
ωυ

= H
j l
sΓ
τν ωυ

= H
j l
sΓ
τν ωυ

φψ = 0 ,

H
j l
sΓ
τν

φψ =δ δ δ δ δ δτ
φ

ψ
ν

τ
φ

ψ
ν

s
j

lq
r

q
r

ls
jΓ Γ− , H

jl
sΓ
ωυ

φψ = 		

	 δ δ δ δ δ δω
φ

ψ
υ

ω
φ

ψ
υ

s
l

jm
r

m
r

js
lΓ Γ− � (13)

with respect to the natural frame ∂
∂

∂
∂







x Xi

i
h,

γ
α .

We note that the horizontal lifts of linear connections 
to tangent, cotangent, linear frame and linear coframe bun-
dles were investigated in the [2, 6, 11, 17, 19].

COMPLETE LIFTS OF LINEAR CONNECTIONS

Now we consider the torsion-free (or the symmetric) 
linear connection ∇  on the differentiable manifold M , i.e. 
Γ Γij

k
ji
k= . We determine the new linear connection ∇̆  on 

the bundle of ( , )1 1  type tensor frames L M1
1 ( )by following 

manner:

		  Γ̆ ΓJL
P H

JL
PK= + ,� (14)

where K JL
P  is the ( , )1 2  type tensor field on the L M1

1 ( )  
with unique non zero components

		  K X R X Rjl
p

m
r

lpj
m

p
m

mjl
rφϕ

ϕ
φ

ϕ
φ= − � (15)

with respect to the natural frame ∂
∂

∂
∂







x Xj

j
q,

σ
β  and R  is 

the curvature tensor of ∇ .
By using of (13), (14) and (15), we obtain the non zero 

components of the linear connection ∇̆  in the induced nat-

ural frame ∂
∂

∂
∂







x Xj

j
q,

σ
β :

	 Γ̆ jl
p =Γ jl

p , Γ̆ j l
p

τν

φψ = δ δ δ δ δ δτ
φ

ψ
ν

τ
φ

ψ
ν

p
j

lq
r

q
r

lp
jΓ Γ− ,

	 Γ̆ jl
p

ωσ

φψ = δ δ δ δ δ δω
φ

ψ
σ

ω
φ

ψ
σ

p
l

js
r

s
r

jp
lΓ Γ− ,

	 Γ̆ Γjl
p

p
b

b jl
rXφψ

ψ
φ= ∂ + X a

r
p lj

a
l pj

a
j lp

a
ψ
φ (∂ − ∂ − ∂ +Γ Γ Γ 	

	 2Γ Γmp
a

jl
m )  −X a

b
ψ
φ (Γ Γlb

r
pj
a +Γ Γlp

a
bj
r ).� (16)

We have
Theorem 4.1 Covariant differentiation with respect to 

the linear connection ∇̆  has the following property:
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ˆ ( ) ( ( , ))C
C C

XX Y Y Q X Y∇ = ∇ +

for all X Y M, ( )∈ℑ0
1 , where γ

βσ
( ( , ))Q X Y

Fk=










0
 is the 

vertical vector field on the bundle of ( , )1 1  type tensor frames 
L M1

1 ( )  such that

Fkβσ = ∇ ∇ +∇ ∇X X Y Y Xa
l

k
m

m
a

k
m

m
a

σ
β (

− + − ∇ ∇ +∇ ∇X Y R R X X Y X Yi j
jki
a

ikj
a

a
b

b
l

k
a

k
a

b
l( )) ( )σ

β ,

R is the curvature tensor field of linear connection ∇  
and C CX Y, are complete lifts of vector fields X Y,  from a 
manifold M to L M1

1 ( ) , respectively.

Proof. Let us consider the vector fields X Y M, ( )∈ℑ0
1 . 

The complete lift C X  of vector field X  from a manifold to 
the bundle of ( , )1 1  type frames L M1

1 ( )  defined by [4]

	 C i i C i
i
m

m
j

m
j

i
mX X X X X X X= = ∂ − ∂, αβ

β
α

β
α � (17)

with respect to the induced frame ∂
∂

∂
∂







x Xi

i
j,

β
α .

1) If K k= , then by using (16) and (17), we have
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X
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2) In the case K k= βσ  by the same way, we obtain:
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Thus, we have shown that

	 ˆ ( ) ( ( , ))C
C C

XX Y Y Q X Y∇ = ∇ + � (18)

for all X Y M, ( )∈ℑ0
1 , where γ

βσ
( ( , ))Q X Y

Fk=










0
 is the 

vertical vector field on L M1
1 ( ) , moreover

Fkβσ = ∇ ∇ +∇ ∇X X Y Y Xa
l

k
m

m
a

k
m

m
a

σ
β (

− + − ∇ ∇ +∇ ∇X Y R R X X Y X Yi j
jki
a

ikj
a

a
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b
l

k
a

k
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b
l( )) ( )σ
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This means that the Theorem 4.1 is proved.
The complete lifts of the symmetric linear connections 

in the cotangent and coframe bundles satisfies relations 
analogously to (18) (see, [11, 18]). Therefore, the linear con-
nection ∇̆  defined by formula (4.1) and satisfying the rela-
tion (18) is called the complete lift of the symmetric linear 
connection ∇  on M to the bundle of ( , )1 1  type tensor 
frames L M1

1 ( )  and denoted by C∇ . By using the transfor-
mation

C
JL
S

P
S C

IK
P

J
I

L
K

I K
S

J
I

L
KA A A A A A  Γ Γ= − ∂( ) ,

it is easy to establish that a complete lift C∇  of a sym-
metric linear connection ∇  defined on M  to the bundle of 
( , )1 1  type tensor frames L M1

1 ( )  has nonzero components in 
the form

C
jl
s
Γ = Γ jl

s , C
jl
s
Γ φψ = X R X Rm

r
lsj
m

s
m

mjl
r

ψ
φ

ψ
φ− ,

	   C
jl
s
Γ

ωσ

φψ =δ δ δ δ δ δω
φ

ψ
σ

ω
φ

ψ
σ

s
l

jq
r

q
r

js
lΓ Γ− � (19)

with respect to the adapted frame DI{ } , where R  is the 
curvature tensor of ∇ .

GEODESICS OF THE COMPLETE LIFTS

Different problems of geodesics in fiber bundles has 
been very well investigated (see, for example [10, 12, 13]). 
Geodesics of complete lifts of linear connections in tangent, 
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cotangent, tensor, linear frame and linear coframe bundles 
has been studied in [5, 7,9,11,16,18]. In the present section 
we will investigate geodesics of the complete lifts of linear 
connections in the bundle of ( , )1 1  type tensor frames.

Let C  be a geodesic curve on the bundle of ( , )1 1  type 
tensor frames L M1

1 ( )  with respect to the complete lift C∇  of 
the symmetric linear connection ∇  on M . In induced co-
ordinates ( ( ), , )π γ

α−1 U x Xi
i
h  the equation of the geodesic 

curve

  C I L M C t C t x t X t x ti
i
h I: ( ), : ( ) ( ( ), ( )) ( ( ))→ → = =1

1
γ
α

are of the form

d x
dt

dx
dt

dx
dt

I J K n n
K

C
IJ
K

I J2

2
40 1 2+ = = +Γ , , , , ,..., .� (20)

By using of formulas (17) for C IJ
KΓ , from (20) we obtain:

		
d x
dt

dx
dt

dx
dt

k

ij
k

i j2

2 0+ =Γ ,  � (21)

	
d X
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	 +2Γ Γmk
a

ij
m ) −X a

b
σ
β (Γ Γjb

l
ki
a + 

Γ Γjk
a

bi
l

i jdx
dt

dx
dt

)  		

		  + −2( )Γ Γjb
l

k
i

jk
i

b
l i

b jdX
dt

dx
dt

δ δ σ
β
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Let us consider the covariant differentiation of X tk
l

σ
β ( ):

δ
σ
β σ

β

σ
β

σ
β

dt
X t

dX
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X
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X
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l k
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p

pk
a

a
l

m
( ( )) = + −Γ Γ .� (23)

Now taking into account the equality (21) and symme-
try of the linear connection ∇  given on M , from (23) we 
obtain:
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Taking into account (24), the equation (22) is written 
in the form:

δ σ
β

σ
β

σ
β

2

2 0
X

dt
R X

dx
dt

dx
dt

R X
dx
dt

dx
dt

k
l

bij
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kij
a

a
l

i j
+ − = .� (25)

From the above we get
Theorem 5.1 Let ∇  be a symmetric linear connection 

on a differentiable manifold M  and let C t C t X tk
l( ) ( ( ), ( ))= σ

β  
be a curve on the bundle of ( , )1 1  type tensor frames L M1

1 ( ).
In order for the curve C t( ) to be a geodesic line of the com-
plete lift C∇  of the ∇ , it is necessary and sufficient that the 
following conditions be satisfied:
i)	 The curve C t( ) is a geodesic line of the linear connec-

tion ∇ ;
ii)	 The each ( , )1 1  tensor field X tk

l
σ
β ( ) satisfies the relation 

(25) along the curve C t( ).

THE SASAKI METRIC AND THE COMPLETE LIFT

Let g  be a metric and ∇  a symmetric linear connection 
on M . The Sasaki metric on the bundle of ( , )1 1  type tensor 
frames L M1

1 ( )  denoted by S g  (see, [4]). Note that metric 
S g  is an analogue of the metric introduced by Sasaki [14]. 

The line element of S g  on 1( )U −  is taken to be

S
IJ

I J
ij

i j
pq

ij
i
p

j
qg dx dx g dx dx g g X X= +δ δ δ δασ

βγ
β
α

γ
σ ,� (26)

where

δ β
α

β
α

β
α

β
αX dX X dx X dxi

p
i
p

km
p

i
m k

ki
m

m
p k= + −Γ Γ

is the usual covariant differential. It is easily seen that 
(26) defines a global metric on L M1

1 ( )  and that the compo-
nent matrix of S g  with respect to the adapted frame is

		
g

g g
ij

pq
ij

0

0 δ δασ
βγ









 .� (27)

We would like to establish conditions for C∇  to be met-
rical with respect to S g . Let us denote by ( )S

IJg  the matrix 
in (27). By a simple calculation based on (19) and (27) we 
determine the possible non-zero components of C S g∇ :
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From (28), (29) and (30), we get
Theorem 6.1 Let g  be a metric and ∇  a symmetric lin-

ear connection on M . Then, C∇  is metrical with respect to 
S g  if ∇  is the Riemannian connection of g  and is locally 
flat.

Using relations (14) and (29) - (30), we find the possible 
non-zero components of H S g∇ :

H
k

S
ij k ijg g∇ = ∇ ;

H
k

S
i jg∇ =
αγ φψ

δ δαφ
γψ ( )∇k lq

jig g + ∇δ δαφ
γψ g glq k

ji .

Therefore, we have
Theorem 6.2 Let g  be a metric and ∇  a symmetric lin-

ear connection on M . Then, H∇  is metrical with respect to 
S g  if ∇  is the Riemannian connection of g .

CONCLUSION

In this paper we study on the bundle of (1,1) type ten-
sor frames over a smooth manifold, define the horizontal 
and complete lifts of symmetric linear connection into this 
bundle. In addition, we study the properties of the geodesic 
lines corresponding to the complete lift of the linear con-
nection and investigate the relations between Sasaki metric 
and lifted connections on the bundle of (1,1) type tensor 
frames.
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