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ABSTRACT. Let FEs be the 2-dimensional Euclidean space and T' be a set such
that it has at least two elements. A mapping o : T — FE2 will be called a
T-figure in E>. Let R be the field of real numbers and O(2,R) be the group of
all orthogonal transformations of Eo. Put SO(2,R) = {g € O(2,R)|detg = 1},
MO(2,R)={F :Ey —» Ex | Ft =gx +b,g € O(2,R),b € Ex},

MSO(2,R) = {F € MO(2,R)|detg = 1}. The present paper is devoted to
solutions of problems of G-equivalence of T-figures in Eg for groups G =
0O(2,R),SO(2,R), MO(2,R), MSO(2,R). Complete systems of G-invariants
of T-figures in F» for these groups are obtained. Complete systems of relations
between elements of the obtained complete systems of G-invariants are given
for these groups.

1. INTRODUCTION

Let R be the field of real numbers, and let E5 be the 2-dimensional Euclidean
space.

The present paper is devoted to solution of problems of G-equivalence of T-
figures in Es for groups G = O(2,R),SO(2,R), MO(2,R), MSO(2,R) in terms
of G-invariants of a T-figure. We have obtain complete systems of G-invariants
of T-figures for these groups and describe complete systems of relations between
elements of the obtained complete systems of G-invariants.
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Let V be a finite dimensional vector space over a field K and g be a non-
degenerate bilinear form on V. Denote by O(8, K) the group of all S-orthogonal
(that is the form g preserving) transformations of V. Let M O(S, K) be the group
generated by the group O(8, K) and all translations of V. In the paper [6], for
the orthogonal group O(8, K) in the Euclidean, spherical, hyperbolic and de-Sitter
geometries, the orbit of m vectors is characterized by their Gram matrix and an
additional subspace. In the book [2, Proposition 9.7.1], for the group MO(S, K)
in the Euclidean geometry, the orbit of m-vectors is characterized by distances be-
tween m-vectors. A complete system of relations between elements of this complete
system is also given in |2, Theorem 9.7.3.4]. In the paper [13], a complete system
of invariants of m-tuples in the two-dimensional pseudo-Euclidean geometry of in-
dex 1 and a complete system relations between the obtained complete system of
invariants are given. In the paper [15], a complete system of invariants of m-tuples
in the one-dimensional projective space and a complete system relations between
the obtained complete system of invariants are given. Invariants of m-points in
Lorentzian geometry investigated in the paper [23]. Invariants of m-points appear
also in the theory of invariants of Bezier curves ( [5,22]), in Computer vision theory
([19427]), in Computational Geometry ( |21]). General theory of m-point invariants
considered in the invariant theory (see [3,8}/20%/30L31]).

Complete systems of global invariants of paths and curves are investigated in
papers [1,/719,/12,/14,24-26]. Complete systems of global invariants of surfaces and
vector fields are investigated in papers [10,]11;28]. Complete systems of global
invariants of T-figures in the affine geometry are investigated in the paper [17,(18].

This paper is organized as follows. In Section 1, some known results (Propo-
sitions on the linear representation of the field of complex numbers in two-
dimensional real space are given. Definitions of T-figures in the field C of com-
plex numbers and in the two-dimensional linear space R? are given. Put S(C*) =
{z € C||z| = 1}. A definition of S(C*)-equivalence of T-figures in C with respect
to the group S(C*) is given. A definition of A(S(C*))-equivalence of T-figures in
R? with respect to the group A(S(C*)) of linear transformation of R? is given.
It is proved Theorem [I| on a relation between the S(C*)-equivalence of T-figures
in C and A(S(C*))-equivalence of T-figures in R2. In Section 2, evident forms of
elements of groups SO(2,R) and O(2,R) are given. In Section 3, a complete sys-
tem of G-invariants of a T-figure in the two-dimensional linear space R? over the
field R of real numbers for the group G = SO(2,R) is given. A complete system
of relations between elements of the obtained complete system of invariants are
given. In Section 4, a complete system of G-invariants of a T-figure in R? for the
group G = O(2,R) is given. A complete system of relations between elements of
the obtained complete system of G-invariants is given. In Section 5, a complete
system of G-invariants of a T-figure in R? for the group G = M SO(2,R) is given. A
complete system of relations between elements of the obtained complete system of
G-invariants is given. In Section 6, a complete system of G-invariants of a T-figure
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in R? for the group G = MO(2,R) is given. A complete system of relations between
elements of the obtained complete system of G-invariants is given.

2. SOME PROPERTIES OF A LINEAR REPRESENTATION OF THE FIELD OF
COMPLEX NUMBERS IN TWO-DIMENSIONAL REAL SPACE

A part of results of this section is known (see [16]).
Denote the field of complex numbers by C. Let ¢ = ¢; +ico € C. Denote by A, the

a e ) Denote by A(C) the set {A.|c € C}. We consider

matrix of the form
C2 C1

on the set A(C) following matrix operations: the component-wise addition and the
multiplication of matrices. Then A(C) is a field with respect to these operations.
In it the unit element is the unit matrix.

Proposition 1. The mapping A : C — A(C), where A : ¢ — A.,Ve € C, is an
isomorphism of the fields C and A(C).

Proof. It is obvious. O

Let a = a1 +ias € C,b =0y +iby € C. Put (a,b) = a1by + azbs. Then (a,bd) is a
bilinear form on R? and (a, a) = a2+ a3 is a quadratic form on R?. For convenience,
we denote by Q(a) the quadratic form (a, a).

The following propositions and [ are known.

Proposition 2. The following equalities Q(x) = det(A;) and Q(zy) = Q(x)Q(y)
hold for all v = x1 + ix2,y = y1 +1y2 € C.

For x = 21 +ixo € C, we set T = 21 — ixo.

Proposition 3. The mapping x — T is an involution of the field C and the fol-
lowing equalities x + T = 2x1, (z,x) = 2T = Tx = 23 + 23, Q(x) = Q(T) hold for
all x = x1 + iz € C.

Proposition 4. Let x € C. Then the element 2~ ewists if and only if Q(x) # 0.

In the case Q(x) # 0, the equalities z=1 = % and Q(z71) = Q(lx) hold.

Put C* = {z € C| Q(z) # 0}. C* is a group with respect to the multiplication
operation in the field C. Denote by A(C*) the set of all matrices A, where a € C*.
For a € C*, we have Q(a) = a? + a3 # 0 and Q(a) = det(A,) # 0.

Below everywhere we will consider every element x € R? and x € E, as a
T
)

column vector x = Denote by T' the following mapping I' : C — R2,

where T'(x1 + izg) = ( il ) It is obvious that the mapping I" is an isomorphism
2

of linear spaces C and R?. Hence there exists the converse isomorphism I'"'of I'
and I71(z) = 21 + ix2, V2 € R%
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1 0

0 -1

linear operator on C: L,(z) = a-x,Vz € C, a € C*. Then the following equalities
are obvious:

(ay + iag) = WT'(a) = ( (1) _01 )( a ) - ( “ ) = I'(a@),Ya = a; +iay €
.

Denote by W the following matrix Denote by L, the following

as —a9

(La(e)) = Tava) = (05 70 )= (o 7 ) (0 ), (e

a1T2 + asxq as ay T2

Va € C*,Va € C, where A, - I'(x) is the multiplication of matrices A, and I'(z).

Hence A, € A(C*) and the mapping A : C* — A(C*), where A(a) = A,, is a
linear representation of the groups.

Put S(C*) = {x € C| Q(x) = 1}. It is a subgroup of the group C*. A(S(C*))
is a subgroup of the group A(C*) and the mapping A : S(C*) — A(C*), where
A(a) = A,, is a linear representation of the group S(C*) in R%. A(C*) is a group
with respect to the multiplication of matrices. Let T be a set such that it has at
least two elements. Denote by C” the set of all mappings of the set 7' to the field
C. An element of a € CT will be called a T-figure in the field C. For the figure
a, we also use the notation a(t), considering a as a function on T' with values in
C. Denote by EZ the set of all mappings of the set T to Eo. An element v € ET
will be called a T-figure in the space Fy. For the figure v, we also use the notation
v(t), considering 7 as a function on T with values in Es.

Let G be a subgroup of the group C*.

Definition 1. Two T-figures a € CT and B € CT is called G-equivalent if there
exists g € G such that B(t) = g-«(t),Vt € T. In this case, we also write as follows:

af B or a(t) < Bt),vteT.
Let G be a subgroup of the group C*.

Definition 2. Two T-figures v € EX andn € E¥ is called A(G)-equivalent if there
exists a € G such that n(t) = Agy(t),Vt € T. In this case, we also write as follows:
7 8 ory(t) M mit), Ve e T

Theorem 1. Let a(t) = ai(t) + iasa(t) and S(t) = B1(t) + iBy(t) be two T-
figures in C. Then T-figures a(t) = ai(t) + ias(t) and B(t) = B1(t) + iB5(t) are
S(C*)-equivalent if and only if T-figures T'(«(t)) and F( (t)) in Ey are A(S(C*))-
equivalent.

Proof. Assume that T-figures a(t) = a1 +ias(t) and B(t) = a1 +i84(t) are S(C*)-
equivalent. Then there exists a = aq +iaz € S(C*) such that S(¢t) = a-a(t),Vt € T.
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Using this equality and the equality , we obtain following equality:

. o alal(t) — a9 (t) o a; —a al(t)
F(ﬁ(t)) _F(a a(t)) o ( al()(g(t) +a2a1(t) ) o ( as a1 ) < O(g(t) )
=AJ(a¥),VteT.

This equality means that T-figures I'(a(t)) and T'(3(¢)) are A(S(C*))-equivalent .

Conversely, assume that T-figures I'(a(t)) and T'(5(¢)) are A(S(C*))-equivalent.
Since T is an isomorphism, I'"! exists. Then the above equality implies that 3(¢) =
r—YT(B®) =T T(a-at)) =a-a(t),Vt € T. Hence T-figures a(t) = a1 (t) +
iag(t) and S(t) = B, (t) + iB4(t) are S(C*)-equivalent. O

3. FUNDAMENTAL GROUPS OF TRANSFORMATIONS OF THE 2-DIMENSIONAL
EUCLIDEAN SPACE

Let E5 be the 2-dimensional Euclidean space with the scalar product {(a,b) =

a1by 4 asbs, where a = ( Z; >7 b= ( Z; ) € FEs.

Definition 3. A mapping F : Es — Es is called orthogonal if (Fx, Fy) = (z,y)
for all x,y € Es.

Denote the set of all orthogonal transformations of Ey by O(2,R).
The following propositions are well known.

Proposition 5. ( [4], p.221) Every orthogonal transformation of Es is linear.

Proposition 6. O(2,R) is a group with respect to the multiplication operation of
matrices.

Let a = a1 + ia2,b = by + iby € C. Denote the identity matrix of the bilinear
form (a,b) = a1b1 + a2b2 by I = ||6ij||i,j:1,2’ where (511 = 622 = 1,(512 = (521 = 0.
By Proposition |5, we can consider every element of O(2,R) as a 2 X 2-matrix. Let
H € O(2,R), where H = |[hijl; ;_; 5 Let HT be the transpose matrix of H. It

is known that the equality (Hx, Hy) = (z,y) for all z,y € Fs is equivalent to the
equality

HTH =1. (2)
This equality implies the following
Proposition 7. Let H € O(2,R). Then det(H) =1 or det(H) = —1.

We denote by SO(2,R) the set {H € O(2,R) : det(H) = 1}. SO(2,R) is a sub-
group of O(2,R). O(2,R) = SO(2,R)U{HW | H € SO(2,R)}, where HW is the

multiplication of matrices H and W, where W = ( (1) _01 >

Theorem 2. The equality SO(2,R) = A(S(C*)) holds.
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Proof. <. We assume that H € A(S(C*)). Then it has the following form H =

[hijll; j=1 0> Where hiy = has = ¢,hor = d,hiz = —d, ¢,d € R and det(H) =

¢+ d?> = 1. We prove that H € SO(2,R). Let x = ( ;1 ) Y = ( v ) € Fs.
2

Y2
‘We have
cx1 — dxo cy1 — dys
H = H == .
(@) ( dzy + cxo ) H(y) ( dy1 + cya )
Using the equality ¢? 4+ d? = 1, we obtain
(H(x),H(y)) = (cxy — dxo)(cyr — dyz) + (dx1 + cx2)(dyr + cye) =
(& + d*)(z1y1 + T2y2) = (7, 9) -

Hence H € SO(2,R).

=. We assume that H € SO(2,R), where H = |[|hy;||, ;_, ,- Then det(H) =
hi1hag —hisho; = 1 and the equality ([2]) holds. These equalities imply the following
system of equalities

hi +h3 =1 (3)
hithia + hothos =0 (4)
his + b3y =1 (5)
hi1hag — hi2ha1 = 1 (6)

We consider two cases h1o = 0 and hyo # 0.

Let hio = 0. Then (5] implies h3, = 1. Hence hgs = 1 or hgy = —1. Let hoy = 1.
Then the equalities hos = 1,h12 = 0 and imply ho; = 0. Using equalities
hg1 = 0 and , we obtain h%l = 1. Hence h1; =1 or h;; = —1. Thus, in the case
hio = 0 and hgs = 1, we obtain hg; = 0 and hy; = 1 or hy; = —1. Hence, in this
case, we obtain only the following two matrices:

Ay ={hi1 =hgo =1, h12 = ho1 =0}, Ay = {h11 = —1,h12 = ha1 = 0, hge = 1}.

It is obviously that A; € A(S(C*)) and Ay ¢ SO(2,R).

Let hop = —1. Then the equalities hos = —1,h12 = 0 and imply ho; = 0.
Using equalities ho; = 0 and , we obtain h%l = 1. Hence hj; =1 or hy; = —1.
Thus, in the case his = 0 and hoy = —1, we obtain hy; = 0 and hy; = 1 or
h11 = —1. Hence, in this case, we obtain only the following two matrices:

A3 = {hll = 13 h12 = h21 = Oa h22 = 71}7A4 = {hll = h22 = 713 th = th = 0} .

It is obviously that A4 € A(S(C*)) and Az ¢ SO(2,R).
Let h1s # 0. Using , we obtain
ha1hao

hiz

hi1 = —
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Using this equality and equalities (3), (5]), we obtain:
hoihoo

( h1o )? + h3; = 1= h3,h3y + hish3, = hiy = hi (h3, + hiy) =

his = h3, = hiy = hiy — b3, = 0.
Hence we obtain 12 —hoy = 0 or his+ho1 = 0. We consider two cases his —ho1 =0
and h12 + h21 =0.

Let h12 — h21 = 0. Then h12 = hgl. Since h12 7é O, we obtain hgl 7& 0.
Using the equality his = ho; and , we obtain hyi1ho; — horhos = 0. Hence
ha1(h11 + he2) = 0. Since hoy # 0, this equality implies h11 = —haa. Thus we have
obtained the following equalities: his = ho1; and hij; = —hga. Using @, we obtain
—h%, — h3, = 1. Since hi2 # 0 and —(h}; + h?,) = 1, we have a contradiction.
Hence this case is not possible.

Consider the case his + hoy = 0. This equality implies the equality his =
—hs1. Using this equality and the equality : hi1hia + ho1hos = 0, we obtain
h11h12 — h12h22 = 0. Hence hlg(hu — h22> = 0. Since h12 7’5 O, this equality implies
hi1 = hss. Hence the equalities hia = —ho1, h11 = hog hold. These equalities

Iy —han )7 where det(H) = 1.

and (3) imply that the matrix H has the form
ha1 h11

Hence H € A(S(CY)).

Corollary 1. Let a(t) = ai(t) +iaz(t) and 5(t) = B,(t) +if5(t) be T-figures in C.
Then T-figures a(t) = aq(t) +iaz(t) and B(t) = B1(t) +iBy(t) are S(C*)-equivalent
if and only if T-figures I'(a(t)) and T'(B(t)) in Es are SO(2,R)-equivalent.

Proof. Tt follows from Theorems [T] and O

Denote by MO(2,R) the group of all transformations of Es generated by the
group O(2,R) and all translations of E2. Elements of the group M O(2,R) has the
following form F : Fy — Es, where F(z) = g(z)+a, g € O(2,R),a € R%. Denote by
MSO(2,R) the group of all transformations of F5 generated by the group SO(2,R)
and all translations of E. Elements of the group M .SO(2,R) has the following form
F : Ey — E», where F(x) = g(z) + a, g € SO(2,R),a € R

4. COMPLETE SYSTEMS OF GG-INVARIANTS OF A T-FIGURE IN FE5 FOR THE
GROUP G = SO(2,R)
Let G be a subgroup of the group MO(2,R).
Definition 4. Two T-figures a and 8 in Es are called G-equivalent if there exists

g € G such that o = gB. In this case, we also write as follows: « < B or a(t) <
B(t),vteT.

Definition 5. A function f(a(t),5(t),...,v(t)) of a finite number of T-figures
a(t),B(t),...,v(t) is called G-invariant function if
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f(Fa(t), FB(t),...,Fy(t)) = f(al(t),8(t),...,y(t)) for all F € G, all T-figures
a(t),B(t),...,v(t) and all t € T.

Example 1. By the definitions of the groups O(2,R) and SO(2,R), we obtain that

the quadratic form Q : E; — R ,Q(z) = (x,z) is O(2,R)-invariant function on

E5 and the bilinear form f : Es X By —» R, f(z,y) = (x,y) are O(2,R)-invariant
functions on the set Fo X Fs.

_ 1 _

ora = (1) =

( n ) € FEs. Consider the function h : Es X Ey — R, h(z,y) = [zy]. Using the

1 U

Example 2. Denote by [zy] the determinant ’ -
2

Y2
equality det(g) = 1,Vg € SO(2,R), we obtain [(gx) (gy)] = det(g)[xy] = [z y], Vg €
SO(2,R),Vx,y € Ey. This means that [xy] is an SO(2,R)-invariant function on
the set Eo x Eo. Clearly, h(x,y) is not an O(2,R)-invariant function on the set
E2 X EQ.

Example 3. By definitions of the groups G = MO(2,R), MSO(2,R) we obtain
that function f : Ea x Ea = R, f(x,y) = (x —y,x — y) is an G-invariant function
on the set Fy X Es.

Definition 6. A system {f1, fo,..., fm} of G-invariant functions f1, fa,..., fm of
a T-figure o in ET will be called a complete system of G-invariant functions of

T-figure if equalities f;(a) = f;(B),Vj € 1,2,...,m imply 5 3.

0
0
note by Z(«) the set {t € T|a(t) = 0}. Denote by Or(t) the T-figure such that
QT(t) =0,vteT.

Denote by 6 the vector 8 = € Es. Let a be a T-figure in Ey. De-

Denote by 27 the set of all subsets of the set T.

Proposition 8. (1) Let G be a subgroup of C*. Assume that o, 3 € CT such

that o & B. Then Z(a) = Z(B). This means that the function Z : CT — 2T
is a G-invariant function on CT.

(2) Let G be a subgroup of O(2,R). Assume that a, 3 € EX such that « £ 8.
Then Z(a) = Z(B) that is the function Z : EY — 2T is a G-invariant
function on EY.

Proof. Tt is obvious. O

Proposition 9. Let C be the field of complex numbers and x = x1 + ixq,y =
y1 + iy2 € C such that x # 0. Then,
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(1) the element yz~? exists, the equality yx ="' = g(i’; —l—ig(z]) and the following
equality hold
s -6
A= | B @ (7)
Q@) Q)

where (x,y) = T1y1 + T2y2 and [T y] = T1Y2 — Ta2y1.

(2) det(Ay,-1) # 0 if and only if Q(y) # 0.
Proof. Tt is given in |16, Proposition 4. 9]. d

Now we consider the G-equivalence problem of T-figures in the field C for the
group S(C*).

Let a and 8 be T-figures in C such that «(t) = B(t) = 0,Vt € T, that is
Z(a) = Z(B) = T. In this case, it is obvious that « =S B.
Theorem 3. Let o be a T-figure in the field C such that Z(a) # T, and tg €
T\ Z(a).

(i) Suppose that a T-figure § in C such that « s B. Then the following
equalities hold:

Z(a) = Z(B)
(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (8)
[a(to)a(t)] = [B(to) B()],VE € T\ Z(av).

(i) Conversely, assume that a T-figure 8 in C such that the equalities hold.
Then there exists a single element g € S(C*) such that 8 = g - «. In this
case, it has the following form g = B(to)(a(te)) "

Proof. Assume that o SR B. Then there exists a € S(C*) such that B(t) =
a-a(t),Vt € T. By Proposition [8}(1), we obtain the equality Z(a) = Z(8). Hence
the equality Z(a) = Z () in is proved.

The equality Z(a) = Z(f) and the inequality Z(«) # T imply inequality
Z(B) # T. Since to € T\ Z(a) = T\ Z(B), we obtain that a(ty) # 0 and
B(to) # 0. The inequality a(tg) # 0 implies an existence of (a(ty))~!. Con-
sider following functions «a(t) - (a(tp))™! and B(t) - (B(te))~! on T. The above
equality 8(t) = a - a(t),Vt € T, implies following equality: B(t) - (B(to))™! =
a-at) (a-aty) ™ =(a-at)-at) (alty) = at) - (a(ty)) ™, Vt € T. Hence
following equality holds:8(¢)-(B(to)) ™! = a(t)- (a(to)) ™1, V¢t € T. Using Proposition
[0 we obtain followmg equalities:

_ {afto),a(t) alto) aft) (to),B(¢ - [B(to) B(t)
a(t) (ato)) ™ = LG + il A1) - (B(to) ™ = LGt + il
These equalities and the equality 3(¢) - (B(to)) ™! = a(t) - (a(ty))~1,Vt € T, imply
)

; v, {alte),a(®)) | qlalto) a(t)] _ (B(to),B(¢ - [B(to) B(1)] :
following equality: “Zrew=s* +i“5ramen = “aten T L aaey » vt € T+ This
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equality imply following equalities:

(alto),a(D)) _ (Blto).8
{ RSEO [5(t([)3(/§(t))] Lyer 9)
a(lp) 0
Qo) = Qo *TLET

The equality 8(t) = a - a(t),Vt € T, implies following equality Q(S(to)) = Q(a -
a(t)). Using Proposition[2] we obtain following equality Q(B(to)) = Q(a)-Q(a(to)).
Since a € S(C*), we have Q(a) = 1. This equality and previous equality Q(B8(to)) =
Q(a) - Q(a(ty)) imply following equality Q(B(to)) = Q(a(to)). This equality and
@ imply following equalities:

{ (alto),o() _ (BU0)AW) vy o

Qalto)) Qalt))
[lio) (D] _ 8(i0) B
Q) = Q) tET

These equalities imply following equalities in :

{ (alto), a(t)) = (B(to), B(E), Wt € T
[alto) a(t)] = [B(to) BH)] ¥t € T.

Hence equalities is proved.

Conversely, assume that T-figures o and § in C such that the equalities hold.
By the supposition in the present theorem toy € T'\ Z(«(t)). This implies a(tg) # 0.
This inequality and the equality Z(«(t)) = Z(B(t)) in imply the inequality
B(to) # 0. In the equality {«a(to), a(t)) = (B(to), B(t)),Vt € T, in (8)) we put t = tg.
Then we obtain following equality («(tg), a(to)) = {B(to), B(to)). This equality and
the following equalities Q(a(ts)) = {a(to), a(to)), Q(B(to)) = (B(to), B(to)) imply
following equality Q(a(tp)) = Q(B(tg)). The inequality a(ty) # 0 implies following
inequality Q(a(tg)) # 0. This inequality, the equality Q(a(to)) = Q(8(to)) and the
equalities in imply following equality:

Qi)
(ot ald] _ (80 B
Q) = Q@) teT

These equalities imply following equalities:

(alto).o(®) _ (Blt)B(1)
{ g &3( t)) V€T

(alto), a(t)) | [a(to)a(t)]  (B(to), B(t)) Z.[ﬂ(lfo)ﬂ(lﬁ)]
Qi) Q)  QBw) | Quwy WY

By Proposition [0] we obtain following equalities:

o fatt).a®) | folts)alt)
o) (o)™ = 00 T Qlat) | 4D

(B(to).B(1) , [Blto) B(1)]

Q(B(to)) Q(B(to))

Bt) - (Bto) ! = VteT. (12)
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Equalities , and imply following equality:

Bt) - (Bto)) ™" = alt) - (alty)) "Vt € T. (13)
This equality implies following equality:
B(t) = Blto) - (alto)) - alt), ¥t € T. (14)

Since Q(a(to)) = Q(B(to)), using this equality and Propositions we obtain
following equality: Q(B(to) - (a(te))™1) = Q(B(to)) - (Q(a(to)))™t = Q(B(to)) -
(Q(B(to)))~r = 1. This means that S(to)(a(te))~ € S(C*). Hence implies

that a(t) °'<” B(t),vt € T.

Prove the uniqueness of h € S(C*) satisfying the conditions 8(t) = ha(t),Vt € T.
Assume that h € S(C*) such that 8(t) = ha(t),Vt € T. In particularly, for ¢ = ¢,
the equality 5(t) = ha(t) implies following equality: 5(t9) = ha(tp). This equality
and the inequality a(ty) # 0 imply following equality B(to)(a(to))~! = h. Hence
the uniqueness of h is proved. [l

Theorem 4. Let a be a T-figure in Ey such that Z(a) # T, and to € T \ Z(«).

(1) Suppose that a T-figure B in E2 such that « SO2R) B. Then the following

equalities hold:
Z(o) = Z(PB)
(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (15)
[a(to)a(t)] = [B(to) B(1)], Yt € T\ Z(e).
(ii) Conversely, assume that a T-figure B in Es such that the equalities ((15))
hold. Then there exists a single matrix H € SO(2,R) such that 8 = Ha.
In this case, H has the following form

(a(to),B(to))  _ [e(to) B(to)]
H = (a(to),a(to),) (a(to),a(to)) , (16)

[a(to) B(to)] (a(t0),B(to))
(a(to),a(to)) (a(to),a(to))

where det(H) = (<a(t0)’ﬁ(t0)>)2 + ( [a(tO)ﬁ(to)]>)2 -1

(a(to),a(to)) (a(to),a(to)

Proof. We consider T-figures o and 8 in Fy as column vector functions: «(t) =

g;gg )7 Bt) = ( g;gg ) Assume that « SOZK) B. Then, by Proposition
(2)7 Z(a) = Z(B). This equality and the inequality Z(«) # T imply inequality
Z(B) # T. Since functions (a(tg), «(t)) and [a(to)a(t)] are SO(2, R)-invariant, the

SO(2,R)-equivalence « SOLEH) B, and the equality Z(a) = Z(8) imply equalities

(1)

Conversely, assume that a T-figures o and 3 in E5 such that the equalities
hold. Consider following T-figures in the field C: T~ (a(t)) = ay () +iaso(t),Vt € T,
T=YB(t)) = By(t) +iB4(t),Vt € T. For these T-figures in C the equalities also
hold. Then, by Theorem (3} these T-figures are S(C*)-equivalent and there exists a
single element g € S(C*) such that 5, (t) +if5(t) = g - (1 (t) +ias(t)),Vt € T. In
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this case by Theorem [3] g has the following form:
By (to)+iBs(t) __ (By(to)+iBs(t0))-(an (to)—iaa (to))

9= Oél(to)ﬂaz(to) " (aa(to)+iaz(to)) (a1 (to) —icz(to))

— (o (t)By (fo)+aa(to) By (to)) +i(aa (to) By (to) —a2(to) Br (to)) _ (a(to).B(t))+ilalto) B(to)]

(a1 (to))?+(2(to))? Q(a(to))

The S(C*)-equivalence of the T-figures I' " (), and T=1(5(t)) = B, (t)+iB5(t),Vt €
T in C, by Theorem 3] implies SO(2, R)-equivalence of T-figures « and § in Fs. In
this case there exists a single element H € SO(2,R) such that H = A, and 3(t) =
H - af),Vt e T. By Proposition@ the above form of g = {alto): ﬁ(é;)iz[’);gt“)ﬁ(t")]

(a(to
implies that H has the form (16), where det(H) = 1.

Remark 1. Assume that T be a set such that it has at least two elements. By
Theorem [, the system

{Z(a), (alto), (1)), [a(to) (D)} (17)

is a complete system of SO(2,R)-invariant functions on the set of all T-figures a
in By such that Z(a) # T, and to € T \ Z(«).

Now let us find a complete system of relations between elements of this complete
system.

Theorem 5. Let be the complete system of SO(2,R)-invariants of a T-figure
o in Ey. Assume that:
(1.1) U is a subset of T such that U # T
( ) toeT \ U
(1.3) r be a real number such that r >0
(1.4) a(t) = (a1(t),az2(t)) be a mapping a : T — Es such that following two proper-
ties hold:
(141) al(t) = O,Vt € U, and al(to) =T
(1.4.2) az(t) = 0,Vt € U, and az(ty) = 0.
Then there exists a T-figure o in Eo such that following equalities hold:
(2.1) Z(a) =U
(2.2) {alto), (t)) = a1 (t), vt € T
(2.3) [a(to) a(t)] = ax(t), vt € T.

Proof. Assume that « is a T-figure in E» such that Z(a) # T and to € T'\ Z(«).

(2.1) — (2.3) We choose a T-figure « as follows. Put a(tg) = (v/7,0). Then
we obtain («(tg), a(to)) = r. This equality implies Q(a(tg)) = {(a(to), alty)) = r.
Hence (a(to),a(ty)) = a1(to) = r. We choose o on the set U as follows. We put
aft) = ( 8 >Vt € U. This equality implies (a(t), a(t)) = a(t) =0,Vt € U.

For fixed t € T, we consider a(t) and «(t) as elements of the field C of complex
numbers: a(t) = a1 (t) +iaz(t), a(t) = a1(t) + iaz(t). We put a(t) = M,W €
T\ (UU{tg}). Since a(ty) = /7 # 0, (a(to))™! exists. Then the equalities
at) = M,Vt € T\ (UU{ty}), imply equalities (a(tp)) ta(t) = @,Vt €
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T\ (UU{t}). By Proposition|§|7 (a(to))ta(t) = %Ei)(ﬁ(ﬁ)) +i %Eg{gﬁkw eT.
The equality Q(a(to)) = (a(tg), a(te)) = 7, the last two equalities (a(to)) ta(t) =

A vt € T\ (U U {to}), (alte) ta(t) = L&l 4 jlaoroll v ¢ 7, and

equalities (a(t),a(t)) = a(t) = 0,V € U, imply equalities {2kt 4 ;[o(to) o] _
@Nzﬁ € T. These equalities imply Z(a) = U, (a(to), a(t)) = a1(t),Vt € T, and
[a(to) a(t)] = aza(t), Vt € T. The statements (2.1)-(2.3) are proved. O

5. COMPLETE SYSTEMS OF G-INVARIANTS OF A T-FIGURE IN E3 FOR THE
GROUP G = O(2,R)

By Proposition [7] the following equality holds:
O(2,R) = SO(2,R) U {HW | H € SO(2,R)}, where HW is the multiplication
of matrices H and W, where W = (1) _01
{HW | H € SO(2,R)} by SO(2,R)-W. We note that SO(2,R)NSO(2,R)-W = 0.

Let o« and 8 be T-figures in Fy. Assume that « O2R) B. Then there exists

F € O(2,R) such that B(t) = Fa(t),Vt € T. Denote by Equ(a, 3) the set of all
F € O(2,R) such that 5(t) = Fa(t),Vt € T.

For shortness, denote the set

Proposition 10. Let a and 8 be T-figures in Es such that o O2R) B. Then there

exist only following three possibilities for the set Equ(a, 8):

(I) Equ(a, B) = {F}, where F € SO(2,R).

(I1) Equ(a, B) = {F}, where F € SO(2,R) - W.

(I1I) Equ(a, B) = {F1, Fo}, where Fy € SO(2,R), F» € SO(2,R) - W.
Proof. Assume that « B B. Then there exists F € O(2,R) such that F €
Equ(a, B). Since F € O(2,R)and F € O(2,R) = SO(2,R)U{HW | H € SO(2,R)},
then F' € SO(2,R) or F € {HW | H € SO(2,R)}.

(I) Let F € Equ(a,B), where F' € SO(2,R). By Theorem 4] in this case
there exists only one F' € SO(2,R) such that following equalities 8(t) =
Fa(t),vt € T, hold. Hence, in this case, the set Equ(a, 3) has a only one
element of SO(2,R). Assume that the set Equ(c,3) has not elements of
SO(2,R)-W. Then, in this case, the set Equ(«, ) has only a single element
F € O(2,R) and it is such that F' € SO(2,R).

(II) Let F € Equ(o,B), where F € {HW | H € SO(2,R)}. Then following
equality 8(t) = Fa(t),Vt € T, holds. Since F € {HW | H € SO(2,R)},
there exists H € SO(2,R) such that F = HW. Then we have following
equality 5(t) = HWa(t),Vt € T. By Theorem [4] in this case there exists
only one H € SO(2,R) such that following equalities 5(t) = HWa(t),Vt €
T, hold. Hence, in this case, the set Equ(ca, ) has only one element
of {HW | H € SO(2,R)}. Assume that the set Equ(a, ) has not ele-
ments of SO(2,R). Then, in this case, the set Equ(a, ) has only one
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element of {HW | H € SO(2,R)} such that Equ(«, 8) = {F}, where F €
{HW | H € SO(2,R)}.

(I1I) Let Equ(a, ) be such that Fy € Equ(w, ) and Fy € Equ(a, ), where
F € SO(2,R) and Fy, € {HW | H € SO(2,R)}. Then following equali-
ties hold: B(t) = Fia(t),Vt € T, and B(t) = Fea(t) = HWa(t),Vt € T,
where H € SO(2,R). By Theorem [4] in the case B(t) = Fia(t),Vt €
T , there exists only one F; € SO(2,R) such that following equalities
B(t) = Fra(t),Vt € T, hold. Hence, in this case, the set Equ(a, §) has only
one element of SO(2,R). By Theorem [4| in the case 5(t) = Fha(t) =
HWal(t),Vt € T, where H € SO(2,R), there exists only one element
F, e {HW | H € SO(2,R)} such that following equalities 8(t) = Faa(t) =
HWal(t),Vt € T hold, where H € SO(2,R). Then, in this case, the set
Equ(a, §) have only two elements: only one element of SO(2,R) and only
one element of SO(2,R) - W.

O

Theorem 6. Let « be a T-figure in Ey such that Z(a) #T and to € T \ Z(«).

(i) Suppose that a T-figure 8 in Eo such that the following equalities B(t) =
HWa(t),Vt € T, hold for some H € SO(2,R). Then following equalities
hold:

Z(o) = Z(B)
(alto), a(t)) = (B(to), B(t)),Vt € T'\ Z(c) (18)
= [a(to)a(t)] = [B(to) B(t)], VT \ Z(a).

(ii) Conversely, assume that a T-figure B in Ey such that the equalities (18]
hold. Then there exists only one matrix U € SO(2,R) such that B(t) =
UWa(t),Vt € T. In this case, U has the following form

<‘?’?(t;))7?(t;)>)> _[‘(’V?(t)o)?(tt)))]
a(to),a(t a(to),a(t
U= (witarstn orateste) | (19)
(a(to),(to)) (a(to),ex(to))

ahere det(U) = (Elehdliaye 1 (Battulouglys

Proof. Suppose that a T-figure 5 in Es such that the following equalities 8(t) =
HWal(t),Vt € T, hold for some H € SO(2,R). This means T-figures Wa and S
are SO(2,R)-equivalent. Then, by Theorem 4] we obtain following equalities:

Z(Wa) = Z(p)
(Walto), Wa(t)) = (B(to), (1)), vt € T\ Z(«) (20)
[Wa(to)Walt)] = [B(to) B(1)],Vt € T'\ Z(a).

These equalities and equalities Z(Wa) = Z(«), (Wal(to), Wa(t)) = (a(ty), a(t)),
[Walto)Wa(t)] = — [a(to)a(t)] imply equalities (I8).

Conversely, assume that a T-figure 8 in Fs such that the equalities hold.
Then equalities and equalities Z(Wa) = Z(a), (Wa(ty), Wa(t)) = {a(ty), a(t)),
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[Wa(to)Wa(t)] = — [a(to)(t)] imply equalities (20). By Theorem[4] equalities
and Proposition [10/imply an existence of only one U € SO(2,R) such that following
equalities §(t) = UW«a(t),Vt € T, hold. By Theorem the matrix U has the form

([19). O

Remark 2. Assume that T be a set such that it has at least two elements. By
Theorem 6], the system {Z(c), {(a(to), a(t)), [Walto) Wa(t)]} is a complete system
of SO(2,R)-invariant functions on the set of all T-figures Wa such that Z(a)) £ T,
and to € T\ Z(«a). Complete system of relations between elements of this system
follows easy from Theorem [B]

Theorem 7. Let o and 8 be T-figures in Ey. Assume that Z(a) # T and ty €
T\ Z(a).
(i) Suppose that matrices Hy, Hy € SO(2,R) exist such that 5(t) = Hia(t),Vt €
T, and B(t) = HoWa(t),Vt € T. Then following equalities hold:

Z(a) = Z(B)
{a(to), a(t)) = (B(t0), B(1)) (21)
rank(a) = rank(g) =1

forallt € T\ Z(a(t)).

(i) Conversely, assume that the equalities hold. Then only two matrices
H, € SO(2,R) and Hy € SO(2,R) exist such that following equalities
B(t) = Hia(t),Vt € T, B(t) = HoWal(t),Vt € T, hold. Here the matriz Hy
has the following form:

<06(Eog B(io)) _ <[0t((§o)) 5((@0))]>
Hy= | @Edstel &ty ) (22)

(a(to), (to)> (a(to),e(to))

where det(Hy) = ({5{232623)” + ({5 S )* = 1.

Here the matriz Hy € SO(2,R) has the following form

(olio)ptie) _[Welts) o)
— a(tp),a(t a(to),a(t
Hy = < Pstassiny  watesin) ) (23)
(atto),alto))  {alto),alte))

where det(Hs) = (”Z(i?‘t(j?)aft(j%» )2+ ([g?t?%@(ﬁ?))] 21,

Proof. (i) Suppose that there exist H; € SO(2,R) such that 5(t) = Hia(t),Vt € T.
Then, by Theorem [4] the following equalities hold:

Z(a) = Z(p)
{alto), a(t)) = (B(to), B(t)), VL € T \ Z(a) (24)
[a(to)a(®)] = [B(t0) BB, VT \ Z().
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Suppose that there exist Hy € SO(2,R) such that 5(t) = HaWal(t),vt € T.
Then, by Theorem [6] the following equalities hold:

Z(o) = Z(P)
{alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(c) (25)
[a(to)a(t)] = = [B(to) B(t)] ,VT'\ Z(a).
Equalities and imply the following equalities:

(alto), a(t)) = (B(to), B(1)),Vt € T'\ Z(av).
Equalities implies the following equalities:
[a(to)a(t)] = [B(to) B1)], VT \ Z(c). (27)
Equalities implies the following equalities:
[a(to)e(t)] = — [B(to) BI)], VT \ Z(e). (28)
Equalities and imply following equalities:
[B(t0) B(t)] = — [B(to) BE)] YT\ Z(v). (29)
These equalities imply following equalities:
[B(to) B()] = 0,YT'\ Z(v). (30)
These equalities and the equalities imply following equalities
[a(to)a()] = 0,97\ Z(a). (31)

The equalities imply that there exists a real function a(t) on T such that
a(t) = 0,Vt € Z(w), a(t) # 0,YT \ Z(«) and equalities a(t) = a(t)a(ty),Vt € T
hold.

Similarly, equalities imply that there exists a real function b(t) on T such
that b(t) = 0,Vt € Z(«), b(t) # 0,VT \ Z(«) and equalities 5(t) = b(t)S(tg),Vt € T
hold.

The above equalities a(t) = a(t)a(ty), vt € T and 5(t) = b(t)B(to), Vt € T imply
the equality rank(a) = rank(f) = 1 in the equalities . This equality and the
equalities imply the equalities .

Conversely, assume that the equalities hold. Then the equality rank(a) =1
in implies an existence of a real function a(t) on T such that a(t) = 0,Vt €
Z(a), a(t) # 0,VT \ Z(«) and «a(t) = a(t)a(ty),Vt € T.

Similarly, the equality rank(s) = 1 in implies an existence of a real func-
tion b(t) on T such that b(t) = 0,Vt € Z(«a), b(t) # 0,VT \ Z(«), and B(t) =
b(t)B(to), Vvt € T. The equalities Z(a) = Z(8), and {(«a(to), a(t)) = (B(to), B(t)),Vt €
T\ Z(«a), imply following equality a(t) = b(¢),Vt € T. Hence we obtain following
equalities a(t) = a(t)a(ty),Vt € T, and B(t) = a(t)B(to),Vt € T.

Since tg € T\ Z(a), we have a(tg) # 0. By the equality Z(a) = Z(5), we
obtain A(ty) # 0. By [16, Theorem 5.1], only two matrices H; € SO(2,R) and
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Hs € SO(Q,R) exist such that ,B(to) = Hla(to) and ,@(to) = HQWOZ(tO). By [16,
Theorem 5.1.], H; has the form and H> has the form .

The above equalities 5(t) = a(t)B(to),Vt € T, B(to) = Hia(to), B(to) = HaWa(to)
imply following equalities: 8(t) = Hia(t),Vt € T, and 5(t) = HoWa(t),Vt e T. O

Remark 3. Assume that T be a set such that it has at least two elements. By Theo-
rem[T] the system {Z(a), (a(to), a(t)) ,rank(a)} is a complete system of SO(2,R)-
invariant functions on the set of all T-figures « such that Z(«) # T, rank(a) =1
and ty € T\ Z(«). Complete system of relations between elements of this system
follows easy from Theorem [B]

Corollary 2. Let « and 3 be a T-figures in Ey such that Z(a) # T and Z(B) #T.
Assume that there exists a single matriz F' € O(2,R) such that 5(t) = Fa(t),Vt €

T. Then rank(a) = rank(B) = 2.

Conwversely, assume that o O2R) B, and rank(a) = rank(B) = 2. Then there

exists a single matriz F € O(2,R)such that 8(t) = Fa(t),Vt € T.
Proof. Tt follows from Theorems [l[6] and O

6. COMPLETE SYSTEMS OF INVARIANTS OF A T-FIGURE IN Eg FOR THE GROUP
MSO(2,R)

Let G = O(2,R) or G = SO(2,R). Denote by G x Tr(2,R) the group of all
transformations of Fy generated by elements of G and all translations of Fy. In
particularly, MO(2,R) = O(2,R)xTr(2,R) and MSO(2,R) = SO(2,R)xTr(2,R).

Assume that the set T has only one element. Let a and S be T-figures. Then
they are Tr(2,R)-equivalent. Hence they are G x Tr(2,R)-equivalent. Below we
assume that T has at last two elements.

Proposition 11. Let G = O(2,R) or G = SO(2,R) and T be a set such that it
has at last two elements.

(1) Assume that o IR

a(to)) < (B(t) = A(to), vt € T.
(2) Assume that (a(t) — a(toy)) < (B(t) — B(to)),Vt € T, for some element tog € T.

Then o GxTr(2R) 5.

Proof. = Assume that « B. Then there exists F' € G and a € FE»
such that 3(t) = Fa(t) + a,Vt € T. In particularly, for ¢t = tg, we have 8(ty) =
Fa(tp) + a. This equality implies a = 8(tg) — Fa(tp). This equality and equalities
B(t) = Fa(t) + a,Vt € T, imply equalities 8(t) = Fa(t) + B(to) — Fa(ty),Vt € T.

These equalities imply equalities 5(t) — B(to) = F(a(t) — alto)),Vt € T, that is
a

(alt) — a(to)) € (8(t) — Blto)), Wt € T
< Assume that (a(t) — a(to)) < (B(t) — B(to)),Vt € T. Then there exists
F € G such that 8(t) — B(to) = F(a(t) — a(ty)),Vt € T. Put a = S(to) — Falty).

B, and ty is a fized element of T. Then (a(t) —

GXTr(2,R)
~J
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This equality implies 8(t9) = Fa(to) + a. The equality a = B(tg) — Fa(to) and
equalities 5(t) —B(to) = F(a(t)—a(ty)),Vt € T, f(to) = Fa(ty)+a imply equalities
B(t) = Fa(t) + a,Vt € T. Hence « IR B. O
Proposition 12. Let G = SO(2,R) or G = O(2,R). Assume that « and 8 are T-
ALY 5 and to € T Then Z(alt) —alto)) = Z(B(t) — B(t)).-
Proof. This statement follows from Propositions [§] and O

figures such that o

This proposition means that the function Z(«(t) — a(to)) is a G x Tr(2,R)-
invariant function of a T-figure «(t) for any ¢, € T.

Proposition 13. Let G = SO(2,R) or G = O(2,R). Assume that to € T and
GXTr(2,R

Z(alt) - alto)) = Z(B(t) — Blto) = T. Then o~ g,

Proof. In this case, we have «a(t) = a(ty),Vt € T, and 5(t) = B(t),Vt € T. These

equalities imply S(t) = a(t) + (B(to) — a(to)), Vt € T. Hence T-figures o and S are
G x Tr(2,R)-equivalent. O

Theorem 8. Let tyg € T, a be a T-figure in Ey such that Z(a(t) —a(ty)) # T, and
t1 €T\ Z(a(t) — a(to)) be fized.

(i) Suppose that a T-figure 5 in Eo such that a
equalities hold:

MSOER) B. Then following

Z(a(t) — alte)) = Z(B(t) — B(to)
(a(t1) — alto), a(t) — alte)) = (B(t1) — B(to), B(t) — B(to)) (32)
[(a(t1) — alto)) (a(t) — a(to))] = [(B(t1) — B(to))
forallt € T\ Z(a(t) — alto)).

(i4) Conversely, assume that a T-figure B in Es such that the equalities (32))
hold. Then there exists only one element F € MSO(2,R) such that 8 =
Fa. The evident form of F as follows:Fa(t) = Ha(t) 4+ a,Vt € T, where
H e SO(2,R), a € Ey. Here evident form of H as follows

(a(t)—a(to), BN —B(t)) _ [(a(ty)—alto)) (B(t1)—B(t))]
H=1 J

a(to),a(t a(ty)—a(to),x(t1)—al(t
ol —olto)) (BB (b1} alte). B~ Alle))
(a(t1)—a(to),a(t1)—a(to)) (a(tr)—a(to),a(t1)—alto))
_ ({a(tr)=a(to), B(t1)=B(to)) \2 [(a(t1)—a(to)) (B(t1)=B(to))]\2 _
where det(H) = (G =atm)atn)—atn)) T (la-atto).alt)—atw)) ) =
1. The element a has the following form: a = (ty) — Ha(to).

Proof. Tt follows from Proposition [II] and Theorem O

(33)

Corollary 3. Let a and 8 be T-figures in Eo. Assume that o and tg € T are such
that Z(a(t) — alto)) # T. Assume that Fy € SO(2,R), a1 € Ea, F» € SO(2,R),
a, € Ey such that:

].) ﬁ(t) = Fla(t) + al,Vt eT,

2) B(t) = FQOé(t) 4+ ao,Vt € T.
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Then F1 = Fg,al = a.
Proof. Tt follows easy from Proposition [[Thnd Theorem O
Remark 4. Let ty € T. By Theorem|[8], the system

{Z(a(t) — alt)), (a(tr) — a(to), a(t) — alto)), [(a(tr) — a(to)) (a(t) — alt))]}

is a complete system of M SO(2,R)-invariant functions on the set of all T-figures
a in By such that Z(a(t) — alty)) # T, where t1 € T\ Z(a(t) — alto)) be fized. A
complete system of relations between elements of this complete system is obtained
as in Theorem [Bl

7. COMPLETE SYSTEMS OF INVARIANTS OF A T-FIGURE IN EQ FOR THE GROUP
MO(2,R)

Let o and 8 be T-figures in Fs. Assume that « and to € T such that Z(a(t) —

a(tp)) # T'. Then, by Proposition a MOGR) B if and only if («(t) — a(to)) o%®
(B(t)—pB(to),Vt € T. In this case, by Proposmon 0l there exist only three following
possibilities for the set Fqu(a(t) — a(ty), B(t) — B(to)):
(I) Equ(a(t) — a(to), B(t) — B(to)) has only one element F', where F' € SO(2,R).
(II) Equ(a(t)—a(to), B(t)—B(to)) has only one element F', where F' € SO(2,R)-W.
(II1) Equ(a(t) — a(ty),B(t) — B(tp)) has only two elements F; and Fh, where
Fy € SO(2,R) and F;, € SO(2,R) - W.
A description of the set Equ(a(t) — a(ty), 5(t) — B(tg)) and a complete system
of invariants of a T-figure in F» in the case (I) are given in Section 5.
Consider the case (I7).
Theorem 9. Let o be a T-figure in Eo such that Z(a(t) — a(te)) # T for some
toeT and ty € T\ Z(a(t) — alty)) be fized.
(1) Suppose that a T-figure B such that the following equalities S(t) = HW a(t)+
d,vt € T, hold for some H € SO(2,R) and some d € E5. Then following
equalities hold:

Z(a(t) — alte)) = Z(B(t) —
(a(tr) — a(to), a(t) — a(te)) = (B(t1) — B(to), B(t) — B(to)) (34)
—[a(t1) — a(to) a(t) — a(to)] = [B(t1) — B(to) B(t) — B(to)] -
forallt € T\ Z(a(t) — a(ty))-
(1) Conversely, assume that a T-figure B in Ey such that the equalities hold.
Then a single matric U € SO(2,R) and a single d € Ey exist such that
B(t) =UWal(t) +d,Vt € T. In this case, U has following form

(W (a(ts)=alto)),(B(t1)=B(to))) (W (a(tr)—a(te)) (B(t1)=B(te))]

(@t —alto) (2t —alte)).  ((@(t)—alto))(alt;)—alt
ot eSS sl o) et B —5he)]
@) —alo), (@l —alto)))  {(a(t)—alte).(alt)—alte)))

where

_ (Wlalt)—alto)) (B -8 \2 . ([W(alt)—alte)) (B(t)—Bta)] \2
det(U) = (tatm) —atio)) (e —ato) ) T () —ato)), ) —ato)) )
1. The element d has following form: d = B(tg) — UWa(ty).
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Proof. Tt follows easy from Proposition [I1] and Theorem [f] O
Consider the case (II11).

Theorem 10. Let « be a T-figure in Es such that Z(a(t) — a(ty)) # T for some
to €T and ty € T\ Z(a(t) — al(ty)) be fized.
(i) Suppose that matrices F; € SO(2,R), F» € SO(2,R) and vectors dy €
Ey,dy € Es exist such that B(t) = Fia(t) + di,Vt € T, and B(t) =
FsWa(t) + do,Vt € T. Then following equalities hold:

Z(a(t) = alto)) = Z(B(t) — B(to))
(a(tr) = alto), a(t) — alte)) = (B(t1) = B(to), B(t) = B(to)) (36)
rank(a(t) — a(ty)) = rank(B(t) = B(to)) = 1,
forallt € T\ Z(a(t) — alto)).

(i1) Conversely, assume that the equalities hold. Then only two matrices
H, € SO(2,R), Hy € SO(2,R) and only two vectors di € Ea,ds € Es
exist such that following equalities 5(t) = Hya(t) + di,¥Vt € T, B(t) =
HyWa(t) + do,Vt € T, hold. Here the matriz Hy has following form:

(a(t1)—a(to), B(t1)—B(to)) [oe(t1) —a(to) B(t1)—B(to)]
| )

(a(t1)—a(to), a(t1)—a(to)) (a(t1)—a(to), a(ti)—al(to))
[a(t1)—a(to) B(t1)—B(to)] (a(t1)—a(to), B(t1)—B(to))
(a(t1)—a(to), a(t1)—a(to)) (a(tr)—a(to), a(t)—a(to))

— (le(t)—a(te), B(t1)—B(to)) [oe(ta) —a(to) B(t1)—B(to)] y2 _
where det(Hy) = (Giry=ati) atm)-atto)) T (atniatio)a@)-at)]) =
1. Vector dy has following form dy = B(to) — Hia(to).

Here the matriz Hy € SO(2,R) has following form
(Wa(ti)=Wa(te), B(t1)=B(te)) _ [Wa(ti)=Walto) B(t1)—B(to)]
H2 = ( > ’ (38)

(37)

(a(ti)—a(to),a(t)—a(to)) (a(ti)—alto)alti)—alto))
[Wa(ti)—Walte) B(t1)—B(to)] (Wa(ti)—Walte), B(t1)—B(to))
(a(ti)—a(to),a(t1)—a(to)) (a(t1)—a(to),a(ti)—a(to))

where

_ (Wa(t1)=W(a(to), B(t1)—B(t0)) \2 [Wa(t1)=Wa(to) B(t1)—B(to)]\2 _
det(Hz) = (Tgn—ati), att—at) ) + (awmi—at), et —ato)y ) =
1. Vector ds has following form dy = B(to) — HaW a(to).

Proof. Tt follows easy from Proposition [[Thnd Theorem O

8. CONCLUSION

Results and methods of the present paper are useful in the theory of G-invariants
of systems of points, curves, vector fields, topological figures and polynomial fig-
ures in the two-dimensional Euclidean space Fs for groups G = SO(2,R), O(2,R),
MSO(2,R) and MO(2,R). Results and methods of the present paper are also
useful in the theory of G-invariants of mechanical figures in the two-dimensional
Euclidean space Fy for Galilei groups.
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