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ABSTRACT

In this study, the effect of fractional derivatives, whose application area is increasing day by day, on
curve pairs is investigated. As it is known, there are not many studies on a geometric interpretation
of fractional calculus. When examining the effect of fractional analysis on a curve, the conformable
fractional derivative that fits the algebraic structure of differential geometry derivative is used.
This effect is examined with the help of examples consistent with the theory and visualized
for different values of the conformable fractional derivative. The difference of this study from
others is the use of conformable fractional derivatives and integrals in calculations. Fractional
calculus has applications in many fields such as physics, engineering, mathematical biology, fluid
mechanics,signal processing, etc. Fractional derivatives and integrals have become an extremely
important and new mathematical method in solving various problems in many sciences.
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1. Introduction

The term fractional derivative is mentioned firstly in Leibniz’s letter to L'Hospital in 1695, as stated in many
sources. In his letter to L'Hospital, Leibniz addressed “Can integer order derivatives extended to fractional
order derivatives?” question is shown as the first emergence of the consept of fractional differential. Later,
the subject is given importance by many mathematicians and many studies are carried out on this subject
[15, 16, 17, 6, 10, 11]. In addition, understanding that the subject can be applied to other branches of science,
especially in physics and engineering clearer results, its usage area has increased day by day with.

The study of fractional derivatives and integrals by many mathematicians has led to the emergence
of different definitions of fractional derivatives and integrals. Riemann-Liouville, Caputu, Cauchy and
conformable fractional derivatives and integrals are just a few of these definitions. Different definitions on this
subject have brought different features. For example, the derivative of zero is not constant in other fractional
types, except for the Caputo and conformable fractional derivative and integral type. In addition, fractional
derivative types other than conformable fractional derivatives do not have features such as the derivative of
the product, the derivative of the quotient, or the chain rule, as in the classical sense [12, 1].

The most suitable derivative types for the structure of differential geometry are Caputo and conformable
fractional derivatives. Because in this two fractional derivative, the derivative of the constant is zero. For this
reason, Caputo fractional derivative and conformable fractional derivative are used while investigating the
effect of fractional derivative on differential geometry [4, 13, 20, 21, 2, 3, 7].

In this present study, we are studied the most well-known and used curve pairs which are Bertrand curve
pairs, Mannheim curve pairs and Evolute-involute curve pairs differential geometry using fractional calculus.
These curve pairs have been studied by many authors in many different spaces and various studies have been
carried out. The difference of this study from other studies is the use of conformable fractional derivatives and
integrals in calculations. Thus, these curve pairs are considered together with this new fractional calculus in
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differential geometry and various characterizations are given about them. Finally, the effect of the fractional
derivative on the curve pairs for different fractional values is observed by giving examples compatible with
theory.

2. Preliminaries

2.1. Basic Definitions and Theorems of Conformable Fractional Derivative

In this section, some basic definitions and theorems of the appropriate fractionally derivative and integral
are given.

Definition 2.1. Let us give a funtion f : [0, c0) — R. Then the “conformable fractional derivative” for f of order
«a is defined by

Do ()(t) = tim L) = F()

e—0 9

for alleach t > 0,0 < a < 1. If f is a-differentiable in some (0, ), & > 0 and lim,_,o+ f(*)(¢) exist, then defiine
FL9(0) = lim, 0+ f12(2), [12].

Theorem 2.1. Let f:[0,00) = R be a function. If a function f is o-differentiable at t, >0, 0 < a < 1, then f is
continuous at to [12].

Accordingly, it is easily visible that the conformable fractional derivative provides all the properties given in
the theorem below.

Theorem 2.2. Let f, g : [0,00) — R be a-differentiable at for each t > 0,0 < o < 1. Then
(1) Dalaf +bg)(t) = aDu(f)(t) + bDalg)(1). for all a, b e R.

(2) Do (tP) = ptP=, forall p € R.
(3)Dy(N) = 0, for all constant functions f(t) = .

(4) Da(f9)(t) = f(t)Da(9)(t) + g(t) Da(f)(t).

(5) Do (L)(t) = L8P =g Da(N)

g g2(t)

(6) If f it is a differentiable function, then D (f)(t)

—a df(t
et [12],

Theorem 2.3. Let f,g:[0,00) — R is a-differentiable at to > 0, 0 < o < 1. If (f o g) is a—differentiable and for all ¢
with t # 0and f(t) # 0 the equation

Do (f o g)(t) = f(t)* ' Dalf)(t) Da(9)(f(t)) (2.1)
is provided, [1].

Definition 2.2. Let f : [a,00) — R be a function. The expression

10 =15 = [ L5 22)

is called a conformable fractional integral, where o > 0, [1].

Theorem 2.4. Let f : [a,00) — R be a function. Then for all t > 0 the following equation exists, [1]

Do g f(t) = f(t)- (2.3)
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2.2. Basic Definitions and Theorems of Differential Geometry
In this section, the curves in R3 are introduced in a nutshell.

Definition 2.3. Let = = z(s) be a regular unit speed curve in the Euclidean 3—space where s measures its arc
length. Also, let ¢ = 2’ be its unit tangent vector, n = ”i—:” be its principal normal vector and b =t x n be its

binormal vector. The triple {¢, n, b} be the Frenet frame of the curve z. Then the Frenet formula of the curve x
is given by

t(s) 0 k(s) 0 t(s)
n'(s) | = | —k(s) 0 7(s) n(s) (2.4)
'(s) 0 —7(s) 0 b(s)

where k(s) = H%

and 7(s) = (92, b) are curvature and torsion of z, respectively [19].

Definition 2.4. A curve z : I — E3 with non-zero curvatures is a Bertrand curve if there is a curve y : I; — E3
and a bijection v : # — 21 such that the principal normal vectors of z(s) and y(s1) at s € I, s; € I; coincide. In
this case, y(s1) is called the Bertrand mate of z(s), [8].

Theorem 2.5. Let z: I — E® be a regular curve in E® according to Frenet frame {t, n, b} with non-zero curvatures x,
1,and y : I — E3 be a Bertrand mate curve of x according to Frenet frame {t,,n1, b, } with non-zero curvatures k1, 1.
Then the curve y can be written as [5],

y(s1) = 21(f(s)) = x(s) + An(s). (2.5)

Corollary 2.1. Let x(s) and y(s1) be reqular curves in E3 with the Frenet frames {t, n, b} and {t1,n1, b1} according
to arc-length parameter s and s,, respectively. If the pair (z,y) are the Bertrand curve pair, we can write the following
results

ti(s) = cosBt(s)+ sinOb(s)
ni(s) = n(s) (2.6)
bi(s) = —sinft(s)+ cosOb(s)

where 0 is the angle between t and t4, [18].

Corollary 2.2. Let x : I — E be a Bertrand curve in E* with non-zero curvatures x, 7 and y : Iy — E3 be a Bertrand
mate curve of z in E3. The following equations are available for the curvatures of the curve z [18],

1— cosfdr
Ro= 2.7)

sin f 451
ds
= —a 2.8
T . 28)
Definition 2.5. A curve z : I — E* with non-zero curvatures is a Mannheim curve such that principal normal
vector of z(s) and binormal vector of y(s1) at s € I, s; € I; coincide. In this case, y(s1) is called the Mannheim
mate of z(s). The pair {z, y} is said to be a Mannheim curve pair.

Theorem 2.6. Let x : I — E® be a reqular curve in E® according to Frenet frame {t, n, b} with non-zero curvatures r,
7, and y : I — E® be a Mannheim mate curve of x according to Frenet frame {t1,n1, b, } with non-zero curvatures r1,
71. Then the curve y can be written as, [14],

y(s1) = 21(f(s)) = x(s) + An(s). (2.9)

Corollary 2.3. Let x(s) and y(s1) be reqular curves in E3 with the Frenet frames {t, n, b} and {t1,n1, b1} according
to arc-length parameter s and s1, respectively. If the pair (z,y) are the Mannheim curve pair, we can write the following
results

t1(s) = cosBt(s)—sinfb(s)
ni(s) = sinft(s) + cosbb(s) (2.10)
bi(s) = mn(s)

where 0 is the angle between t and t4, [14].
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Corollary 2.4. Letx : I — E® bea regular curve in E3 with non-zero curvatures k, T and y : I, — E> be a Mannheim
mate curve of x in E3. The following equations are available for the curvatures of the curve x [18],

gL —1
K = COS+ 2.11)

—sin @4
ds
= ——45, 2.12
r - 212)
Definition 2.6. Let two regular and unit speed curves be (z, y) in E® and also the Frenet vectors of the curves
and y be {t, n, b} and {t1, n1, b1 }, respectively. If the tangent vector of  and y are the orthogonal as, < ¢,¢; >=0,
the curve z is called the evolute curve of y and the curve y is called the involute curve of x.

Theorem 2.7. Let (x,y) be evolute-involute partner curves. There is equilibrium indicated below between those partner
curves as following
y(s1) = x(s) + A(s)t(s) (2.13)

where \(s) = ¢ — s and c is a constant [8].

Corollary 2.5. Let x(s) and y(s1) be reqular curves in E® with the Frenet frames {t, n, b} and {t1,n1, b1} according to
arc-length parameter s and s, respectively. If the pair (z,y) are a involute-evolute curve pair, we can write the following
equations

ti(s) = n(s)
ni(s) = cosBt(s)+ sinbb(s) (2.14)
bi(s) = —sinbt(s)+ cosOb(s).

In above equation, 0 is angle between vectors t and n,, [18].

2.3. Basic Definitions and Theorems of Conformable Fractional Curves

In this part of the preliminaries section, we present brief information about conformable curves using
conformable fractional derivative.

Definition 2.7. Let # = z(s) be a curve. If z : (0,00) — R3 is a called « differentiable, then z is called a
conformable curve in R? [7].

Definition 2.8. Let z : (0,00) — R? be a conformable curve in R?. Velocity vector of z is determined by

Da()(t)
ta—1

forall t € (0,00), [7].

Definition 2.9. Let z : (0,00) — R3 be a conformable curve in R3. Then the velocity function v of z is defined
by
D, (x)(t
o) = 1220
forall ¢t € (0,00) [7].
Definition 2.10. Let z : (0,00) — R? be a conformable curve in R3. The arc length function s of z is defined by
s(t) = Ig | Da(2)(®)]]
forall t € (0,00). If v(t) =1forallt € (0, 00), it is said that = has unit speed, [7].

Definition 2.11. Let « be a conformable curve. If D, (z)(t) # 0 for all ¢t € (0,00), = is called a conformable
regular curve, [7].

Theorem 2.8. Let x = x(s) be a regular conformable with arbitrary speed curve in the Euclidean 3—space where s

measures its arc length. Also, let t = % be its unit tangent vector, n = b x t be its principal normal vector and
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_ _Da(2)(s)x D3 (x)(s) ite i ;
b= Da(i) (:)X o} (i)(s)“ be its binormal vector. The triple {t,n,b} be the conformable Frenet frame of the curve x. Then

the conformable Frenet formula of the curve x is given by

D, (t)(s) 0 Ka(s)uAl=® 0 t(s)
Da(n)(s) | = | —kal(s)vAt=® 0 To(8)OAI n(s) (2.15)
D, (b)(s) 0 —To(8)vAI 7 0 b(s)

and

_(t\l—a | Do (2)(s)x D2 () (s)]|
a(s) = (3) [Da @)
—a (Da(2)(s)x D (2)(s))-Di (z)(s)
[Da(z)(s)x D2 (z)(s)[I?

3

—

&)

=

Il
—~
>l
~— V)

—

are curvature and torsion of x, respectively [7].

3. Main Results

In this section, some curve pairs previously obtained with classical derivative will be obtained with
conformable fractional derivative.

Definition 3.1. Let z = z(s) be a regular unit speed conformable curve in the Euclidean 3—space where s

. — . . Do (t)(s . .
measures its arc length. Also, let ¢t = D, (x)(s)s*~! be its unit tangent vector, n = m be its principal

normal vector and b =t x n be its binormal vector. The triple {t, n, b} is the conformable Frenet frame of the
curve z. Then the conformable Frenet formula of the curve z is given by

D, (t)(s) 0 Ka($) 0 t(s)
Do(n)(s) | = | —ka(s) 0 Ta($) n(s) (3.1)
D, (b)(s) 0 —Ta(8) 0 b(s)

where k4(s) = || Do (t)(s)]| and 7o (s) = (D4 (n)(s), b) are curvature and torsion of z, respectively.

Corollary 3.1. Let © = x(s) be a reqular unit speed conformable curve in the Euclidean 3—space where s measures its
arc length. The following relation exists between the curvatures and torsion of the x curve and the conformable curvature
and torsion as

Ra = Sl_a,‘{}, (3.2)
Ta = s17OT. (3.3)

Conclusion 3.1. Let x = z(s) be a regular unit speed conformable curve where s measures its arc length. As can be seen
from equation (3.1), when x is a unit speed curve, the conformable derivative has no effect on the Frenet frame, so the
Frenet elements do not undergo any change. However, considering equations (3.2) and (3.3), the curvature and torsion
of the x curve has changed under the conformable fractional derivative.

Definition 3.2. Letz : I — E3 be a regular conformable curve in the Euclidean 3-space. The curve x with non-
zero conformable curvatures is a Fractional Bertrand curve (F' — Bertrand curve) if there is a conformable curve
y: [1 — E3 and a bijection v : # — y such that the principal normal vectors of z(s) and y(s;) at their reciprocal
points s € I, s; € I; coincide. In this case, y(s1) is called the Fractional Bertrand mate (F' — Bertrand curve pair)
of z(s).

Theorem 3.1. Let z: [ — E3 and y : I, — E3 be a conformable curves in three-dimensional Euclidean space E® with
arc-length parameter s and sy, respectively. If y(s1) is the F- Bertrand curve pair of x(s), the following equation exists

UTa + Mg = s17¢
where (v and X constant functions.

Proof. Let z: I — E3 be a F-Bertrand curve in E3 with the conformable frame {t, n, b} and the non-zero
curvatures K, To, and y : I; — E3 be a F-Bertrand mate curve of x with the conformable frame {t;,n,b;}
and the non-zero curvatures 1, 1. Then the curve y can be written as

y(s1) = z1(f(s)) = x(s) + An(s).
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If the a-th conformable fractional derivative of both sides of the above equation with respect to s is taken, we
have
Doy(s1) = Dax(s) + n(8) DX + ADgn(s).

If the necessary derivatives of the above equation are taken and equation (2.1) is considered, following
equations
Doy(s1)Das1(s)(51(8)* 1 = s'7% + M—Kat + Tab)
and
5171 Dos1(8)(51(8))*71 = (817% = Ak )t + A\ab

are obtained. If equation (2.6) is used in this obtained equation, we get
517 Dys1(s)(51(5))* H(cos Ot(s) — sinfb(s)) = (517 — Akqa)t + ATab.

Finally, from mutual equality, we can easily see

51 “Dys1(8)(51(8))* L eosf = s — kg (3.4)
and

— 517 %Dys1(5)(51(5))* L sind = A7, (3.5)

If the above equation are proportioned to the corresponding, we obtain following
s — Ak,

—cotf =
€0 Ao

)

— ATy COt 0 + kg = 5172,
If we choose —\ cot § = p constant function, we get
UTe + Mg = 517,
Thus, the theorem is proved. O
Theorem 3.2. Let x(s) be a conformable curve in three-dimensional Euclidean space E® with arc-length parameter s

and y(s1) be the F- Bertrand curve pair of x(s) with arc-length parameter s,. In that case, the following relation exists
between the classical curvatures and the conformable curvatures of the curve x, as

Ko = §17¢ <1;\¢ +1/J/<a> ,

T = s7T%r,
where ¢ = s17 (s51(s))* .

Proof. If the equations (3.4) and (3.5) obtained in the proof of the previous theorem are arranged, we can see
that

s — 5T Dysi(s)(s1(s))* cos §
R = \ )

517 “Dys1(s)(s1(s))* 1 sinf
;) :

If the required conformable fractional derivatives are taken in the above equation, conformable curvatures are
obtained as

Ta =

st — s}_asl_o‘(sl(s))a_l cOS 9%
Ko = ,

A
s1 st (s1(s))* Lsin gL
3 .
Considering the equations (2.7) and (2.8) on this equation and choosing the ¢ = s'~ (s; (s)* ", we get

Ko = s7° <1;\,¢)+¢H),

T = sT%T.

To -

O
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Definition 3.3. Let z : I — E® be a regular conformable curve in the Euclidean 3-space. The curve z with non-
zero conformable curvatures is a Fractional Mannheim curve (F' — Mannheim curve), if there is a conformable
curve y : I; — E® and a bijection y :  — y such that the principal normal vector of z(s) and binormal vector of
y(s1) at their reciprocal points s € I, s; € I coincide. In this case, y(s1) is called the Fractional Mannheim mate
(F — Mannheim curve pair) of x(s).

Theorem 3.3. Let x : I — E® and y : I; — E? be a conformable curves in three-dimensional Euclidean space E® with
arc-length parameter s and s, respectively. If y(s1) is the F- Mannheim curve pair of x(s), the following equation exists

_ -« Ko
A=s"F5—=
Ta + '%a
where \ constant functions.

Proof. Let z: I — E3 be F-Mannheim curve in E? according to conformable frame {¢, n, b} with the non-zero
curvatures kq, 7o, and y : I; — E3 be a F-Mannheim mate curve of x according to conformable frame {t1,n1, b1}
with the non-zero curvatures 1, 71. Then the curve y can be written as

y(s1) = 21(f(5)) = z(s) + An(s).

If the a-th conformable fractional derivative of both sides of the above equation with respect to s is taken, we
get
Doy(s1) = Dax(s) + n(8) Do X + ADgn(s).

If the necessary derivatives of above equation are taken and equation (2.1) is considered, following equation is
obtained, as

5%_at1Da51(s)(sl(s))°‘71 = (s17% — Akt + ATob.

If equation (2.10) is used in this obtained equation, we get
517 %Dys1(5)(51(5))* H(cos Ot(s) —sinbb(s)) = (s — Ak )t + ATab.

Finally, from mutual equality
51 *Das1(8)(s1(5))* Leosh = s — \ky 3.6)
and
517 %Dys1(s)(s1(5))* L sin = — A7, (3.7)
are obtained. If the above equations are proportioned to the corresponding, we have

ST — Ay,

tl =
€0 —ATg

If the equation 7> = —cot ¢ in [9] is used in the above equation, we can easily see that

Ra

-«
A=3s pCER
« «

O

Theorem 3.4. Let x(s) be a conformable curve in three-dimensional Euclidean space E® with arc-length parameter s
and y(s1) be the F- Mannheim curve pair of x(s) with arc-length parameter s1. In that case, the following relation exists
between the classical curvatures and the conformable curvatures of the curve

Sl—a _1/)
—ph

Ta = YT

Ra

where ¥ = s1 %517 (s1(s))* L
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Proof. If the equations (3.4) and (3.5) obtained in the proof of the previous theorem are arranged, we can write
as

s — 517 Dysi(s)(s1(s))* ! cos b
Ra = \ )

57 “Dgasi1(s)(s1(s))* 1 sinf

A

If the required conformable fractional derivatives are taken in the above equation, we obtain

Ta =

sl — s%fasl’o‘(sl(s))""l CoS 9%
Ra = ;

s%fasl’o‘(sl(s))""l sin 9%
3 .

Considering the equations (2.11) and (2.12) in above equations and if we choose the equation as 3 =

s172s17%(s1(5))* 7!, we get
-«
sl—a _
ho = —gnt TV
Ta = YT

O

Definition 3.4. Let z: I — E® and y : I; — E® be a regular conformable curve in the Euclidean 3-space with
the conformable frames {t, n, b} and {¢1,n1, b1}, respectively. If the tangent vector of = and y is orthogonal, the
conformable curve z is called the Fractional Evolute curve (F — Evolute curve) of the conformable curve y and
the conformable curve y is called the Factional Involute curve (F — Involute curve) of the curve z.

Theorem 3.5. Let x: [ — E3 and y : Iy — E3 be a reqular conformable curve in the Euclidean 3-space. When x(s) be
a F-Evolute curve in three-dimensional Euclidean space E® with arc-length parameter s, if y(s1) be the F-Involute curve
pair of x(s) with arc-length parameter s1, the following equation exists

- Sl—a,(/}

cC— S

Ra

where v = Dys1(s)(s1(s))> L.

Proof. Let x : I — E3 be a F-Evolute curve in E? according to conformable frame {¢, n, b} with the non-zero
curvatures r,, 7o, and y : I; — E? be a F-Involute mate curve of x according to conformable frame {t1,n1, b1}
with the non-zero curvatures x1, 71. Then the curve y can be written as

y(s1) = 2(s) + (c — 8)t(s).

If the a-th conformable fractional derivative, of both sides of the above equation is taken with respect to s, we
obtain
Doy(s1) = Dax(s) + t(s)Dyo(c — s) + (¢ — s)Dut(s).

If the necessary derivatives of above equation are taken and equation (2.1) is considered, we have
$7 1 Dgs1(5)(51(5)* 7t = s 7% — s17% + (¢ — s)kan

and
5171 Dys1(8)(51(8)* 7! = (¢ — 8)kan.

If equation (2.14) is used in this obtained equation, we get
$17Dys1(5)(51(8)* In = (¢ — 8)kan.
If the above equation is arranged, we obtain curvature as

Ko = 517 “Das1(s)(s1(s))*
) (c—s) :
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Finally, if 1) = D,s1(s)(s1(s))*! is choosen in the above equation, we can easily see that

Sl—aw

cC— S

R =

Thus, the proof is completed.

Example 3.1. Let z: I C R — E° be a regular with unit speed conformable curve in R? parameterized by

-1
x(s) cossds st “sin sds, / 1= O‘ds)
(f/

The F-Bertrand curve pair of z(s) is obtained as follows,

-1
y(s) = (ﬁ/SI % sin sds, —/ 172 cos sds, —/ 1= “ds)

The view of the F-Bertrand curve pairs for different fractional a values are given below.

100-10

Figure 1.For o« — 1,a = 0.9,a = 0.5, @ = 0.3 and « = 0.1 F-Bertrand curve pair z(s)(Red) and
y(s)(Blue), respectively.

www.iejgeo.com

140


http://www.iej.geo.com

Aykut Has and Beyhan Yilmaz

Example 3.2. Let z: I C R — E3 be a regular with arbitrary speed conformable curve in R?® parameterized by

4
x(s) = (—i/sl_o‘ sinsds,g/sl_o‘ cossds,5/sl_°‘ds).

The F-Manmheim curve pair of z(s) is obtained as follows,

8 4
y(s) = (i/sl_a(sins — cos s)ds, 3 /sl_a(coss — gin s)ds, E /sl_o‘d8> .

The view of the F-Mannheim curve pairs for different fractional o values are given below.

0 1000 2000 3000
T T T i T T T T T T T 100
0
bl -100
- 100

Figure 1.For « — 1,a = 0.9, = 0.5, & = 0.3 and a = 0.1 F-Mannheim curve pair z(s)(Red) and
y(s)(Blue), respectively.
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Example 3.3. Let z: I C R — E? be a regular with arbitrary speed conformable curve in R parameterized by

4
z(s) = <—§/sla sinsds,g/slfo‘ cossds,5/slads>.

The F-Involute curve pair of z(s) is obtained as follows,
1 11— : . 1 l1—a : : 3 -«
y(s)=|(= [ s (78s1nsf2coss+281ns+2300ss)ds,g s (SCoss72s1n372coss+2531n5)ds,5 s " %s | .

The view of the F-Involute and F-Evolute curve pairs for different fractional « values are given below.

Figure 1.For o« - 1,a = 0.9,a = 0.5, @ = 0.3 and a = 0.1 F-Evolute and F-Involute curve pair z(s)(Red) and
y(s)(Blue), respectively.

4. Conclusion

The study areas of fractional derivatives and integrals are increasing day by day. Today, fractional analysis
for numerical solutions are preferred in the fields of basic sciences and engineering. The reason for this is the

www.iejgeo.com 142


http://www.iej.geo.com

Aykut Has and Beyhan Yilmaz

claim that the solutions obtained by fractional analysis give a more clearer numerical solution. Can a claim
like this be considered in geometry, the question arises. Studies examining the answer to this question are still
very new. For example, one of these studies examined the effect of fractional analysis on geometry [20], while
another study investigated the effect of fractional analysis on electromagnetic curves in fiber optics [23]. It
should be taken into account that fractional analyzes, which are claimed to offer clearer solutions numerically,
can also give clearer information geometrically. For example, can the motion or characteristic of a curve be more
clearly explained by fractional analysis? In this study, the answer to this question is emphasized and this effect
is examined both algebraically and with examples. Future studies in this field will make many contributions
to geometry.
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