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ABSTRACT. This paper consists of two main sections. In the first part, we
give some general information about the almost contact manifold, a—Sasakian,
B—Kenmotsu and Trans-Sasakian Structures on the manifolds. In the second
part, these structures were expressed on the tangent bundle with the help of
lifts and the most general forms were tried to be obtained.

1. INTRODUCTION

1.1. Lifts of Vector Fields.

Definition 1. Let M™ be an n—dimensional differentiable manifold of class C'*°
and let T,(M™) be the tangent space of M™ at a point p of M™. Then the set [12]

T = g T,00 1)

s called the tangent bundle over the manifold M™.

For any point p of T'(M™), the correspondence p — p determines the bundle
projection 7 : T(M™) — M"™, Thus n(p) = p, where © : T(M"™) — M™ defines
the bundle projection of T'(M™) over M™. The set m—*(p) is called the fibre over
p € M™ and M™ the base space.
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1.1.1. Vertical Lifts. If f is a function in M™, we write f¥ for the function in T'(M™)
obtained by forming the composition of 7= : T(M"™) — M™ and f : M™ — R, so
that

f* = for. 2)
Thus, if a point p € 7~1(U) has induced coordinates (z",y"), then
f(B) = f°(0,0) = for(p) = f(p) = f(o). (3)

Thus the value of f¥(p) is constant along each fibre T),(M™) and equal to the value
f(p). We call f¥ the vertical lift of f [12].

Let o € S3(T(M™)) be such that of? = 0 for all f € IJ(M™). Then we say

h
that o is a vertical vector field. Let U;l } be components of o with respect to
o

the induced coordinates. Then o is vertical if and only if its components in 7= (U)

satisfy
2]-12]

Suppose that o € S§(M™), so that is a vector field in M™. We define a vector
field 0¥ in T'(M™) by

>

a°(t () = (¢o)* ()

¢ being an arbitrary 1—form in M™. We cal oV the vertical lift of o [12].
Let ¢ € SY(T(M™)) be such that ((o)” = 0 for all o € S{(M™). Then we say
that ¢ is a vertical 1—form in T'(M™). We define the vertical lift ¢V of the 1—form

¢ by
¢V =(¢y)"(da) (6)
in each open set 71 (U), where (U;z") is coordinate neighbourhood in M" and ¢

is given by ¢ = (,;dz’ in U. The vertical lift ¢ with local expression ¢ = (;dz’ has
components of the form

¢+ (¢,0) (7)

with respect to the induced coordinates in T'(M™).
Vertical lift has the following formulas [10,/12]:

(fo)! = fY", I'¢" =0, n*(c") =0, (8)
(f’?)v = fvnv7 [UU,QU] =0, QOUJU =0,
O_'va = 0, O_vf'u =0

hold good, where f € S3(MP?), 0,0 € SH(M?), n € SYMD), ¢ € SHMD), I =
idpn .
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1.1.2. Complete Lifts. If f is a function in M™, we write f¢ for the function in
T(M™) defined by

fe=udf) 9)
and call f¢ the comple lift of f. The complete lift f¢ has the local expression
fe=y'oif=of (10)

with respect to the induced coordinates in T(M™), where df denotes y'0; f.
Suppose that o € S§(M™). We define a vector field o¢ in T'(M™) by

o’ f=(af)", (11)

f being an arbitrary function in M™ and call o¢ the complete lift of o in T'(M™)
[3,12]. The complete lift o¢ with components 2" in M™ has components

o= (o) (12)

with respect to the induced coordinates in T'(M™).
Suppose that ¢ € I(M™), then a 1—form (¢ in T(M™) defined by

(“(0°) = (Co)° (13)

o being an arbitrary vector field in M™. We call (¢ the complete lift of ¢. The
complete lift (¢ of ¢ with components ¢, in M™ has components of the form

¢“:(9¢,,Gi) (14)
according to the induced coordinates in T'(M™) [3].
o f = (0f)", n" (@) = ()", (15)
(fo)* = [+ f'o° = (0f)",
a'f* = (0f)", 0" = (po)",
P’ = (po)", (po)" =",
1’09 = ()", n° (") = (n(0))",
[0",0°] = [o,0]", I°=1, I['0¢=0", [0°0°] = 0,0

1.2. Almost Contact Manifolds. An almost contact manifold is an odd-dimensional
C*° manifold whose structural group can be reduced to U(x) x 1. This is equivalent
to the existence of a tensor field ¢ of type (1,1), a vector field £ and a 1—form 7
satisfying ¢ = —1 +n®¢& and n(¢) = 1. From these conditions one can deduce that
@& =0 and no ¢ = 0. A Riemannian metric g is compatible with these structure
tensors if

9(¢a,98) = g(c,0) —n(o)n(0) (16)
and we refer to an almost contact metric structure (¢,&,7n,9). Note also that

n(o) = g(o,¢).
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Let M™ be an almost contact manifold and define an almost complex structure
J on M™ x R by

T F )= (60— 1en(o) ). a7)

A Sasakian manifold is a normal contact metric manifold. It is well known that
the Sasakian condition may be expressed as an almost contact metric structure
satisfying

(VJ¢)9 = 9(07 6‘)6 - 77(9)0’ (18)

again see e.g. [1].

2. a—SASAKIAN AND ﬁ—KENMOTSU STRUCTURES ON THE TANGENT BUNDLE

A a—Sasakian structure [6] which may be defined by the requirement

(VJ¢)9 = a(g(cr, 0)5 - 77(‘9)‘7)7 (19)
where « is a non-zero constant. Setting § = £ in this formula, one readily obtains
Vo & = —apo (20)

Theorem 1. Let a vector field £, ¢ be a tensor field of type (1,1), 1—form n
satisfying ¢> = =T +n @€ ie. n€) =1, ¢¢ =0 andno ¢ = 0. A a—Sasakian
structure on tangent bundle defined by

(V5e09)0° = al(9(0,0) €7 + (9(0,0)76" — ((6)70" — (n(8))" o),

where g is a Riemannian metric, a is a non-zero constant. In addition, if we put
0 =&, we get

Proof. From , we get the a—Sasakian structure on the bundle
(V500 = Vges0” — 6% vie 0

= a((9(0,0))VE" + (9(0,0))°¢" — (9)) 0" — (n(6))" 7).
If we put 6 = &, we get
(Voed )T = vEed € — ¢ vie €©

—¢ vSe ¢

a(n() €% + (n(0)7eY = (&) s — n(€)" o)
a((n(e))VE + (n(0))°€" — o)

~¢9vge €7 = a(¢9)%¢
7%.£¢ = —ag¢CeC
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In particular the almost contact metric structure in this case satisfies

(Vod)t = g(¢0,0)§ —n(0)po (21)

and an almost contact metric manifold satisfying this condition is called a Kenmotsu
manifold [6,/7]. Again one has the more general notion of a f—Kenmotsu structure
[6] which may be defined by

(Vod)0 = B(g(¢o,0)¢ —n(0)do), (22)
where 3 is a non-zero constant. From the condition one may readily deduce that
Vo &= B0 —n(0)§). (23)

Theorem 2. Let ¢ be a tensor field of type (1,1), a vector field &, 1—form n
satisfying ¢* = —I +n @ & i.e. n(€) =1, ¢ =0 andno ¢ = 0. A f—Kenmotsu
structure on tangent bundle defined by

(Vo ®)0)° = B((9(¢0,0)" € + (9(¢0,0)7E" — (0(9)) (60)" = (n(8))" (¢0)°),

where g is a Riemannian metric, 8 is a non-zero constant. In addition, if we put
0 =¢&, we get

Voo £9 = B(a¢ = ((n(0))€)°). (24)
Proof. From , we get the —Kenmotsu structure on the bundle
(Vad)0)® = VGt 0 — " vie 6°

= B(9($0,0))" ¢ + (9(90,0))°6" — (n(6))° (d0)” — (n(6))" (0) )
If we put 6 =&, we get
=7 Vs €7 = Bln(¢0) e + (n(¢0)“EY = (n(€)%(60)” — (€)Y (¢0) )
—¢“ 75 €7 = B(=(¢0) + (n(¢0 ) ET + (n(60))°EY)
0?75 ¢ = B(¢0) — (n(60))" €S — (n(¢0))°EY)
o Vs £¢ = B(¢%0C —nV (690 —n%(6“0°)EY)
v[(r)ch _ ﬁ UC o (nVUC)gC o (nCJC)EV)
V5et? = B0 = (no) e — (no)°eY)
VSC§C = B ©

3. TRANS-SASAKIAN MANIFOLDS ON THE TANGENT BUNDLE

An almost contact metric structure (¢,&,7n,g) on M™ is trans-Sasakian [9] if
(M™ x R, J,G) belongs to the class Wy, where J is the almost complex structure
on M™ x R defined by and G is the product metric on M™ x R. This expressed
by the condition

(Vo9)8 = a(g(o,0) —n(0)a) + B(g(¢o,0)€ —n(0)¢o) (25)
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for functions o and 8 on M™, and we shall say that the trans-Sasakian structure is
of type («, 8); in particular, it is normal and it generalizes both o — Sasakian and
8 — Kenmotsu structures. From the formula one obtain

Vo § = —ago + B(U - 77<U)€>7 (26)
(VUU)(Q) = —ag(¢a, 9) + 5(9(07 9) - W(U)U(e))a (27)

(Vod)(0, 2) = alg(o, Z)n(0)—g(o,0)n(Z))—B(g(o, 9Z)n(0) —g(a, $0)n(Z)), (28)
where ¢ is the fundamental 2—form of the structure, given by ¢(o,8) = g(o, ¢0).
Theorem 3. Let ¢ be a tensor field of type (1,1), a vector field &, 1—form n
satisfying ¢° = —I+n® € ie. n(€) =1, ¢ =0 and no ¢ = 0. A trans-Sasakian
structure on tangent bundle defined by

(V500 = a((9(0,0))7 €7 + (9(0,0))96" = (n(0)) " — (n(9))" o)
+8((9(00,0))" ¢ + (9(60,0)°¢" — 0(9))° (¢0)" = (n(6)) (¢0)°),
where g is a Riemannian metric, «, 8 are non-zero constants. In addition, if we
put 6 =&, we get
Veetd = —ado” + 5o — ((0))€) )
Proof. From , we get the trans-Sasakian structure on the bundle
(V5e¢ ) = v5eo 0 — ¢ vic 6°
= 04((9(0,9))‘/§CC+ (9(0,0))°¢" = (n(0))a" — (n(0))" o)
+B((9(¢0,0))€" + (9(90.0))°¢" — (10(9))% (90)" — (n(0))" (60) ).
If we put 8 = £ and using the formulas of ,, similarly we get
Veet” = —ag“oC + B0 = ((n(0))§)°).
O
Theorem 4. Let a vector field &, ¢ be a tensor field of type (1,1), 1—form n
satisfying ¢ = —I +n @& e nE) =1, ¢¢ = 0 and no ¢ = 0. The term
(Vgcnc)Gc in a trans-Sasakian structure on tangent bundle defined by
(Voen)< = —ag® (@0, 6) + By (670, 676,
where g is a Riemannian metric, a, 8 is a non-zero constant.

Proof. From , we get

(VSen©)o® = ven®0” —n° vSe 0¢

= V5e(9(0.€)° — (9(v00.€))°
= 9% g)0°,€9) + g9 (959,69 + ° (09, v 5c£)
—QC(VSCGC7§C)
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= ¢9(0°,v5e€Y) = g9 (6°, —ad o + B(c° ((n(0))€)°)
0°,6%0°) + Bg° (67,0 — ((n(0))€))

= —ag”( )

= —ag? (4“0, 09) + Bg° (07,07 — (1(0))V € — (n(0)E")

= ag%%C,e )+ B(g°(09,0°) — (n(e))¥ g% (6°,£°)
C

—(n(0))%g%(6°,€"))
= —agc qSCJ 90)—1—,39 ( CUca¢CQC)v

where g%(6,6") = ((6))" and g% (6“0, ¢“0) = g%(0, 6) = (n(e))° (n(9))" —
(n(e))¥ (n(0))°" U
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