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ABSTRACT. Let G =(V, E) be a simple graph. A subset S is said to be Semi-
Strong if for every vertex v in V, |[N(v) N S| < 1, or no two vertices of S have
the same neighbour in V/, that is, no two vertices of S are joined by a path of
length two in V. The minimum cardinality of a semi-strong partition of G is
called the semi-strong chromatic number of G and is denoted by x,G. A proper
colour partition is called a dominator colour partition if every vertex dominates
some colour class, that is , every vertex is adjacent with every element of some
colour class. In this paper, instead of proper colour partition, semi-strong
colour partition is considered and every vertex is adjacent to some class of the
semi-strong colour partition.Several interesting results are obtained.

1. INTRODUCTION

Let G = (V, E) be a finite, undirected graph. We follow standard definitions
of graph theory [2,[8]. A proper vertex coloring of a graph is defined as coloring
the vertices of a graph such that no two adjacent vertices are colored using same
color. A subset S of a graph G = (V, E) is said to be a dominting set if every
vertex not in S is adjacent to at least one vertex of V' — S. The domination number
v(G) is the number of vertices in a smallest dominating set for G [9,|10]. S. M.
Hedetniemi [11}12] introduced and discussed the concept of dominator coloring and
dominator partition of graphs. S.Arumugam et.al. discussed further in dominator
coloring in graphs |1]. The combination of the two most important fields in graph
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theory namely, Coloring and domination have a lot of research results. A dominator
coloring of a graph G is a proper coloring, such that every vertex of G dominates
at least one color class (possibly its own class). Gera et. al. |6] defined dominator
colouring in a graph G as a proper colour partition in which every vertex dominates
some color class. The dominator chromatic number of G, denoted by x4(G), is the
minimum number of colors among all dominator colorings of G. Gera researched
further in |7] on dominator coloring and safe clique partitions. Kazemi proposed
the concept of total dominator coloring in graphs and studied its properties |15].
A proper coloring, such that each vertex of the graph is adjacent to every vertex
of some (other) color class. For more results on the total dominator coloring, refer
to [14116]. M. Chellali and F. Maffray discussed Dominator colorings in some classes
of graphs [4]. In 2015, Merouane et al. |[17] proposed the dominated coloring which
is defined as a proper coloring such that every color class is dominated by at least
one vertex. The dominated chromatic number of G, denoted by Xg4om (G), is the
minimum number of colors among all dominated colorings of G. For comprehensive
results of coloring and domination in graphs, color class domination in graphs
introudced and studied in detail. refer to [5,20,|21]. As a generalization of strong
set introduced by Claude Berge [3], E.Sampathkumar defined semi-strong sets [18]
in a graph. In a simple graph G, a subset S of the vertex set V(G) of G is called
a semi-strong set of G if |[N[v]N S| < 1 for v in V(G). E.Sampathkumar also
introduced Chromatic partition of a graph [19] and studied its properties. Also, G.
Jothilakshmi et al studied (k,r) - Semi Strong Chromatic Number of a Graph [13].
Instead of proper color partition, semi-strong partition [18] of V(G) is considered
and domination property that every vertex dominates semi-strong color class is
added. The minimum cardinality of such a partition is found for some classes of
graphsand bounds are obtained. Interesting results in this new concepts are derived.

Definition 1. A subset S of V(G) is called a maximal semi-strong set of G if S is
semi-strong and no proper super set of S is semi-strong. The maximum cardinality

of a mazximal semi-strong set of G is called semi-strong number of G and is denoted
by ss(G).

Definition 2. A dominator coloring of a graph G is a proper coloring in which
each vertex of the graph dominates every vertexr of some color class.

Definition 3. A semi-strong coloring of G is called a dominator semi-strong
color partition of G if every vertex of G dominates an element of the partition.
The minimum cardinality of such a partition is called the dominator semi-strong
color partition number of G and is denoted by x¢(Q).

Since the trivial partition is a semi-strong coloring of G, the existence of domi-
nator semi-strong color partition is guaranteed in any graph.
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2. x4(G) FOrR SOME WELL-KNOWN GRAPHS

Observation 1. (i) x4(K,) = x4 (K,) = n.

(ia) x4(K, —e) =n (since K, — e has a full degree vertex).
(1) X3 (K1n) =n+1, X (K1) +v(Kin) =n+ 1.

(1i1) Xq(Kmm) =2 < XU Km.n) if m <n and n > 3.

Remark 1. Let Il = {V4, V5, ..., Vi} be a dominator semi-strong color partition of
G. A vertex uw € V' can dominate V; if and only if |V;| = 1.

Theorem 1. For any Path P,, x*(P,) = [2] +1, n > 2.

Proof. Let P, be a path on n vertices.

Case 1: n=4k, k>1

Let IT = {Vl, ‘/2, ceay vak, V2k+1} where V1 = {7)2, V3,Ve,V7y... 7’[)4]“,27’04]6,1}, ‘/2 =
{vih, Vs ={ws}, ..., Vi = {van—3}, Vier1 = {va}, Vipo = {ws}, ..., Va1 = {var}-
Then II is a dominator semi-strong color partition of P,. Therefore y¢(P,) <
2k+1=[%]+1.

Let II; be a y%-partition of P,,. The maximum cardinality of an element of II;
is at most 2k. There are at least 2k singletons to dominate 4k elements, since no
single element can dominate two elements of a set which are at a distance 2. There-
fore |TI| > 2k + 1. Therefore x4(Py) = 2k +1 = {%] + 1.

Case 2: Let n=4k+1, k>1

Let IT = {Vl, Vé, ey ‘/ék, V2k+1, Vé]ﬂ.g} where ‘/1 = {UQ, V3,V6,VU7y...,V4k—-2, 1)4k_1},
Vo = {ui}, V3 = {vs}, ..., Vi = {var=3}, Viy1r = {vars1}, Viye = {wa},
Viers = {vs}, ..., Vagro = {var}. Then II is a dominator semi-strong color partition
of P,,. Therefore x4(P,) < 2k+2=[2] +1.

Arguing as in case 1, X¢(Pye41) > 2k+2 = [ 2] +1. Therefore x4(P,) = [%]+1,
where n = 4k + 1.

Case 3: Let n=4k+2, k>0

Let IT = {Vl, va7 ceey V2k; ‘/QkJrl, ‘/QkJrQ} where
Vi = {v2,v3,06,07,. .., Vap—2,Vap—1,Vaky2}, Vo = {1}, V3 = {vs}, ..., Vi =
{var—s}, Vg1 = {vars1}, Viro = {va}, Vigz = {vs}, ..., Varyo = {var}. Then IIis
a dominator semi-strong color partition of P,. Therefore x¢(P,) < 2k+2 = [%1 +1.

Arguing as in case 1, x¢(Pyey2) > 2k+2 = [ 2] +1. Therefore x4(P,) = [%2]+1,
where n = 4k + 2.

Case 4: Let n=4k+3, k>0

Let IT = {‘/vl7 V27 ey V2k7 Vv2k+17 ‘/v2k+2, V2k+3} where
Vi = {v2,v3,06,07, ..., Vap—2,Vak—1,Vakt2}, Vo = {1}, V3 = {ws}, ..., Vi =
{van—s}, Vir1 = {var—3}, Vire = {vans1}, Vigs = {va}, Vs = {us}, ..., Vorqo =
{var}, Vak+s = {vak+3}. Then II is a dominator semi-strong color partition of P,.
Therefore x4(P,) < 2k+3 = [2]| + 1.

Arguing as in case 1, X¢(Pyr43) > 2k+3 = [ 2] +1. Therefore x4(P,) = [2]+1,
where n = 4k + 3. (Il
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Theorem 2. x¢(C,) = {gw +1,n>3.

Proof. Let C), be a cycle on n vertices.

Case 1: n=4k, k>1

Let V(C,) = {v1,v2,...,v4x}. Let IT = {V1, Vo, ..., Vo, Var11} where
Vi = {v2,v3,06, V7, ..., Vak—2,Vak—1}, Vo = {v1 }, Vs = {us}, ..., Vig1 = {van—3}, Vaqa =
{va}, Vieys = {vs}, ..., Varp1 = {var}. Then II is a dominator semi-strong color
partition of C,,. Therefore x4(C,,) < |[Il| =2k +1=% +1=[2] + 1.

There are at least 2k singletons and no single element can dominate a two
clement set which are at a distance 2. Therefore x?(Cyr) > [%] + 1. There-

fore x3(Cyr) =[] + 1.

Case 2: Let n=4k+1, k> 1

Let Il = {Vl, Vo, ..., Vo, ‘/2]9+1, VVQ]CJFQ} where V] = {’Ug, V3, V6, U7y« o« s Vd—2, ’1}4]@,1},
Vo = {wn}, V3 = {vs}, ..oy Virr = {vak—3}, Vire = {vars1}, Viys = {w},
ooy Vopro = {var}. Then II is a dominator semi-strong color partition of P,.
Therefore x4(Cypy1) < 1| =2k +2 =[] 1= [2] + 1.

There are at least 2k singletons and no single element can dominate a two element
set which are at a distance 2. Therefore x?(Cyz41) > [2]+1 and hence x¢(Cujq1) =

HES

Case 3: Let n=4k+2, k> 1

Let II = {‘/1, Vo, ..., Vo, ‘/Qk_i'_l’ ‘/Qk—J’_Q} where V] = {1)2, V3, V6, U7y« y Vak—2, U4k_1},
Vo = {vaks1, vanyo}, Va = {or}, Va = {ws}, ..., Vipo = {van—3}, Vi = {va}, Viqa =
{vs}, ..., Vagyo = {var}. Then II is a dominator semi-strong color partition of C,.

Therefore x?(Cypy2) < [ =2k +2+1=[2] + 1.

There are at least 2k singletons and no single element can dominate a two el-
ement set which are at a distance 2. Any doubleton must consist of consecutive
vertices. Therefore x4(Cupq2) > [%] + 1. Therefore x¢(Cups2) = [%2] + 1.

Case 4: Let n=4k+3, k>0

Let II = {Vl, Vo, ..., Vog, V2k+1, V2k+2, V2k+3} where
Vi = {v2,v3,06,v7, ..., Vap—1,Vans2}, Vo = {v1}, Vs = {vs}, ..., Viy1 = {van—3s},
Vk+2 = {’U4k+1}, Vk+3 = {U4}, ey V2k+2 = {U4k}, V2k+3 = {’U4k+3}. Then II is a
dominator semi-strong color partition of C,,. Therefore x¢(Cyx13) < |II| = 2k+3 =
[T +1=[5]+1.

There are at least 2k + 1 singletons and no single element can dominate a two
element set which are at a distance 2. Any doubleton set must consist of consecutive
vertices. Therefore x4(Cujq3) > [%] + 1. Therefore x?(Cupss) = [%] + 1. O

Theorem 3. For Complete bi-partite graph Ko n, X(Kmn) = max{m,n} + 1.

Proof. Let Vi, Va be the partite sets of Ky, 5.
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Case 1: Let m < n.
Let V1 = {ul,u2, [N ,Um} and ‘/2 = {’Ul, V2,..., Un}.
Let IT = {{u1,v1}, -« oy {tm-1,Vm-1}, {ttm }, {vm}, ..., {vn}}. Theneachofvi,vq,...,
v, dominates {u,,}, and each of uj,us,...,u,n—1 dominates {v,}. Therefore II is
a dominator semi-strong color partition of K, ;.
Therefore X4(Kpn) <[ =m+n—(m—1)=n+1.

No two elements of V7 can belong to an element of II. Also no two elements of
V5 can belong to an element of II. Any element of V; dominates all elements of V5.
So is the case with V5. Therefore II must consist of at least one singleton from V;
and one singletons from V3. Therefore x4(Kyn) > m —1+2+ (n—m) =n+ 1.
Therefore X4(Kp,n) = n+ 1 = max{m,n} + 1.

Case 2: Let m=n
Let IT = {{u1,v1}, ..., {ttm-1,Vm-1} {tm},...,{vn}}. Proceeding as in case 1,

X Kpmn) =m+1=maz{m,n} + 1. O
Corollary 1. x¢(Ki,)=n+1.

Theorem 4. x¢(K,,(a1,az,...,an)) =m+maz{ai,az,...,amn}

Proof. Let a1 < ag < ... < ap. Let V(K (a1,a2,...,6m)) = {u1,us, ..., Un,
Ul,l; ’U1’2, e >Ul,a17 e ,Um71, Ce ,’Umvam}. Let II = {{Ul}, ey {U,n}, {’0171,’0271, ceay
Umats- s {V0arsV2,a1s -« s Umar by A02.a2s Us.azs - - - s Umoas I - - - s \Wm.an, | 1+ LHED

III| = m + am = m + maz{ay,ag, ..., am}.

Therefore x4(K,, (a1, a2, ..., an,)) < m+maz{ay,as,...,an,}. Any xd-partition
must contain uq, ug, . .., Uy, as singletons for dominating the pendent vertices. Fur-
ther no two pendent vertices at any u;, 1 <4 < m can belong to an element of the
partition. Therefore x¢(K,(a1,as,...,am)) > m+maz{ay,as,...,an}. Therefore
XU Kpm(ar,az, ..., am)) =m+maz{ar,az,...,amn} O

Let G be the graph shown in Figure 1

Vo6

Vs v %) Ve

V13 V8

V12 4 V3 V9
Vi

Vi1 G 0

FIGURE 1. G = K4(1,2,3,3) with x4(G) =7

Let II = {{v1}, {v2}, {vs}, {va}, {vs, v6,vs, v11}, {v7,v9, v12}, {10, v13}}. Then
II is a yZ-partition of G. Therefore x¢(G) = |lI| =4+ 3 =T.
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Theorem 5. x?(Kahaz,_“,am) =ai1+as+...+an, if m>3.

Proof. Let m > 3. Then any vertex of Kg, q4,,. 4, iS a common vertex of two
vertices. Hence no two vertices can be included in an element of a yZ-partition.
Hence x4 (Ka,.a9.....a,) = @1 + Q2 + ... + @y, if m > 3. ]

Theorem 6. x¢(P) =7 where P is the Petersen graph.

Proof. Consider the graph in Figure 2. Let V(P) = {v1,v2,...,v10}.

Let IT = {{v1,v2}, {vs, va}, {vs}, {vs, v}, {vr}, {vs}, {v1i0}}. Then Il is a dominator
semi-strong color partition of P. Therefore x4(P) < 7.

Vi
V5 1%

\%
10 6

V7

V9 Vg

V4 V3
FIGURE 2. Petersen Graph

In any y%-partition of P, no three-element set can appear. Since for any three
element set of P, there exists a vertex which is adjacent to two of the element
of that set. Any three 2 element sets must have three singletons for domination.
Hence the remaining one element must appear as a singleton. Therefore xy¢(P) > 7.
Therefore x¢(P) = 7. O

Remark 2. (i) 1 < x4(G) < n.
(i) x4(G) =1 if and only if G = K.

Observation 2. Let G be a graph with full degree vertez. Then x4(G) = |V(G)].

Proof. Let II be a y%-partition of G. Let V; € II. If [V}| > 2, then any two points
of V7 are adjacent with full degree vertex, a contradiction. Therefore |V;| = 1.
Therefore x4(G) = |V(G)|. O

Corollary 2. xy4(W,) =n.

Corollary 3. \4(F,) = n.
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3. MAIN RESULTS

Theorem 7. maz{x,(G),7(G)} < x4G) < x.(G) +~(G).

Proof. Since any yZ-partition of G is a x-partition of G, x,(G) < x4(G). Let I =
{V1,Va, ..., Vi } where k = x4(G) be a y%-partition of G. Let z; € V;, 1 <14 < k.
Let S = {z1,29,...,2,}. Let v € V — S. Then v dominates some color class,
say V;. Therefore v is adjacent with x;. Therefore {z1, s, ..., 2z} dominates G.
That is, S is a dominating set of G. That is, 7(G) < |S| = k = x4(G). Therefore
maz{x,(G),7(G)} < x4(G).

Let IT = {V1, Va,..., Vi.} be a x,-coloring of G. Assign colors x,(G)+1,...,x,(G)
+ v(G) to the vertices of a minimum dominating set of G, leaving the rest of the
vertices colored as before. Then the resulting partition is a dominator semi-strong
color partition of G. Therefore, x4(G) < || + v(G) = x,(G) +7(G). O

Remark 3. The set S need not be a minimum dominating set. For example, when
G = Ps, XY(G) = 4. But v(Ps) = 2.

Theorem 8. Let a,b be positive integers with a < b. Then there exists a graph G
such that x4(G) = a and x4(G) = b.

Proof. When a = b, x4(K,) = x4(K,) = a. Let a < b. Let G = K, q,,...a, Where
k = a. Then x,;(G) = a. Choose a1,as,...,a; such that a; + a2 + ... + ar =
b. Then x4(G) = b. O

Theorem 9. x¢(G) = 2 if and only if G = K.

Proof. If G = Ks, then x%(G) = 2. Suppose x4(G) = 2. Let IT = {V;, 15} be a
Xg-partition of G. Suppose |V1| > 2. Then any vertex of V, dominates V; unless
[Va] = 1. If |V5| > 1, then it is a contradiction. Therefore V3| = 1. Similarly,
[Vi| = 1. Therefore G = K». O

Corollary 4. Suppose T is a tree of order n > 2. Then x(T) = 2. x4(T) = x(T)
if and only if XX(T) = 2. That is if and only if G = Ko.

Theorem 10. Let G be a connected unicyclic graph. Then x4(G) = x(G) if and
only if G = Cj.

Proof. If G is a cycle, then x%(G) = x(G) if and only if G = C3. Suppose G
contains Cy,. Then x(G) = 2, but x4(G) > 3, a contradiction. Therefore G
contains an odd cycle Co,11. Then x(G) = 3. If there exists a path attached with
a vertex of Cg,11, then x4(G) > 4, a contradiction. Therefore G is a cycle. Since

X4(G) = x(G), G = Cs. O

Theorem 11. Let G be a connected graph. Then x4(G) = n if and only if either
G has a full degree vertez or N(G) = K,,.
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Proof. Let x4(G) = n. Let V(G) = {uy,uz,...,u,}. Then I = {{us}, {ua}, ..., {u,}}
is a yd-partition of G. Let diam(G) = k > 3. Let u and v be the end vertices of

a diametrical path. Let u = uj,u9,...,uxr1 = v. Then u and v have no com-
mon adjacent vertex. Therefore Iy = {{u,v},...,{u,}}. Then u dominates {us}
and v dominates {up}. Also {u,v} is dominated by a single vertex. Therefore
II; is a dominator semi-strong color partition of G. Therefore Y¢(G) < n —1, a
contradiction. Therefore diam(G) < 2.

Suppose u; and ug are adjacent and ujus is not the edge of a triangle. Then
{u1,us} can be taken as an element of a dominator semi-strong color partition of
G with all other vertices as singletons. If u; is adjacent with some w;, ¢ > 3 and
uy is adjacent with some uj, j # {1,2}, then x4(G) < n — 1, a contradiction.
Therefore if |[V(G)| > 4 and diam(G) < 2 and ujug is an edge such that u; and ug
have separate adjacent vertices, then ujus is the edge of a triangle. In such case,
N(G) = K,,. Suppose u; is adjacent with some vertex ug and us is not adjacent
with any vertex of G other than u;. Suppose us is adjacent with some vertex
ug. If uy is not adjacent with ug, then gy = {{uy,us}, {ua}, {us},...,{un}} is a
dominator semi-strong color partition of G, a contradiction. If us is adjacent with
u1, then uy is also adjacent with u;. Therefore GG is a connected graph with a full
degree vertex.

Suppose G has no full degree vertex. Then the case that only one of w1, us
which are adjacent, has some other adjacent vertex does not hold. Therefore both
u1 and us have different adjacent vertices. Therefore ujus is the edge of a triangle.
Therefore diam(G) < 2 and when ujug is an edge, then wjus is the edge of a
triangle. Therefore N(G) = K,,. The converse is obvious. O

Remark 4. Let G be the graph given in Figure 3.
Then G = N(G), N(G) is not complete and G has no full degree vertex. There-
fore x4(G) = 4 and x,(G) = 3.

Remark 5. Let G be the graph shown in Figure .
Then N(G) = K5 — {e}. G has a full degree vertex and hence x(G) =5 even-
though N(G) is not complete. Hence x,(G) =4 and x4(G) = 5.

Remark 6. Let G be a complete multipartite graph Ko, q,,..
has no full degree verter. x4(G) = n and hence N(G) = K.

ans M > 3. Then G

Observation 3. Let G be a cycle C,, with pendent vertex attached with exactly one
X4Cp) +1 ifn#1 (mod 4)

¢ Cy. Then x4(G) =
vertex of en x4(G) {X‘;(Cn) otherwise

Proof. Let V(C,,) = {u1,ua,...,u,}. Let u,+1 be a pendent vertex attached with
Uuq.
Case 1: Let n = 4k.
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Vs l
V2
Vq V3
G
V5 V1
V2
V4 V3
N(G)

FIGURE 3. G = N(G) = Cs

V1
V2 V3 G V4 Vs
Vs
[ v2
‘V4 V3
N(G)

FIGURE 4. G and N(G)

Let IT = {{uak+1,us, ua,uz, us; . .., Uap—5, Usk—a, Uap—1}, {ur }, {ua}, {us }, {ue},
ooy {uag—3s}, {uag—2},{uar}}. Then II is a dominator semi-strong color partition
of G. Therefore x¥(G) <1+2k+1=2k+2=[2] +2=x%C,) + 1.
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There are at least 2k singletons and no single element can dominate a 2 element
set whose elements are at distance 2. Also for the pendent vertex either it appears
as a singleton or its support appears as a singleton. Therefore X?(G) > [%1 + 2.
Therefore x3(G) = [2] +2 = x%(Cy) + 1.

Case 2: Let n =4k + 1.

Let II = {{U4k+2, U3, Ug, U7, Uy -« - y Udk—1, U4k}, {ul}, {UQ}, {U5}, {UG}, ey {U4k+1}}.
Then IT is a dominator semi-strong color partition of G. Therefore x¢(G) < 1+k+
1+k=2k+2=[2]4+1=x%C,).

If x4(G) < [2] + 1, then removing the pendent vertex we get that x?(C,) <
[2] 41, a contradiction. Therefore x4(G) = [2] +1 = x4(Ch).

Case 3: Let n =4k + 2.

Let IT = {{uap+3, us, ua, Uz, Us, . . . , Usk—5, Udk—4, Usk—1, Uak }, {u1 }, {u}, {us}, {us},
cooy {uag—3s}, {uak—2}, {vak+1}, {tak+2}}. Then IT is a dominator semi-strong color
partition of G. Therefore x4(G) < [%2] +2 = x4(C,) + 1.

Arguing as in case 1, we get that x?(G) > [Z] + 2.

Therefore x3(G) = [2] +2 = x%(Cn) + 1.

Case 4: Let n =4k + 3.

Let IT = {{uwar+4, us, ua, Uz, us, . .., Uap—1, Uar }, {u1 }, {ua}, {us}, {us}, ..., {vans1},
{ugr+2}, {ttak+3}}. Then II is a dominator semi-strong color partition of G. There-
fore Y}(G) <M =1+k+1+k+2=2k+4=[2]+2=x%Cy) + 1.

Arguing as in case 1, we get that x?(G) > [Z] + 2.

Therefore x2(G) = [2] +2 = x%4(Cy) + 1. O

Proposition 1. If diam(G) < 2, then x2(G) > [%], where |V(G)| = n.

Proof. Let G be a connected graph and diam(G) < 2. If diam(G) = 1, then
G = K, and x¥(G) = n > [%]. Suppose diam(G) = 2. Then x4(G) > x,(G) >

(51 [7]. 0

Remark 7. The converse of the above proposition need not be true.
For: x4(Cy) = [2] 41> [Z] for alln > 3. When n > 6, diam(C,) > 3.

Definition 4. C,,(a1,as,...,ay) is the graph obtained from the cycle C,, by at-
taching a; (> 1) pendent vertices at the vertex u; of Cp,, 1 <i < m.

Proposition 2. x4(C,,(ayi,az,...,an)) =m+mazr{a,az,...,amnm}.
Proof. The proof follows on the same line as the proof of the Theorem [4] (|

Theorem 12. Let G be a connected graph. Then x4(G) = n—1, where |V (G)| =n
if and only if n > 4. Whenn =4, G = Py or Cy. Whenn =5, G is one of
the ten graphs Ps, Cs, D12 or G, (1 < i < 7) given in Figure 5. When n > 6,
there exist two vertices say w1, us such that u; and us may be either adjacent or
independent and there exist u;, (3 <1i < n) adjacent with u; and not with us, there
exist uj, (j # 1), (3 <k < n) such that u, and us are adjacent with uj, and uy may
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FIGURE 5. A set of graphs Gy, G2, G3, Gy, G5, G5, G with n =5
and xY4(G) =n—1

be adjacent with any uk, (k # j), us may be adjacent with any vy, (k # i) but uq
and ug are not together adjacent with any ug.

Proof. Let G be a connected graph. Let x4(G) =n — 1. Let IT = {{uy,u2}, {us},
{us},...,{un}} be a xd-partition of G.

Case 1: u; and uy are adjacent.

Let u;, 3 < i < n, be such that u; is not adjacent with both u; and uy. That
is, either u; is adjacent with w; and not with us or u; is adjacent with us and not
with w1 or u; is not adjacent with both w; and us. Since IT is a X‘Si—partition, there
exist some u;, 3 < i < n adjacent with u; and some u;, j # i, 3 < j < n, adjacent
with us. Then wu;, up have a common vertex u; and u;, u; have a common vertex
ug. Any two of the vertices ug, . . .,u, have a common vertex that is, d(u,,us) < 2.
Let n > 6. Suppose u, and us are adjacent, r # s, r,s ¢ {1,2}, 3 < r,s < n.
Then there exist u, 3 < k < n, k # {r, s} such that u;,u;, u; form a triangle. If
u, and ug are independent, then there exist ug, 3 < k < n, k # {i,j} such that
Uy, Us, Ug, form a path of length 2. If n = 5, then only one vertex is left other than
U1, Uz, Us, Uj, and the graph is either Ps or Dy 2 or Cs, a contradiction.

Subcase 1: n =3

Then G = P or K3. Then x4(G) = 3, a contradiction. Therefore n > 4.
Subcase 2: n =14

Then G = ]347 04, K4, K1,3, K4 — {6} When G = K4,K173,K4 — {6}, G has a
full degree vertex. Therefore x¢(G) = 4, a contradiction. Hence G = P, or Cj.
Subcase 3: n =5

Then G = P5, 057 K5, 1(1747 K5 - {6}, K5 - {61,62} or one of the following
graphs shown in Figure 6:

Therefore x4(G) = 4 if G = Ps, Cs, D1 2 or one of the following graphs shown in
Figure 7:
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FIGURE 6. A set of graphs G1,G2,G3,Gy,Gs5,Gs5,G7 withn =5

Case 2: u; and u; are independent.

Let u;, 3 < i < n, be not adjacent with both u; and us. That is, either w; is
adjacent with u; and not with us or u; is adjacent with us and not with u; or u;
is not adjacent with both u; and uy. Then II is a y%-partition, there exist some w;,
3 <i < n adjacent with u; and some u;, j # ¢, 3 < j < n, adjacent with us. Then
U;, Uz have a common vertex u; and u;, u; have a common vertex us. Any two
of the vertices ug, ..., u, have a common vertex that is, d(u,,us) < 2. Let n > 6.
Suppose u, and ug are adjacent, r # s, r,s ¢ {1,2}, 3 <r,s < n. Then there exist
ug, 3 < k <mn, k # {r,s} such that u,,us,ur form a triangle. If u, and u, are
independent, then there exist ug, 3 < k < n, k # {r, s} such that u,,us,u; form a
path of length 2. If n = 5, then only one vertex is left other than uy, ug,u;,u;, and

the graph is either P5 or a contraction.
O

4. CONCLUSION

In this paper, a study of dominator semi-strong partition and the parameter
x4(Q) is initiated. Further study can be made on the complexity of the parameter

and Nordhaus-Gaddum type results for x¢(G).
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FIGURE 7. A set of graphs G1,G2,G3,Gy,Gs5,Gs5,G7 withn =5
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