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Zonguldak, Turkey Bernstein-Stancu operatdrlerinin bir genellemesini vermektir. Ayrica,
bu operatorlerin bazi direkt sonuglart olusturularak, Lipschitz tipi
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Bernstein-Stancu operatorleri

Introduction

The most researched operators in approximation theory is Bernstein operators and their modifications
[1-15]. It has been an important field of study recently that the versions of the operators in the literature,
which will be created using (p, q)-calculation, have better error estimation than the classical versions.
In 2015, (p, q)-Bernstein operators defined and then various modifications of these operators have been
studied by different authors in [2-10]. Thus, many well-known operators were transferred to post
quantum calculus. In this study, based on the work of Karahan and lIzgi [10], in which (p, q)-Bernstein
operators are defined on a specific interval, important features of approximating to functions in a certain

domain with bivariate (p, q)-Bernstein-Stancu type operators will be examined.
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Our aim is to obtain a modification of the two-dimensional version of the (p, g)-Bernstein-Stancu

operators on E2 = [o %] [0 (mtalpyq,

, , ] Also, some important approximation theorems are
[n+blp,,q, [m+blp,.q,

proved using this operators and the rate of convergence is estimated.

Now we remember some main concepts of (p, g)-analysis. (p, q) integers are

p"-q" . .
(—p_q, ifp#q+1;
[Mpq =p" '+ " 2q+p"2q* + - +pq" 2 +q" " = 4 " l,  ifp=q=1 (1)

L [n]lq, ifp=1;
n, ifp=q=1

for every p,q > 0, here [n] , demonstrates g-integers for all n € N U {0}.

The (p, q)-factorial is described with

[ ] [n]p,q [Tl - 1]p,q [Z]p,q [1]p,q , ifn =1, (2)
nl,g! =
- 1 . ifn=0.

Then (p, q)-binomial coefficient is characterized by

(] =g =[] ¥

for everyn, k € N and n > k. Also, following important equation are valid.

n
(n-k)(n—-k-1) k(k—-1)

(@x+byie = [o] » 2 @ 7 @ EpRaniyh
k=0 p.q

Materials and Methods

In this section, the operators that we are working with is introduced and the status of the operators in the
test functions is examined.
Letie{1,2},0<q;<p;<1and0<a<b. Then, for all 0 < a < B, we define a modification of

two-dimensional version of the (p, q)-Bernstein-Stancu operators as follows.

n m
~ 1 1
Sr(fr#ql),(pz,qz)(f; xX,y) = D D z Z Ny ik (D1, 1 X) N, j (D2, 425 V)

2 2 = =
pl pz k=0 j=0

X f (([k]pp‘hp?_k + a) [Tl + a]ppih (U]pz’qu;n_j + a)[m + aL’z:Qz) (5)
[Tl + b]pbth([n]pbih + ﬁ) [m + b]erqZ([m]erqZ + ﬁ)
where
[n+bly o \" n ke "N gl
N, g x) = | —— 2 xk (S—“— Sx>, 6
nk (D1, q1; X) <[n Tal, q1> [k]m o P | | ST (6)
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m—j—-1

[m+bly,q,\" LD mm . [m + a]
N, (p,,q,;y) = | ——2292 2 , j ro P22 a1 7
m,j (D2, 2; ¥) <[m ] P, [ j ]pz'qzy | | e (7

P2.,92 r=0

Definition 1 Let E2 = [O, [n+a]”1"“] X [0 [ +aly, "2] 0<gq; <p; <1,wherei€{1,2}and

[n+b]P1»q1 [m+b] p2.92

0<a<b. For 0<a<p, f:E?->R? and 5,(1?,}1'q1)’(p2'q2)(f; x,y), we can make following

demonstrations:

i n+aly, q, (klp, q,p77* + @)
xS(p1-CI1) ; x’ Z ( P1,91 P1,91 ’ N , ; x 8
n (f y) TL(TL 1) n + b pl ql([ ]p1,q1 +ﬁ) Tl,k(pl q1 ) ( )
and
N [m+aly, o, (0,00 + )
y§®2a2) (£, 5 Z P22 \Ul1p;,q,P2 N (Do) G y). 9
mo o (fixy)= m(m 5 flx [+ b, ((mly, 5.+ 6) m,j (02, 42; ¥) )

Lemma 1 Let xf,(f’l'ql), ¥§®242) are defined on C(E2). Then the following results hold.
S"r(l%?rz%),(l?z,%) (f; X, y) — xgr(lppﬂh)(f; X, }/) J’S}(ri’zﬂz) (f; X, }’)
ys"r(rg’zﬂh) (f: X, y) xgr(lpplh)(f; X, y) ]

Lemma2letf:E2 > R%,0<a<bandfori € {1,2},0<q; <p; <1.Then,forall0 < a < g and

k € {0,1,2}, we have the next equalities for the functions o*¢*;

i S P (155, ) = 1, (10)
o 3(01,91),(02.92) [n]PL‘h a ([Tl + a]ppih)
ii. S (p;x,y) = x + , 11
n O gy 4B Tilpyg, + B\ F Bl a
iii. 5(1’1@1).(1’2"12)(0._ X y) — [m]l’z d y + a <[m + a]P2:qZ> (12)
wm [m]Pz q2 + ﬁ [ ]Pzﬂz + ﬁ [m + b]piQZ
~ n -1
iv. S‘r(f)‘r:{Q1):(p2vq2)((p2;x’ y) = P i %2
([ P1,91 'B)
2 2
n+a n n+a a
+(pil_1 + ZCZ) <[ ]P1rCI1> [ ]P1rCI1 > x + <[ ]PMh) =, (13)
[n+bly,q, ([nlp,q, +B) [n+ bl q, ([nlp,q, +B)
- m -1
V. Sr(fr#%),(pzﬂz)(o.z; X, y) — [ ]pz QZ[ ]pz a2 2yZ
([ P2.42 B)
~ [m+al,, [m],, [m+al, 2 a?
+(p£n 1+2a)<[m+b]p2¢h P2.,92 23’+ [m+b]p2¢h -, (14)
p242/ ([mly, 4, + B) p2a2/ ([mly, 4, + B)
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41 [n]PMh [n B 1]P1"I1 xz + a2 [m]Pz'QZ [m B 1]172’% 2

Vi. gr(l{i’#{%)z(li’z'%)((pz + O.Z;x’ y) —

([n]py‘h + ﬁ)z ([m]pz,qz + ﬁ)z
[n+ a] [n]
n—-1 P1,91 P1,491
Hi™ + 2a) <[n + b]pl,m) ([nlpq, + B)z )

#7120 ([ Jpz,%)([ [,

[m +] Mppq, +B)

P2,92
L, ([n + a]pl,%)2 s ([m + a],,z,qz>2 o’ 15)
2 2"
([nlp,q, +B) [+ blp,.q, [m + bly, q, (Imlp,.q, + B)
Proofi. Sthuah et (q;x yy = 2 m(m = 2h=0 20 Nk (01, 415 %) Ny j (02, 423 9) = 1
p, 2 b,
is obtained.
ii. 5(?1,‘11)'(P2,QZ)(¢; X,

y)

n m

n+a k k4

= n(n 1) m(m 1) ZZ ( Pb1‘h([ ]P1.Q1p1 )'Y> Nnk (P1, 415 %) Nm,j(pz;QZ;Y)
p 2 2 k=0 j= Tl+ P1Q1([n]P1IQ1+'8)

1 2

1 <n+bp1q1

n(n 1) n+aP1Q1
P,

[n]Pl ‘h n(n 2 ( P1 Q1> - a w ([1’1 + a]Pl:(h)n
g [[ ]pl q1 + ﬂ P p1 a1 ¥ [n]P1rCI1 + ﬁ P [n + b]ppih
— [n]P1 q1 x + a <[n + a]l’1 Q1>
[n]PL‘h + ﬂ [n]PL‘h + ﬁ [TL + b]PL‘h

is completed.

S Qimi &(01,91).(02,92) . — [m]IJz.qz a <[m+a]p2,<12)
iii. Similarly, S, (o;x,y) [m]pz,q2+3y+[m]p2,q2+/3 bl a)

iv. ST(LPT#%)'(IJL%) ((pz; X, y)

2
n+a [kl,, ¢. 0T * + a
- n(n 1) m(m 1)22 ( plql( e 2) 'Y | Noge (D1, 415 X) N, j (D2, G23 )
n + b P1 Q1([n]P1rCI1 +ﬁ)

|2
n-2
_ 1 <[n + b]p1,‘I1>
@ [n+aly, q,
2
n-1 _ n—k-2
pl p1 Q1 Tl— 1 w k s[n+a]p1:‘h .5
o 2 k + 1]171 qi1 pl x P1 q1x
' [n+ b]
( puas T B) k=0 P11 $=0 P14
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n-l o (k-2)(k+1 n—k-2
L I
+ 2 pl pl ql‘x
([n]pl,ql +ﬁ) k=0 P1 lh

here, using that [1 + k], 4, = ¥+ qq [k]p,.q,» We can write

n-2
5‘(171,111)'(192"12)((pz. x y) — 1 <[n + b]Pb‘h)
n,m Ay _
w [n+aly, q,

Py

nlpyqx B (e )
201
([n]pl‘ql + ﬁ) [Tl + b]p1:CI1

—_ - -2
+ p12n 36[1 [n]PL‘h [Tl — 1]P1'Q1x2 MZ)ZM ([Tl + a]PL‘h)n
2 1
([n]ppfh + ﬁ) [Tl + b]pl'ql

+ Za[n]lh a1 * pw <[Tl + a]P1»Q1>n_1 + a? p—n(nz—l) <[ﬂ. + a]pl,ql)n]
([ poay T ﬁ)z ' [+ b]pl’ql ([n]PLlh + :8)2 ' [+ b]pl"h

— <[Tl + a]Pp‘h) le—l [n]PL‘h 41 [n]p1 q1 [Tl 1]p1 ‘h
(

x +
[n + b]pl"h [n]pl,ql + ﬁ)z ([ ]P1 q1 + B)

X

() 2l ([0 1) a”
[+ blp, q, ([nlp,q, + ,8)2 [+ blpia, ((nlpya, + ﬁ)z
q1 [n]pl q1 [Tl 1]p1 q1 2 + 1 ([1’1 + a]P1ICI1> [n]PL‘h
= (p " + 2a)
([ ]p1 q1 + ﬁ) [n + b]pl'ql ([n]p1,q1 + ﬂ)z

+ a? i ([n+a]1[J1 q1) .
([n]pl,ql +B) [n+b]p1-‘h
v. §Pa)P242) (52, 5 ) is obtained in a similar way.

vi. On the other hand, for SFL9 P22 ()2 4 52; 5 ),

‘gr(fr#ql)'(pZIqZ)((pz + O'Z;x, y) — [n]pl.th [Tl — 1]271’% 1x2 + [m]pzjfh [m B 1]172:‘12 2

q
([n]pqul + B)z i ([m]vaQZ + B)Z

n—1 [Tl + a]pl»%) [n]ppth
+(P1 + Za) <[Tl+ ]pl,ql ([n]pl,ql +ﬁ)2

[m + a]pz,q2> [m]szZz
[m + b]pZqu ([m]pz,qz + ﬁ)z

+(PI 1t + 2a) <

4+ < n p1»¢11>2 a? + <[m + ]szZz)Z a?
n+ b]pl'ql ([n]pqul + ﬁ)z [m + b]pz,qz ([m]pzﬂz + ﬂ)z
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can be found easily.
Remark 1Let0< gy, <p1n <1 0<qym <pzm < 1land

lim p; , = 11m qGin=1, llm Pom = lim qpm = 1.

n—-oco m-—oo

In the next sections, proofs will be made using the following equations.

pin . Prm’
lim = lim 0,
n-o [n]Pl,n;‘hn m-oo [m]pz,mFQZm
li [n— 1]p1,n:q1,n — 1 [m - 1]pz,m;qz,m =
im qin = lim QGom = 1.
n-o [n]pl,n;QLn m-o [m]pz,miqlm

Results and Discussion

ISSN: 2536-4383

(16)

(17)

(18)

In this section, we will calculate moments by showing that our bivariate operators satisfy the

approximation theorem.

[n+a]P1nQ1n] [0 [m+a]p2mQZ m]
[Mm+blp, m.azm

Let E2,, = [0

[(n+blp; nq1n

TheoremlLlet0<q;, <p1n <1, 0<qym<pom<1,0<a<bandlimp;,=1lmgqg,=1,
n—-co n—->oo

lim pym = llm g2m = 1. Then for every f € C(E&,,)

m-soo
ni}ln_}oo ||S(p1nq1n) (pZmQZm)(f; %) _f(x,y)”C(E%m) ~0

(19)

Proof In accordance to Volkov’s theorem, since it is easy to show the cases i-iii in Lemma 2, it is

sufficient only to show following equality.

lim [[SEaran Pamtm) 2 16200y — 2 4y =0

n,m—oo ( nm)

By definition of the norm, we get

max
(x, :V)EETZLm

<[n + a]pl,nﬂl'">2 [, 0., (PIn" + 22)
[Tl + b] ([n]pl,n.‘h,n + 'B)Z

<[m + a]pz,m,qz,m>2 (Mg, iz (P + 202)
[m + b]pz,m,‘h,m ([m]pz,m,fh,m + 'B)

+ in [n]pl,nr‘h,n [Tl - 1]p1,n»Q1,n -1 <[Tl + a]pl,n'QLn)
2
([n]pl,n:ql,n + ﬁ) [n +b

S(‘pln‘hn)(pZmQZm)((p +O' ‘X, y) _ (X _|_y )|

IA

Pindin

2

]pl,nr(h,n
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qz2,m [m]pzlm,qz'm [m— 1]p2'm, dom
+ - 1
([m]pz,m-CIz,m + B)
+ a’ <[Tl + a]pl.nqun)Z n
([n]pl,n"h,n + 3)2 [Tl + b]pl,njfh,n

Here, using the equations

ISSN: 2536-4383

+ a] z

Pz,mﬂz,m)
[m + b]pz,mIQZ,m

+ a 2

az ([m Pz,mﬂz,m)
2
([m]pZ,m:qZ,m + ﬁ) [m + b]pZ,m'qZ_m

[n]pl,n"h,n - pilﬂ_ll = [Tl - 1]p1,n'q1,nq1,n (2 1)
and
[m]pz,mr‘h,m - pg}gl = [m - 1]p2,mr‘h,mq2rm ’ (22)
we get
[n] +a] a?
lim Pinfin = 0, lim Prndin — 4 im -=0 (23)
e ([n]pl,nr‘h,n + ﬁ) noeln Pindin noe ([n]an,an + 'B)
[m] al a?
lim Pemfem  — 0, lim ]pz"”'qz"” =1, lim ~=0 (24)
mee ([m]pz,m"?z,m + ﬂ) moetm P2mdz2m mee ([m]pz,erIz,m + B)
and
[n] [n—1]
lim | 1= Pin91,n pl,r;»‘h,n = O, (25)
e ([n]P1,n"h,n + '8)
[m] [m—1]
lim 1— P2m.92,m pz,nzv‘h,m am | = 0. (26)
m ([m]pz,m'qz,m + '8)
Taking into account the derivative for maximum of the above function; we get,
s ”‘(Iﬁ,nr‘h,n) (Pz,m:‘h,m) 2 2. _ 2 2 —
im0 (@ + %) =@+ =0
then, using definition of sequences and the Volkov theorem, the desired result is obtained.
Lemma 3 For §Pra0(P242) (£. 5 1) the following equations are true.
nm y geq
gr(fr#%),(pz,%)(((p _ X)Z;x, y) — ([n]pp‘h [Tl — 1]2712111 g — Z[n]pl"h + 1) x2
([n]pl,q1 + B) ([n]pbih + 18)
([n+a]p1.q1) (pi™+2a)(nlp, g, _ 2a X
[n+blpy,q, ([n]pl,q1+ﬁ)2 ([n]p1'Q1+ﬁ)
a? [n+alp, q )2
+ ( 191 27
([n]pl,q1+ﬁ)2 [n+b]P1-Q1 ( )
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. m m-—1 2lm
51(57#{‘11)'(192"12)((0. _ y)z; X, y) — <[ ]erQZ[ ]P;"h , — [ ]vaqZ + 1> y2
([m]pz,qz + ﬁ) ([m]pz,qz + ﬁ)

+ ([m"'a]pz.qz) <(p£n_1+2a)[m]172r‘h _ 2a >y

[m+blp,.q, ([m]pz,qz +ﬁ)2 ([m]pz,qZ'}"B)
[m+alp, q )2 a?

+( 212 . 28
[m+blpsa,)  ([mlpy.q,+B) (28)

Proof From the definition of operators

5’1(57#{‘11)'(172:‘12)(((11 _ x)Z; X, y) — &(01,91),(02,92)

P ((pz; x,y) — ngr(l%ql).(pz.qz)

(¢;x,y)

_|_x2 S'r(l’p#{lh)'(pz'%)(l; X, y)

— ql[n]l’1-Q1[n_1]P1rQ1 Z[n]pqul 2
= - +1)x
< ([n]pl,q1+ﬂ)2 ([n]Pi.Q1+ﬂ)

4 ([n+a]p1,q1> ((p?‘1+2a)[n]p1,q1 _ 2a )x

[n+b]l’1.q1 ([n]pl,ql"'ﬁ)z ([n]m.th"'ﬁ)

a

+ ’ ([n+a]P1'Q1>2
([n]pl,ql"'ﬁ)z [n+b]p1rq1 '

With a similar method, the desired equality for 5,(,’?,}{‘11)'(”2"12)((0 —¥)%; x,y) is obtained.

Rates of Convergences

Now, we give some convergence properties of Sflf’,yqi)'(pz"”)(f ; x,y) by the following well known
definitions of complete and first-second modulus of continuity.
Forevery f € C(E2,,) and (¢, 0), (x,v) € EZ,, complete and partial modulus of continuity are defined

as following respectively (see for example in [16]).

O(f, Snm) = sup {If (9,0) = F&, Y/ (@ =202 + (0 = Y)2 < 6y m} (29)
W' (f; 6) = sup{lf (x1,¥) = F (2, Y)|: € By ve |31 — 22| < 6} (30)
W?(f;8) = sup{lf (t,y1) = F (6, ¥2)|: X € Eny ve |y1 — 2| < 6} (31)

Theorem 2 For sufficiently large n,m and every f € C(EZ,,), rate of convergence of operators is

examined with following inequality using the modulus of continuity

[SibamemhPamtzm) (1, y) — £ 6, 9)| < 20(F 8nm)

where

2 2

) = (%) <1 _ [n]pl,nr‘h,n > n a(a - Zﬁ)
nm [Tl + b]p1,n»¢h,n ([n]pl,nrch,n + ﬁ) ([n]pl‘n,ql,n n ﬂ)Z
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1y

2
+<[’”+“]v—mqm)2 (1— Il vamazm ) - (32)
[m+b]p2,m-q2,m ([m]pz,m:%,m +ﬁ) ([m]pz‘m,qz‘m+ﬁ)

Proof By the definition of complete modulus of continuity, we have

|§r(l'r;:l,n-CI1,n)'(p2,m-CI2,m) (f' X, y) _ f(x. y)|

([n]Pan‘h,n + ﬁ)z B ([n]anrCIl,n + '8)

[n b]pl,nr‘h,n

2
<[Tl + a] pl,n:‘h,n) <q1,n [n]pl,nIQLn [Tl - 1]p1,nICI1,n Z[n]pl,n'QLn + 1)

< o(f; 6n,m){1 + 51

nm
+ [Tl + a]pl,n‘QLn)Z (p{lﬁ_ll + 2(1) [n]PLn:an 2a + az
2 2
[Tl + ]P1,n:‘h,n ([n]PLnr‘h,n + B) ([n]pl'n’ql'" + B) ([n]PLn"h,n + '8)
2
+ [Tl’l + ah’z,mﬂz,m) d2,m [m]pz,m»QZ,m [m - 1]p2,mrQZ,m _ Z[m]pz,m'QZ,m +1
2
[m + b]pz,mr‘h,m ([‘m]pz'm,qz,m + ,8) ([m]pz,m:‘h,m + B)
2 [y 1 1,
+ [m + a]pz,mv‘h,m> (pzrm + 2(1) [m]pz,m'qz,m 2a + aZ
2 2
[m + ]pz,m;QZ,m ([m]pz,m»QZ,m + ﬂ) ([m]Pz,m.lh,m + '8) ([m]pz,erIz,m + B)

<[n + a] pl,n'ql,n>2 [n]pl,nr‘h,n([n]pl,n'ql,n B p:ﬁ;l) _ z[n]pl,nIQLn +1
[n + b] ([n]pl,nrQLn + ﬁ)z ([n]PLn.‘h,n + ﬁ)

Pind1n

[Tl + a]PLn"h,n)Z (pﬁgl + Za) [n]lh,n"h,n _ 2a + a?
([n]pl,n»QLn + 3)2 ([n]an,an + '8) ([n]an,an + B)Z

b]PLn'q 1n

P2m/d92,m

[m + a]pz,m.qz,m>2 P (L P _ 2mlp, anm +1
([m]pz'm,qz_m + ﬁ)z ([m]l’z,m"h,m + '8)

1,

2 _
+ <[m + a]Pz,th,m> ((pg,lml + 20() [m]Pz,m:CIz,m 2a az )

[m + b]pz,mr‘h,m

+
([m]Pz,m:QZ,m + '8)2 ([m]pz,m.CIz,m + ﬁ) ([m]erQZ + 'B)Z

X a)(f; 6n‘m)
2

. 1 [T’l + a]pl,n:‘h,n _ [n]pl,n'QLn
< o(f; 8pm) {1 to [([n - b]pl,n,ql,) (1 I ﬁ))
+ <[Tl + a]pl,nrch,n)z a(a - Zﬁ) + <[m + a]pz,m'QZ,m>2 (1 _ [m]pz,mrQZ,m >
[n+blp, g1 ([n]pl,nrql,n + B)Z [m + by, mdom ([m]pz,m,qz,m +B)

2 1/
+ <[m + a]pz,vaZ,m> (X((X - 2.8)
(Im

[m b]pz,mr‘h,m ]pz,m'qz.m + 'B)Z

2

2
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([n+ a]pl,n,qu ( . )2 a(a — 2p)

1- + 2
[n + b]PLnr‘h,n ([n]an»CILn + ﬁ) ([n]Pan‘h,n + ﬁ)
1/2\!

1
< w(f;8nm) {1 +
5n,m

<[m + a]pz,vaZ,m>2 ( [m]pz,mrQZ,m >2 0((0( - 2,8)
+ 1- + >
[m + blp, ma2m (Ilpsmtzm + 8)) ([, ,a0m + B)

Using Remark 1 and choosing

<[Tl + a]p1,nJQ1,n>2 < [n]an,an )2 a(a B Zﬁ)
— Pinfin 1-— + 2
[TL + b]p1,nr‘h,n ([n]an»an + ﬁ) ([n]PLn'an + '8)
n <[m + a]Pz,vaZ,m>2 (1 _ [m]pz,mr‘h,m >2 + (Z((Z — Zﬁ) 5
[m + b]pz,m'QZ,m ([m]Pz,m:QZ,m + '8) ([m]pz,mr(h,m + ﬁ)

we get our desired result.

1,

Theorem 3 For all f € C(EZ,,), the following inequality holds

[ Pamasm)amazm) (. ) — £x, )| < 2001 (F; 62) + 02 (f; 61)) (33)

where

2

P <%>2 (1 _ [n]pl,nlch,n ) N a(a — 2‘8)
n [n + b]pl,n"h,n ([n]pl,n:an + B) ([n]pl‘n,ql’n + ﬁ)Z

) (34)

<[m + a]Pz,m.QZ,m>2 ( [m]l’z,m;‘h,m >2 0.’(0.’ - Zﬁ)
Om = 1- + 5
[m + b]Pz_m.Ch,m ([m]pz,m.qz,m + '8) ([m]pz,mrQZ,m + ﬂ)

Proof Using Cauchy-Schwartz inequality, we have

. (35)

[spanasn)Pamzm) ;3 y) — f 2, 9)

2

(f; i_<Eifkﬂﬁﬂf (__ [, 10 > a(a —2p)
<w (f;6)|1+ 5, ( [n+blp, arn 1 (["]m,n,ql,n ) + ([n]pl’n’qm N ﬁ)z

)
/|

2

<[m + a]pz,m»QZ,m>2 (1 _ [m]pz,m;‘h,m > + 0((0( - Zﬂ)
[m + b]Pz,m,ﬂh,m ([m]pz,m,th,m + ﬁ) ([m]Pz,m,CIz,m + ﬂ)z

+w?(f;8,) |1 +—<

By choosing
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2

5 = (M)Z (1_ [y, nain ) ,_ ala=2p)
n [Tl + b]p1,n-CI1,n ([n]pl,nr‘h,n + ﬁ) ([n]pl‘n,qlm n ,8)2

<[m + a]pz,mrQZ,m>2 ( [m]Pz,m"Iz,m >2 0((0( - 2,8)
Om = 1- + >
[m + blp, ma2m (Mlpsmazm + 8)) " ([, ,a0m + B)

the proof is completed.

We recall Lipschitz class Lipy, (a4, a;) for the bivariate functions as follows:

Let ay,a, € (0,1] also (¢, 0), (x,y) € EZ,,. There exists M > 0:

If (p,0) — f(x,¥)| < Mlp — x[*t|o — y|%, (36)
then £ is called Lipschitz continuous function. The set of Lipschitz continuous functions is denoted by
Lipy(ay, a3).

Theorem 4 Let (x,y) € E2,, and f € Lipy(a,, ;). (8,) and (5,,) are the sequences defined in (34)
and (35), then we have next inequalities for operators,

~ aq 14
[Sar s M Pamzm) ;3 y) — £, )] < M(J82)™ (Vm) ™ (37
Proof Let f € Lipy (a4, a3). Using linearity and positivity of operators

[P mtsn) emzm) 5, 3y — f(x, )

< Mf,(f,;'"'ql'”)'(pz""’qz'm)(I<p — x| x)fgkn'ql'")'(pz"”’qz‘m)(IG — y|%2; y).

Taking
/_i ;2 //_i mo_ 2
p_al'q_z—alandp _az'q T 2-ay

also applying Hélder’s inequality, we write

|S"r(7z;l,nrQ1,n)r(p2,mrQZ,m) (f; X, y) _ f(x, y)|

~ a/2 . _ a1/2
<M {Sr(ﬁnLn'an)v(pz,erh,m)(lq) _ X|2; x)} {SY(L,Z’niinqun)r(Pz,mr(h,m)(1; x)}
N az/2 /2
% {Sr(ﬁnLn‘an)v(pz,m.CIZ,m)(lo. _ .V|2; y)} {ST(:-’;:L,nr(h,n)r(Pz,erIz,m)(1; y)}

< M(J&)" (JEm) ™

So, Theorem is proved.
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Conclusions

In this paper, a generalization of (p, g)-Bernstein Stancu operators on certain domain was given. Then,
the approximation properties of our operators; for bivariate functions, rate of convergence and using the
properties of the Lipschitz class was investigated. Furthermore, important results were obtained with

regard Bernstein Stancu type operators means of (p, q)-integers.
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