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ABSTRACT. In this article we would like to present a new type of fuzzy contrac-
tive mappings which are called o — ¢ — M9 fuzzy contractive and 8 — ¢ — MO
fuzzy contractive, and then we demonstrate two theorems which ensure the
existence of a fixed point for these two types of mappings. And so we combine
and generalize some existing notions in the literature ([5], [7]). Proved these
theorems in the extended fuzzy metric spaces are in the more general version
than the existing in the literature ones.

1. INTRODUCTION

The attention of fuzzy concept has been growing from the presented by Zadeh [20]
in 1965. The concept of fuzzy was used a lot of fields such as mathematical analysis
and general topology with many applications in economy and engineering. Recently,
it is a paramount development that defining the concept of contractive mapping
in fuzzy metric spaces. After the remarkable Banach [1] contraction principle, a
large amount of mathematicians studied some contractive mappings to proof a fixed
point exists. Afterwards, studies gained popularity with the notion of fuzzy metric
space defined by Kramosil and Michalek [13], and then George and Veeramani [4]
modified the concept of fuzzy metric space.

Contractivity’s role in the fixed point theory is very important. There are a
lot of studies in the literature regarding different versions contractive mappings in
the different spaces ( [2], |3], [5], [6], [8]- [17], [19]). Samet et al. [17] put forward
new notions of contractive mapping and used these mappings to verify some fixed
point theorems in metric spaces. Based on the same perspective, D. Gopal and C.
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Vetro [5] give some contractive mappings, which can be accepted generalizations of
Samet et al. [17].

In this paper, we define new notions which are generalized versions of fuzzy
contractive mappings introduced by D. Gopal and C.Vetro [5]. We study these
contractions in extended fuzzy metric spaces introduced by V. Gregori et al. [7].

The new contractions are called a — ¢ — MO fuzzy contractive mapping and
B — 1 — MO fuzzy contractive mapping. Moreover, we have proved some fixed
point theorems with these mappings in this new space and so we got a generalized
versions.

2. PRELIMINARIES

Now in this section, we recall some definitions and results that will be used in
the sequel.

Definition 1. [1§] A binary operation  : [0,1] x [0,1] — [0, 1] is called a contin-
wous triangular norm (t-norm) if the following conditions hold:

T1 * is associative and commutative;

T2 * 1S continuous;

T3 ax l=a, forall a€ [0,1];

T4 axb<cxd,whenever a <candb<d, forall a,b,e,d € [0,1].

Kramosil and Michalek |13] generalized probabilistic metric space via concept of
fuzzy metric. After then George and Veeramani [4] made slight modification in this
fuzzy metric concept.

Definition 2. [{|/, A fuzzy metric space is a triple (X, M,*), where X is a non-
empty set, * is a continuous t-norm and M is a fuzzy set on X? x (0, 00), satisfying
for allr,y,3 € X and for all t,5 > 0, the following properties:

(GVi) Mz, 1) >0;

(GVs) M(x,n,t) =14if and only if r=v;
(GVs) M(x,,t) = M(,x,t);

(GV,) M(x,9,t) x M(1,3,5) < M(x,3,t+5);

(GVs5) M(x,,-): (0,00) = [0,1] is continuous,
M(x,v,t) could be considered as the degree of closeness between x and y with
regard to t. In the above definition, if we replace (GV;) by (GVZ},V LYy,3€ X and
t,5 > 0;

(GV,): M(r.0,6) x M(9,3,5) < M(r. 3, max {t,5})
then the triple (X, M, *) is said to be non-Archimedean fuzzy metric space [14|].

Definition 3. [8] A stationary fuzzy metric space is a triple (X, M, x) such that X
is a non-empty set, x is a continuous t-norm and M is a fuzzy set on X? satisfying
the following conditions, for all t,9,3 € X;
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(S1) M) >0;
(S2) M(r,n)=1if and only if r=nm;
(83) M(x,n) = M(n,1);

In other words, a fuzzy metric space (X, M, x) is said to be stationary if M does
not depend on t.

A sequence (¥;);cy in a stationary fuzzy metric space (X, M) is said to be Cauchy
if i}iinooM(Fi’xj) = 1; a sequence (¥;),cy in X converges to g ifiiig/\/l(xi,;) =1/§.

Now we recall a kind of generalized fuzzy metric space introduced by V. Gregori,
J-J Minana and D. Miravet [7]. They study those fuzzy metrics M on X, in the
George and Veeramani’s sense, such that Ao M(x,9,t) > 0.

Definition 4. [%] The term (X, M°, %) is called an estended fuzzy metric space if
X is a (non-empty) set, * is a continuous t-norm and MO is a fuzzy set on X2x
[0,00) satisfying the following conditions, for each r,v,3 € X and t,s > 0;

(BEM,) MO(t,n, 1) > 0;

(BEFMz) MO(x,0,8) = 1if and only if t=1;

(ETMf)’) MO(?» U7t) = MO(U?P?O;

(EFM;)  MO(g,,t) * MO(1,3,5) < MO(x, 5, t +5);

(ETM;5) MY, :[0,00) — (0,1] is continuous, where MY (t) = M°(x,,t).

Theorem 1. [7] Let M be a fuzzy set on X% x (0,00), and denote by MO its
extension to , X?x [0,00) given by
MO(5,9,8) = M(x,0,1) for allg,n, € X, t> 0 and
MO(;»‘%O) = /\t>0M(x7 U?t)
Then, (X, MY %) is an extended fuzzy metric space if and only if (X.M,x*) is a
fuzzy metric space satisfying for each r,n € X the condition A¢=oM(z,9,t) > 0.
Proposition 1. [7] Let (X, M,*) be a fuzzy metric space. Define

NM (L U) = /\t>OM(xa y, t)
Then, (N, %) is a stationary fuzzy metric on X if and only if AgsoM(z,9,t) > 0
forally,y € X.
It is clear that

MO(Fa U»O) = /\t>OM(xv th) = Num (Pa U) (1)

Definition 5. [7] Let (X, M, %) be a fuzzy metric space. M is called extendable
if for each r,n € X the condition N¢soM(x,b,t) > 0 is satisfied. In such a case, we
will say that MO is the (fuzzy metric) extension of M, and that M is the restriction
of M.

Proposition 2. [7] Let (X, M° ) is complete if and only if (X, Naq, *) is com-
plete.
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Samet et al. [17] introduced a new concept of o — )— contractive and o —
admissible mappings in metric spaces. D. Gopal and C. Vetro [5] inspired from
them [17] and introduced the notions of oo — ¢— fuzzy contractive mapping and
B — ¥ — fuzzy contractive mapping. We recall the notions as follows.

Remark 1. [5] Denote by ® the family of all right continuous functions ¢ :
[0,00) — [0, 00),with ¢(r) < r for all r > 0.Note that for every function ¢ € P,
li_>m @"(r) =0 for each r > 0,where ¢"(r) denotes the n — th iterate of ¢.

Definition 6. [5] Let (X, M, x) be a fuzzy metric space. It is said that ¥ : X — X
is an a — ¢ — fuzzy contractive mapping if there exist two functions o : X2 x
(0,00) — [0,00) and ¢ € ® such that

1

a(r,, 4)( -1

forallr,np € X and t > 0.

M(Se,S, 1)

Definition 7. [5] Let (X, M, x) be a fuzzy metric space. It is said that ¥ : X — X
is o — admissible if there exist a function o : X? x (0,00) — [0,00) such that,

a(r,n,t) = 1= a(Sr,Sy,t) > 1
forally,np € X and t > 0.

Remark 2. [5] Let U be the class of all functions 1 : [0,1] — [0
non-decreasing and left continuous and ¥(r) > r for all r € (0,1
(1) =1 and li_}rn " (r) =1 for allr € (0,1].

, 1] such that ) is
). If ¢ € W, then

Definition 8. [5] Let (X, M, x) be a fuzzy metric space. It is said that ¥ : X — X
is an B — ¥ — fuzzy contractive mapping if there exist two functions f : X2 x
(0,00) — (0,00) and ¥ € U such that,

M(x,9,4) > 0= B(r, 9, YM(St,8n, ) = P (M(x, 9, 1))
for allt,v € X with x # v and for all t > 0.

Definition 9. [5] Let (X, M, %) be a fuzzy metric space. It is said that S : X — X
is a B — admissible if there exist a function 8 : X2 x (0,00) —» (0,00) such that,

B, 9,1 <1= B(Sr,8n,t) <1 forallp,y,€ X and t > 0.

3. MAIN RESULT

3.1. a« — ¢ — MY— fuzzy contractive mappings. We are ready to introduce
new definitions of a — ¢ — M° — fuzzy contractive and o — M — admissible. We
would like to inform you that use these mappings in the new fuzzy metric space
(introduced in [7]). Then, we prove the theorem (proved in [5]) but in the new fuzzy
metric spaces. And so, we obtain new results that are generalizations of those in
fuzzy metric spaces.
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Definition 10. Let (X, M,x) be an extendable fuzzy metric space. S : X — X
is called o — ¢ — M® — fuzzy contractive mapping if

1 1
— 1)<+ -1 2
MES o = My .
is ensured V r,n,€ X and t > 0. Especially, is called o —¢d—0— fuzzy contractive

if Equation (2) is ensured for t = 0.

o, 9, £)(

Definition 11. Let (X, M, *) be an extendable fuzzy metric space. S : X — X
is called o — M° — admissible mapping if

a(r,y,t) > 1 = o(S1,8y,t) > 1 (3)

is ensured ¥V r,1, € X andt > 0. Especially,S is called «—0—admissible if Equation
(3) is ensured for t = 0.

Theorem 2. Let (X, M,x) be a complete extendable fuzzy metric space and a
mapping S : X — X be an a—¢— MO — fuzzy contractive ensuring the provisions
given below:

(i) S is a — MY — admissible;
(i) I 19 € X such that a(ro,Sto,t) > 1,V t>0;
(ii3) X is continuous;

Then, & has a fized point.

Proof. We will examine the proof in two cases.
Case 1. t > 0;
In this case, since M(x,n,t) = M(x,n,t) ¥V r,n € X, it is same situation in fuzzy
metric spaces and introduced in the proof of the Theorem 3.5. [5].
Case 2. t=0;
Let rp € X such that a(zg, Srp,0) > 1.
Define the squence {r,} in X with r,41 = Stp, Vn €N,
Provided that r,4+1 =, for some n € N, then t* =, is a fixed point of .
Presume that r, # tnt1, Vn € N.
From (i),
a(XOa L, 0) = CV(FO7 %F07 0) >1
and using (i), we have
O[(;(b%zio,o) > 1= a(gx()v%xho) > 1
By induction,
a(Sto, S11,0) 1 = (11, Si2,0)

> 1
O[(‘(\th%vaO) > 1= 04(95?27%?3’0) 1

(A\VARAYS

a(%pﬂffﬂu S3:’1’7,727 0) 2 1 :> a((\\yI’IL*Qu gI:’r7,717 0) 2 1
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and so we get,
a(%xn_g,%xn_l,O) = O[()Zn_l,xyu()) Z 1, Vn S N. (4)

Using (1), implementing (2) with ¢ = r,—1, ¥ = tn, t = 0 and using (4) respectively
we obtain;

1 1
_ 1 = -1
MO(?na?'rH»lvO) NM(%Infl,%I’H)
1
< n—1, n,O -1
- a(x Lt )(NM (%;nfla %In) )
1
< Yl -1
(NM(Fn_laxn) )
1
= -1
¢(NM(%PTL—2; sI:n—l) )
This implies that,
1 1
1< (s 1
Nt (Stn-1, Stn) (NM(F07ZC1) )
as n — 0o
lim ( ! 1) < lim ¢"( ! 1)
im — im _
n—o0" Npq (Stn—1,Stn) oo’ Nay(ro, 1)

Since, as n — oo and ¢"(r) — 0,
1
lim (——-1)=0
n_M)O(NM (}im X7L+1) )
and so, we obtain that
nlingoNM (tn tng1) = L
which implies that for n < m and using (1) with t = 1, § = tm, t = 0;

M°(x,,x,,0) = AesoM(x, 8., 1) = Nulx, . £,,)
Using Definition 3,
Nm(E,,8,) = Naa(e, 5 0) * Nu(E, 008, ) * % Naalr,,o08,,)

and as n — oo,

Jim Na(r,or,) 20 B Na(e,8,) % B0 N, o 8,00) + e x lim Na(r, 5t,)
> 1xlx..x1
>

1

We obtain,
lim Ny(r,,x,,) =1
n—oo
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And so, we solve an important point of the proof that {z, } is a Cauchy squence.
Since X is complete,

I eX : asn—ooandy, —1*
Since ¥ is continuous, as r, — r*we have g, — St* and using (1),
MO(St,,91%,0) = Ao M(St,,, St*,t) = Nu(St,, St'), Vi, € X.

And so we obtain,
lim Na(St,,,Sr") = 1.

n—oo
By the uniqueness of the limit, we get r* = S1*, that is, r* is a fixed point of . O

3.2. B — 1 — M%— fuzzy contractive mappings. We are ready to introduce
new definitions of 8 — ¢ — MY — fuzzy contractive and  — M°— admissible.
We would like to inform you that we use these mappings in the new fuzzy metric
space (introduced in [7]). Then, we prove the theorem (proved in [5]) but in the
new fuzzy metric spaces. And so, we obtain new results that are generalizations of
those in fuzzy metric spaces.

Definition 12. Let (X, M, %) be an extendable fuzzy metric space. S : X — X
is called B — 1 — M°® — fuzzy contractive mapping if

M(x,,t) > 0= B(x,n, ) M(S1,3n, t) > »(M(x, v, ) (5)

is ensured V r,n,€ X and t > 0. Especially, is called 8 —1—0— fuzzy contractive
if Equation (5) is ensured for t = 0.

Definition 13. Let (X, M, ) be an extendable fuzzy metric space. & : X — X
is called B — M° — admissible mapping if

Br,n,t) < 1= B(Sr,9y,t) <1 (6)

is ensured ¥V r, 9, € X andt > 0. Especially,S is called B—0—admissible if Equation
(6) is ensured for t =0

By adding an additional condition, we prove a fixed point theorem introduced
in [5] in extendable fuzzy metric space using these new mappings. This is a new
context that using the new mappings in the extendable fuzzy metric space.

Theorem 3. Let (X, M, ) be an extendable complete non-Archimedean fuzzy met-
ric space and a mapping F: X — X be a B — Y — M® — fuzzy contractive
ensuring the provisions given below:

(i) S is B— M° —admissible;

(i) 3 xo € X such that B(ro, Sto,t) <1V t>0;

(i) for each sequence {rn} in X such that B(tn,tn+1,t) <1V neNandt>0,
3 ko € N such that B(Xm+1,tnt+1,t) <1V mneN withm >n > ky andV t > 0;
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(iv) if {rn} is a sequence in X such that B(tn,tnst1,t) <1V neNandt>0
and x, — x as n — 00, then B(tn,r,t) <1V neNandV t> 0;

(v)VeneX andV t>0,3 3 € X such that 5(x,3,t) <1 and B(y,3,1) <1

Then, < has a unique fized point.

Proof. We will examine the proof in two cases.

Case 1. t > 0;

In this case, since M°(g, p,t) = M(x,9,t), Y,y € X; it is same situation in fuzzy
metric spaces and introduced in the proof of the Theorem 4.4 [5]. It is obtained
that Sr* = ¢* in the [5].

Now we will show that uniqueness of the fixed point.

Presume that & have two different fixed points; r*and n*.

Provided that B(z*,n*,t) < 1,then

M, 9" 1) = B, 0", HM(Sr™,Sn", b).
Since $ is 8 — ¥ — M%— fuzzy contractive, we have
M@, 7,1 2 B, 9", OM(S™,Sy", ) = (M, 07, 1)),
Also, since ¥(r) > r, we obtain that
M@, ") = B, 0", HM(Se",Sy", t) = (M@", 97, 1) > M@, 9", 1).
And so, we get
M@ 9% 1) > M@, 0", )

It is a contradiction.

That is, r*and p* are not different points; t* = p*.
Presume that 8(r*,9*,t) > 1,then from (v),

33¢€ X B(r",3 1) <land B(n*,3,1) <1

From (i), we obtain,

B(x",5,t) < 1= p(S",33,t) = 6", 83,1 <1
BG*, S5t < 1= B(St, 3%, 1) =B, 9%,1) <1
BE*, 8" 151 < 1= B(Sr*, 83,1 = B(*,9",1) < 1
and so we get,
B, 3"3,t) <1,VneNand Vt>0. (7)

Since S is B — 1) — M — fuzzy contractive, using (7), we get,
MO, 35, 1) M(r*, "5, 1) = M(St", (8" 15), 1)
BE*, 8™ 15, HM(SE, (8" 15), 1)
(M@, 3" 5, 1)
(M(Sr*, (3" %), 1))

v v
@@
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And by induction we have,
MOE*, S5, 0) > " (MO (1%, 5,1), YV eN.
as n — oo
lim MO, $"%3,6) > Tim 9" (MO, 3, 1))

Since ¥ (r) — 1,
lim MO(r*,3"3,t) = 1 = Q"3 — 1~ (8)

n—oo

and by similar way, we get

B*.3t) < 1= B(SH,S
Bv*, 33, < 1= (3",

B S, 0 < 1= 539", 8" 15,0 = B, 3" 5, <1
By*, 3" 5.6)<1,VneNandVt>0. (9)
Since $ is B — ¢ — M°— fuzzy contractive, using (9), we get,
MO(y*,3"3,1) M(n*,3"3,8) = M(S9*, (3" 1), 1)
Bly*, " 15, OM(Sp*, S(S"13), 1)
H(M(p*, 3" 15, 1)

(AVANY]

And so, by induction we have,
MO (9", 575,8) > " (MO(n*,5,1),V n € N.

as n — oo

lim M°(p*,$"3,t) > lim " (M°(*,3,1))

n—oo n—oo
Since ¥ (r) — 1,
lim MO(y*,3"5,¢) =1 = "3 — p* (10)

From (8), (10) and the uniqueness of the limit ¢* = y*.

Case 2. t=0;

Let rp € X such that 5(xro, Sto,0) < 1.

Define the sequence g1 = Stp,V n € N If p,41 =, for some n € N,then
" =1, is a fixed point of .

Suppose tn4+1 # tn, VN €N .

From (i),

B(ro,11,0) = B(xo, Sr0,0) < 1
and using (i), we obtain

B(x0, S0, 0) < 1= B(S10, S11,0) < 1.
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By induction,

B(St0,S11,0) < 1= B(Sr1,912,0) <1
B(S11,812,0) < 1= B(Sre,S13,0) <1
B(Stn-3,Stn—2,0) < 1= B(Srn—2,Srn-1,0) <1
and so we get,
B(Stn—2,3tn-1,0) = B(tn-1,8,,0) <1, Vn e N. (11)
Implementing (5) with ¢ = r,—1, § = &n, t = 0 and using (11) respectively, we

obtain;
MO(%anh %Fna O) > 6(?n717 Ln, O)MO((\\S;nfla g?n, O) > 'w(MO(?nflana 0))
Using (1), we get,
Nm(Stn-1,8tn) = BEn—1,10,0)(Na(Stn-1,S10))
> w(NM(Xn—lyxn))
And this implies that,
Nam(Stn-1,810) = " (Nm(ro,11)), V€N
as n — 0o,
Jim Naa(Stn-1,38n) 2 lim " (N (x0,81))
Since ¥"(r) — 1,
nILH;ONM (an?n+1) =1
The important point of the proof is setting that the sequence {r,,} Cauchy in X.

Suppose that it is false; there exists 0 < € < 1 and two subsequences {xp, } and
{1g, } of {rn} such that ¢, is the smallest index for which p,, > ¢, > ng, using (1)

MO(?pnanna 0) = Ao M(xp,,Eq,t) = Nam(Ep, s Tg,) <1 —¢

MO(F;DW,_NF%»O) = /\t>OM(Fpn—1annat) = Nm (Fpn—l,}'qn) >1-¢
and by (#); no € N such that, for each n € N with n > ng,there exist p,,q, € N

B(xpwﬂx‘h? 0) S 1
And we get

1-e 2 NM(Xpn’XQn) 2 NM(xPn—thn) * NM(xpn_17xPn)

as n — oo

lim (1 —¢) > nl_lgéNM (pnr8q,) > 1im Naq(xp,—1,7q,) * nh_{lgoNM (p—1,8p,)

n—oo n—o0

Since nh_)ngoNM (Tpp—1:1p,) =1,

(1 - 6) 2 nILH;ONM(xanxQn) Z (1 - 6)
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we obtain that
lim Na(tp,,5q,) = (1 —¢€).

n—oo
and similarly
(1-¢) N (xp,.,tq,)
(pn> Tpnt1) * N (Ep,+158gn+1) * Na(Eg,+1,2q,)
(¥pn s Tpo+1) * B(Stp,., Stq,., )N (Stp,,, Stq,,) * Na(¥g,+1:2q,)
Nt (@p, ¥pot1) ¥ Y (Nar (5 ¥g0)) * N (g, Egntn)-

as n — 0o, we get

N
N

vV IV IV IV

lim (1-¢) > nIHI;ONM(Fpn’Fanrl) * JLTT;OQP(NM(MMF%)) * HILH;ONM(F%??%+1)

n—oo

(1—¢) > lim &(Nar(xp, . 5,))
(I-¢) = ¥(l-e¢)

It is a contradiction, because of ¥(r) > r.
So we have obtained that {z,} is a Cauchy sequence. Since X is complete,

dr*eX : asm—ooandy, —1*
Using (11) and (iv);
B(tn,r",0) <1,¥neN
from (5) with using (1) and S4,
Nm(Se", 1) Nam(St", Stn) * N (St 1)
B(En: 1, 0)Naa (S, SE) * Nt (Bn41,17)
Y(Nm(En, 1)) * Naa(®ns1,17)

AVARAVARIV]

asm—o0,y(l)=1

lim Nag(St*,r*) > lim p(Nag(kn, &) * lim Nag(tngr, t¥)
n—oo n—oo n—oo
> (1) x1=1

and we obtain,
lim Nag(Sp%,10%) = 1.
n—oo

And so, * = 3¢*.That is, ¢* is a fixed point of .

Now we will show that uniqueness of the fixed point.

Presume that & have two different fixed points; r*and n*.

Provided that 8(z*,n*,0) < 1, then since S is 8 — 1) — 0— fuzzy contractive, using
(1) and ¥(r) > r, we have

MO(x*,9*,0) > B(x*,v*, 0)M°(Sr*,39*, 0) > (MO (r*,v%,0)) > MO(x*,p*,0)
Nam(x*,9%) > Ny (", %)
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s a contradiction. That is, r* = p*.

Assume that 8(r*,9*,0) > 1,then from (v)

d3eX: B(",3,0) <1and B(n*50) <1

From (i), we obtain,

MO, 3"3,0)

B, 3"3,0) < 1 and B(y*,3"3,0) < L,V n € N. (12)
Since § is 8 — ¢ — 0— fuzzy contractive and using (10), we obtain
M@, 3"3,0) = M(S", I(3"715),0) = Ny (Se™, (8" 1))
BE*, 8" 15,00 Na(Se", (3" 13))
> Y(Nm(*, 8" )

Y

And by induction we obtain,

As

Na(Sr",3(3"7 1)) 2 " (N (t*,3)), ¥n € N.

n — 0o, we get "3 — r*.
And by the similary way we obtain 33 — p*.So the uniqueness of the limit

=y -
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