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Abstract. We introduce the first hom-associative Weyl algebras over a field

of prime characteristic as a generalization of the first associative Weyl algebra

in prime characteristic. First, we study properties of hom-associative alge-

bras constructed from associative algebras by a general “twisting” procedure.

Then, with the help of these results, we determine the commuter, center, nu-

clei, and set of derivations of the first hom-associative Weyl algebras. We

also classify them up to isomorphism, and show, among other things, that all

nonzero endomorphisms on them are injective, but not surjective. Last, we

show that they can be described as a multi-parameter formal hom-associative

deformation of the first associative Weyl algebra, and that this deformation

induces a multi-parameter formal hom-Lie deformation of the corresponding

Lie algebra, when using the commutator as bracket.

Mathematics Subject Classification (2020): 17B61, 17D30

Keywords: Hom-associative Ore extension, hom-associative Weyl algebra,

formal multi-parameter hom-associative deformation, formal multi-parameter

hom-Lie deformation

1. Introduction

Hom-associative algebras originate with the introduction of hom-Lie algebras,

the latter a class of algebras defined by Hartwig, Larsson, and Silvestrov [10] to

describe deformations of Lie algebras obeying a generalized Jacobi identity twisted

by a homomorphism; hence the name. Hom-associative algebras, introduced by

Makhlouf and Silvestrov [14], play the same role as associative algebras do for Lie

algebras; equipping a hom-associative algebra with the commutator as bracket give

rise to a hom-Lie algebra. In a hom-associative algebra, the associativity condition

is twisted by a homomorphism, similarly to the twisting of the Jacobi identity in

hom-Lie algebras. By taking the homomorphism to be the identity map, one gets

the class of associative algebras as a subclass of the hom-associative algebras. By

taking the homomorphism to be the zero map, the twisted associativity condition



204 PER BÄCK AND JOHAN RICHTER

becomes null, and hence non-associative algebras also constitute a subclass of hom-

associative algebras.

The first associative Weyl algebra may be seen as an Ore extension, or a non-

commutative polynomial ring as Ore extensions were first named by Ore when he

introduced them [18]. Non-associative Ore extensions were later introduced by

Nystedt, Öinert, and Richter in the unital case [17], and then generalized to the

non-unital, hom-associative setting by Silvestrov and the authors [5]. The authors

further developed this theory in [3], introducing a Hilbert’s basis theorem for unital,

non-associative and hom-associative Ore extensions.

In [5], Silvestrov and the authors introduced the first hom-associative Weyl al-

gebras over a field of characteristic zero, along with hom-associative versions of

the quantum plane and the universal enveloping algebra of the two-dimensional

non-abelian Lie algebra. In [4] the authors studied the first hom-associative Weyl

algebras in characteristic zero. They were shown to be a formal deformation of

the associative Weyl algebra, and properties such as their center and their set of

derivations were studied. The authors also proved a hom-associative analogue of

the Dixmier conjecture to be true, which states that all nonzero endomorphisms on

the first Weyl algebra in characteristic zero are automorphisms. In the character-

istic zero case, all the first hom-associative Weyl algebras over the same field are

isomorphic, except the associative one.

In this paper, we introduce and study the first hom-associative Weyl algebras

over a field of prime characteristic. Unlike the case of zero characteristic, there

are many non-isomorphic ways of deforming the associative Weyl algebra to obtain

hom-associative Weyl algebras. We classify the hom-associative Weyl algebras up to

isomorphism, describe their commuter, center, and nuclei, as well as characterize

the derivations on them. We also show how they can be described as a multi-

parameter formal deformation of the associative Weyl algebra, among other things.

This paper is organized as follows:

In Section 2, we gather preliminaries on non-associative algebras (Subsection 2.1),

hom-associative algebras and hom-Lie algebras (Subsection 2.2), non-unital, hom-

associative Ore extensions (Subsection 2.3), and also on the first associative Weyl

algebra (Subsection 2.4) and on modular arithmetic (Subsection 2.5).

In Section 3, we introduce some lemmas on a particular construction of hom-

associative algebras, called the Yau twist. These results are then used in the suc-

ceeding section to prove properties of the hom-associative Weyl algebras.
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In Section 4, we define the hom-associative Weyl algebras and study their basic

properties: we describe the possible homomorphisms that can twist the associativ-

ity condition and hence give rise to hom-associative Weyl algebras (Lemma 4.1),

we show that the hom-associative Weyl algebras contain no zero divisors (Corol-

lary 4.9), that the commuter and the property of not being simple is the same as

for the associative Weyl algebra (Corollary 4.10 and Proposition 4.11), and that the

latter is the only hom-associative Weyl algebra which is power associative (Proposi-

tion 4.13). We also describe their nuclei (Proposition 4.14), center (Corollary 4.16),

and set of derivations (Proposition 4.18 and Proposition 4.19), and moreover, show

that every nonzero endomorphism is injective (Proposition 4.21), but that there

are nonzero endomorphisms which are not surjective (Proposition 4.22). Last, we

classify all hom-associative Weyl algebras up to isomorphism (Proposition 4.23 and

Proposition 4.24), and in many cases also describe all the possible isomorphisms

(Proposition 4.24).

In Section 5, we first introduce the notions of multi-parameter formal hom-

associative deformations (Definition 5.1) and multi-parameter formal hom-Lie de-

formations (Definition 5.3). We then show that the hom-associative Weyl algebras

are a multi-parameter formal hom-associative deformation of the first associative

Weyl algebra (Proposition 5.2), inducing a multi-parameter formal hom-Lie defor-

mation of the corresponding Lie algebra, when using the commutator as bracket

(Proposition 5.4).

2. Preliminaries

We denote by N the set of nonnegative integers and by N>0 the set of positive

integers. Fpn is the finite field of characteristic p and cardinality pn for some prime

p and n ∈ N>0. If K is a field, K× is the multiplicative group of nonzero elements

of K.

2.1. Non-associative algebras. By a non-associative algebra A over an associa-

tive, commutative, and unital ring R, we mean an R-algebra which is not necessarily

associative. Furthermore, A is called unital if there exists an element 1A ∈ A such

that for all a ∈ A, a · 1A = 1A · a = a, and non-unital if there does not necessarily

exist such an element. For a non-unital, non-associative algebra A, we denote by

Dl(A) the set of left zero divisors of A, and by Dr(A) the set of right zero divi-

sors of A. The commutator [·, ·] : A × A → A is defined by [a, b] := a · b − b · a
for arbitrary a, b ∈ A, and the commuter of A, written C(A), as the set C(A) :=

{a ∈ A : [a, b] = 0, b ∈ A}. The associator (·, ·, ·) : A × A × A → A is defined by

(a, b, c) = (a·b)·c−a·(b·c) for arbitrary elements a, b, c ∈ A, and the left, middle, and
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right nuclei of A, denoted by Nl(A), Nm(A), and Nr(A), respectively, as the sets

Nl(A) := {a ∈ A : (a, b, c) = 0, b, c ∈ A}, Nm(A) := {b ∈ A : (a, b, c) = 0, a, c ∈ A},
and Nr(A) := {c ∈ A : (a, b, c) = 0, a, b ∈ A}. The nucleus of A, written N(A), is

defined as the set N(A) := Nl(A) ∩Nm(A) ∩Nr(A). The center of A, denoted by

Z(A), is the intersection of the commuter and the nucleus, Z(A) := C(A) ∩N(A).

If the only two-sided ideals in A are the zero ideal and A itself, A is called simple.

We can measure the non-associativity of A by using the associator: A is called

power associative if (a, a, a) = 0, left alternative if (a, a, b) = 0, right alternative if

(b, a, a) = 0, flexible if (a, b, a) = 0, and associative if (a, b, c) = 0 for all a, b, c ∈ A.

Hence, if A is not power associative, then A is not left alternative, right alternative,

flexible, or associative. An R-linear map δ : A → A is called a derivation if for any

a, b ∈ A, δ(a · b) = δ(a) · b + a · δ(b), and the set of derivations of A is denoted by

DerR(A). If A is associative, then all maps of the form ada := [a, ·] : A → A for an

arbitrary a ∈ A are derivations, called inner derivations, and the set of all inner

derivations of A are denoted by InnDerR(A). If A is not associative, such a map

need not be a derivation, however. Last, recall that A embeds into a non-unital,

non-associative algebra B if there is an injective homomorphism from A to B, so

that A may be seen as a subalgebra of B.

2.2. Hom-associative algebras and hom-Lie algebras. In this section, we

recall some basic definitions and results concerning hom-associative algebras and

hom-Lie algebras. Hom-associative algebras were first introduced in [14], and hom-

Lie algebras in [10], by starting from vector spaces. Here, we take the slightly more

general approach used in e.g. [3,5,4], replacing vector spaces by modules. As it

turns out, most of the basic theory still hold in this latter, more general case. Now,

let us state what we mean by a hom-associative algebra.

Definition 2.1 (Hom-associative algebra). A hom-associative algebra over an as-

sociative, commutative, and unital ring R, is a triple (M, ·, α), consisting of an R-

moduleM , a binary operation · : M×M → M linear over R in both arguments, and

an R-linear map α : M → M , satisfying, for all a, b, c ∈ M , α(a)·(b·c) = (a·b)·α(c).

In the above definition, α is in a sense twisting the usual associativity condi-

tion, and hence it is referred to as a twisting map. A hom-associative algebra is

called multiplicative if the twisting map is multiplicative, i.e. if it is an R-algebra

homomorphism.

Remark 2.2. A hom-associative algebra (M, ·, α) over an associative, commuta-

tive, and unital ring R, is in particular a non-unital, non-associative R-algebra, and
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if α = idM , a non-unital, associative R-algebra. If α = 0M , the hom-associativity

condition becomes null, and hence hom-associative algebras can actually be con-

sidered as generalizations of both associative and non-associative algebras.

Definition 2.3 (Hom-associative ring). A hom-associative ring is a hom-associative

algebra over the integers.

Definition 2.4 (Weakly unital hom-associative algebra). LetA be a hom-associative

algebra. If for all a ∈ A, el · a = α(a) for some el ∈ A, we say that A is weakly left

unital with weak left identity el. In case a · er = α(a) for some er ∈ A, A is called

weakly right unital with weak right identity er. If there is an e ∈ A which is both a

weak left and a weak right identity, e is called a weak identity, and A weakly unital.

Remark 2.5. The notion of a weak identity can thus be seen as a weakening of

that of an identity. A weak identity, when it exists, need not be unique. The term

weak unit has been used in the litterature for the same concept.

Definition 2.6 (Homomorphism). Let R be an associative, commutative, and

unital ring, and let A and B be two hom-associative R-algebras with twisting

maps α and β, respectively. A homomorphism from A to B is an R-linear and

multiplicative map f : A → B, satisfying f ◦ α = β ◦ f . If A = B, then f is an

endomorphism.

For any two hom-associative R-algebras A and B, we denote by HomR(A,B)

the set of homomorphisms from A to B, and put EndR(A) := HomR(A,A) for

the set of endomorphisms. For convenience, we also introduce CEndR(A)(α, β) :=

{f ∈ EndR(A) : f ◦α = β ◦f}, CEndR(A)(α) := CEndR(A)(α, α), and CDerR(A)(α) :=

{δ ∈ DerR(A) : δ ◦ α = α ◦ δ}. In case A is associative, we view A as a hom-

associative algebra with twisting map idA. Hence HomR(A,B) and EndR(A) where

A and B are associative coincide with the usual notation for homomorphisms and

endomorphisms of associative algebras, respectively.

Proposition 2.7 ([23]). Let R be an associative, commutative, and unital ring, A

an associative R-algebra, and α ∈ EndR(A). Define a product ∗ : A × A → A by

a∗b := α(a·b) for all a, b ∈ A. Then Aα := (A, ∗, α) is a hom-associative R-algebra.

The construction of Aα from A in Proposition 2.7 above was introduced by Yau

in [23], and is often referred to as the Yau twist of A. We will use the subscript ∗
whenever the multiplication is that in Aα; hence [·, ·]∗ denotes the commutator in

Aα and (·, ·, ·)∗ denotes the associator in Aα.



208 PER BÄCK AND JOHAN RICHTER

Corollary 2.8 ([8]). Let R be an associative, commutative, and unital ring, A

a unital, associative R-algebra with identity 1A, and α ∈ EndR(A). Then Aα is

weakly unital with weak identity 1A.

Definition 2.9 (Hom-Lie algebra). A hom-Lie algebra over an associative, com-

mutative, and unital ring R, is a triple (M, [·, ·], α), consisting of an R-module M ,

a binary operation [·, ·] : M × M → M linear over R in both arguments, and an

R-linear map α : M → M , satisfying, for all a, b, c ∈ M , the following two axioms:

[a, a] = 0, (alternativity),

[α(a), [b, c]] + [α(c), [a, b]] + [α(b), [c, a]] = 0, (hom-Jacobi identity).

In the above definition, [·, ·] is called a hom-Lie bracket, and just like in the

definition of hom-associative algebras, α is called a twisting map. As in the case

of Lie algebra, we immediately get anti-commutativity of the bracket from the

bilinearity and alternativity: 0 = [a + b, a + b] = [a, a] + [a, b] + [b, a] + [b, b] =

[a, b] + [b, a], so [a, b] = −[b, a] holds for all a and b in a hom-Lie algebra as well.

Unless R has characteristic two, anti-commutativity also implies alternativity, since

[a, a] = −[a, a] for all a.

Remark 2.10. If α = idM in Definition 2.9, we get the definition of a Lie algebra.

Hence the notion of a hom-Lie algebra can be seen as a generalization of that of a

Lie algebra.

Proposition 2.11 ([14]). Let (M, ·, α) be a hom-associative algebra over an asso-

ciative, commutative, and unital ring R, with commutator [·, ·]. Then (M, [·, ·], α)
is a hom-Lie algebra over R.

Note that when α is the identity map in the above proposition, we recover the

classical construction of a Lie algebra from an associative algebra.

2.3. Non-unital, hom-associative Ore extensions. In this section, we give

some preliminaries from the theory of non-unital, hom-associative Ore extensions,

as introduced in [5]. First, if R is a non-unital, non-associative ring, a map β : R →
R is called left R-additive if for all r, s, t ∈ R, r · β(s + t) = r · β(s) + r · β(t). If

given two left R-additive maps δ and σ on a non-unital, non-associative ring R, as

a set, a non-unital, non-associative Ore extension of R, written R[x;σ, δ], consists

of all formal sums
∑

i∈N rix
i where finitely many ri ∈ R are nonzero. R[x;σ, δ] is

then equipped with the same addition as a commutative polynomial ring,∑
i∈N

rix
i +
∑
i∈N

six
i =

∑
i∈N

(ri + si)x
i, ri, si ∈ R, (1)
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but with the following multiplication, first defined on monomials rxm and sxn

where m,n ∈ N:
rxm · sxn =

∑
i∈N

(r · πm
i (s))xi+n, (2)

and then extended to arbitrary polynomials
∑

i∈N rix
i in R[x;σ, δ] by imposing

distributivity. The functions πm
i : R → R are defined as the sum of all

(
m
i

)
compo-

sitions of i instances of σ and m−i instances of δ, so π3
2 = σ◦σ◦δ+σ◦δ◦σ+δ◦σ◦σ

and π0
0 = idR. Whenever i < 0, or i > m, we put πm

i ≡ 0. That this really gives

an extension of the ring R, as suggested by the name, can now be seen by the

fact that rx0 · sx0 =
∑

i∈N(r · π0
i (s))x

i+0 = (r · π0
0(s))x

0 = (r · s)x0, and similarly

rx0 + sx0 = (r + s)x0 for any r, s ∈ R. Hence the isomorphism r 7→ rx0 embeds

R into R[x;σ, δ]. In this paper, we shall only be concerned with the case σ = idR,

however, in which case (2) simplifies to

rxm · sxn =
∑
i∈N

(
m

i

)(
r · δm−i(s)

)
xi+n. (3)

Starting with a non-unital, non-associative ring R equipped with two left R-additive

maps δ and σ and an additive map α : R → R, we extend α homogeneously to

R[x;σ, δ] by putting α(rxm) = α(r)xm for all rxm ∈ R[x;σ, δ], imposing additivity.

If α is further assumed to be multiplicative and to commute with δ and σ, we

can turn a non-unital (unital), associative Ore extension into a non-unital (weakly

unital), hom-associative Ore extension by using this extension, as the following

proposition demonstrates:

Proposition 2.12 ([5]). Let S := R[x;σ, δ] be a non-unital, associative Ore ex-

tension of a non-unital, associative ring R, and α : R → R a ring endomorphism

that commutes with δ and σ, and extend α homogeneously to S. Then Sα is a

multiplicative, non-unital, hom-associative Ore extension.

Remark 2.13. If S in Proposition 2.12 is unital with identity 1S , then by by

Corollary 2.8, Sα is weakly unital with weak identity 1S .

2.4. The first associative Weyl algebra. Let K be a field of prime characteris-

tic p. The first Weyl algebra A1 overK is the free, unital, associative algebra on two

letters x and y, K⟨x, y⟩, modulo the commutation relation [x, y] := x·y−y ·x = 1A1 .

A1 is a non-commutative domain, but it should be mentioned, however, that there

is an alternative definition of A1 as an algebra of differential operators, and as

such, it is not a domain (see e.g. Chapter 2.3 in [6]). Throughout this pa-

per, we will stick to the former definition of A1, though. Revoy [19] has shown

that C(A1) = K[xp, yp]. Furthermore, A1 is isomorphic to the unital, associative
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Ore extension K[y][x; idK[y],d/dy] (see e.g. [9] or [16], both also being nice in-

troductions to the subject of associative Ore extensions), and as a vector space

over K, it has a basis {ymxn : m,n ∈ N}. As A1 contains no zero divisors, any

nonzero endomorphism f on A1 is unital, since f(1A1
) = f(1A1

) · f(1A1
) ⇐⇒

f(1A1) · (1A1 − f(1A1)) = 0 ⇐⇒ f(1A1) = 1A1 . Dixmier [7] first described the au-

tomorphism group AutK(A1) of A1 in characteristic zero, and later Makar-Limanov

[13] generalized Dixmier’s result to arbitrary characteristic, as follows:

Theorem 2.14 ([13]). AutK(A1) is generated by linear automorphisms,

x 7→ ax+ by, y 7→ cx+ dy,

∣∣∣∣∣a c

b d

∣∣∣∣∣ = 1, a, b, c, d ∈ K,

and triangular automorphisms,

x 7→ x, y 7→ y + q(x), q(x) ∈ K[x].

In characteristic zero, all derivations of A1 are inner derivations. This follows for

instance from Sridharan’s [20] computation of cohomology groups of A1 in positive

degree, which all turn out to be zero (cf. Remark 6.2 and Theorem 6.1). In prime

characteristic, not all derivations are inner, however (contrary to what is stated

in [19]). In [1], Benkart, Lopes, and Ondrus found two non-inner derivations, and

described DerK(A1) as in the following theorem:

Theorem 2.15 ([1]). DerK(A1) = C(A1)Ex ⊕ C(A1)Ey ⊕ InnDerK(A1) where

Ex, Ey ∈ DerK(A1) are defined by Ex(x) = yp−1, Ex(y) = Ey(x) = 0, Ey(y) =

xp−1.

2.5. Modular arithmetic. We recall that if p is a prime, any number n ∈ N
can be written as n0 + n1p + n2p

2 + · · · + njp
j for some nonnegative integers

n0, n1, n2, . . . , nj < p. This is often referred to as the base p expansion of n.

Theorem 2.16 (Lucas’s Theorem [12]). Assume p is a prime, m,n ∈ N, and

that m0 + m1p + m2p
2 + · · · + mjp

j and n0 + n1p + n2p
2 + · · · + njp

j are the

base p expansions of m and n, respectively. Then
(
m
n

)
≡
∏j

i=0

(
mi

ni

)
(mod p) where(

mi

ni

)
:= 0 if mi < ni.

Corollary 2.17. If p is a prime and m ∈ N>0, then
(
m
n

)
≡ 0 (mod p) for all

n ∈ N>0 with n < m if and only if m = pq for some q ∈ N>0.

Proof. Assume m = pq for some q ∈ N>0, and let the base p expansion of m be

m0 +m1p +m2p
2 + · · · +mqp

q. That is, m0 = m1 = m2 = . . . = mq−1 = 0 and

mq = 1. Any n ∈ N>0 such that n < m can be written as n = n0 + n1p + n2p
2 +
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· · · + nq−1p
q−1 where at least one of n0, n1, n2, . . . , nq−1 is nonzero, say ni. Then(

mi

ni

)
=
(
0
ni

)
= 0. By Theorem 2.16,

(
m
n

)
≡ 0 (mod p).

Assume m is not a power of p. We wish to show that there is some n ∈ N>0 with

n < m such that
(
m
n

)
is not divisible by p. To this end, let m0+m1p+m2p

2+ · · ·+
mrp

r be the base p expansion of m where mr ̸= 0. If mr = 1, then there is some

j < r such that mj ̸= 0, since otherwise m = pr. If n := m0 +m1p+m2p
2 + · · ·+

mjp
j < m, then by Theorem 2.16,

(
m
n

)
≡
(
1
0

)(
mr−1

0

)
· · ·
(
mj

mj

)
· · ·
(
m0

m0

)
(mod p) = 1.

If mr > 1, then, with n := m0+m1p+m2p
2+ · · ·+(mr − 1)pr < m, Theorem 2.16

gives
(
m
n

)
≡
(

mr

mr−1

)(
mr−1

mr−1

)
· · ·
(
m0

m0

)
(mod p) = mr < p. □

3. Seven little lemmas on Yau twisted algebras

In this section, we introduce some lemmas describing properties of Yau twisted

algebras in terms of properties of the underlying associative algebras. These results

will then be used in proving properties of the first hom-associative Weyl algebras in

the succeeding section. Throughout this section, R is an associative, commutative,

and unital ring.

Lemma 3.1. Let A be a unital, associative R-algebra with identity 1A, and let

α ∈ EndR(A) be injective. Then 1A is a unique weak left identity and a unique

weak right identity in Aα.

Proof. Let A be a unital, associative R-algebra with identity 1A, and assume that

α ∈ EndR(A) is injective. By Corollary 2.8, 1A is a weak identity in Aα. Assume el

is a weak left identity. Then α(el) = el ∗ 1A = α(1A), so el = 1A by the injectivity

of α. Similarly, if er is a weak right identity, then α(er) = 1A ∗ er = α(1A), so

er = 1A. □

Lemma 3.2. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A).

Then Dl(A) ⊆ Dl(A
α) and Dr(A) ⊆ Dl(A

α), with equality if α is injective.

Proof. We show the left case; the right case is similar. Let A be a non-unital,

associative R-algebra, and let α ∈ EndR(A), a ∈ Dl(A), and b ∈ Aα. Then

a ∗ b = α(a · b) = α(0) = 0, so a ∈ Dl(A
α), and hence Dl(A) ⊆ Dl(A

α).

Now, assume that α is injective, c ∈ Dl(A
α) and d ∈ A. Then 0 = c ∗ d =

α(c · d) ⇐⇒ c · d = 0, so c ∈ Dl(A), and hence Dl(A
α) ⊆ Dl(A). □

Lemma 3.3. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A).

Then C(A) ⊆ C(Aα), with equality if α is injective.
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Proof. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A), a ∈
C(A) and b ∈ Aα. Then [a, b]∗ = α([a, b]) = α(0) = 0, so a ∈ C(Aα), and hence

C(A) ⊆ C(Aα).

Now, assume that α is injective, c ∈ C(Aα) and d ∈ A. Then α([c, d]) = [c, d]∗ =

0 ⇐⇒ [c, d] = 0, so c ∈ C(A), and hence C(Aα) ⊆ C(A). □

Lemma 3.4. Let A be a non-unital, associative R-algebra, and let α, β ∈ EndR(A).

Then CEndR(A)(α, β) ⊆ HomR(A
α, Aβ), with equality if β is injective.

Proof. Let A be a non-unital, associative R-algebra, and let α, β ∈ EndR(A)

and f ∈ CEndR(A)(α, β). Denote by ∗α the multiplication in Aα, and by ∗β the

multiplication in Aβ . Then, for any a, b ∈ A, f(a ∗α b) = f(α(a · b)) = β(f(a · b)) =
β(f(a) ·f(b)) = f(a)∗β f(b). Since f is R-linear, multiplicative, and satisfies f ◦α =

β◦f by assumption, it follows that f ∈ HomR(A
α, Aβ), and hence CEndR(A)(α, β) ⊆

HomR(A
α, Aβ).

Now, assume that β is injective and g ∈ HomR(A
α, Aβ). Then, for any c, d ∈ A,

g(c ∗α d) = g(α(c · d)) = β(g(c · d)). On the other hand, g(c ∗α d) = g(c) ∗β g(d) =

β(g(c) · g(d)), so by the injectivity of β, g(c · d) = g(c) · g(d). By assumption, g

is R-linear and g ◦ α = β ◦ g, so g ∈ CEndR(A)(α, β), and hence HomR(A
α, Aβ) ⊆

CEndR(A)(α, β). □

By setting α = β in Lemma 3.4, we have the following lemma:

Lemma 3.5. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A).

Then CEndR(A)(α) ⊆ EndR(A
α), with equality if α is injective.

Lemma 3.6. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A).

Then CDerR(A)(α) ⊆ DerR(A
α).

Proof. Let A be a non-unital, associative R-algebra, and let α ∈ EndR(A), δ ∈
CDerR(A)(α), and a, b ∈ Aα. Then δ(a ∗ b) = δ(α(a · b)) = α(δ(a · b)) = α(δ(a) · b+
a · δ(b)) = α(δ(a) · b) + α(a · δ(b)) = δ(a) ∗ b+ a ∗ δ(b), so δ ∈ DerR(A

α). □

Lemma 3.7. Let A be a unital, associative R-algebra with identity 1A, and let

α ∈ EndR(A) be injective. Then DerR(A
α) = CDerR(A)(α) if and only if δ(1A) = 0

for any δ ∈ DerR(A
α).

Proof. Let A be a unital, associative R-algebra with identity 1A, and let α ∈
EndR(A) be injective and δ ∈ DerR(A

α). From Lemma 3.6, CDerR(A)(α) ⊆ DerR(A
α).

Assume DerR(A
α) ⊆ CDerR(A)(α). Then, δ(1A) = δ(1A · 1A) = δ(1A) · 1A + δ(1A) ·

1A = 2δ(1A) ⇐⇒ δ(1A) = 0.
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Now, assume instead that δ(1A) = 0. Then, for any a ∈ A, δ(α(a)) = δ(1A ∗
a) = δ(1A) ∗ a + 1A ∗ δ(a) = 1A ∗ δ(a) = α(δ(a)). Hence, for any b, c ∈ A,

α(δ(b ·c)) = δ(α(b ·c)) = δ(b∗c) = δ(b)∗c+b∗δ(c) = α(δ(b) ·c+b ·δ(c), and since α

is injective, δ(b · c) = δ(b) · c+ b · δ(c). We can thus conclude that δ ∈ CDerR(A)(α),

so that DerR(A
α) ⊆ CDerR(A)(α). □

4. Morphisms, derivations, commutation and association relations

In this section, we first single out the possible endomorphisms that may twist the

associativity condition of A1, and then use these endomorphisms to define the first

hom-associative Weyl algebras as Yau twists of A1. With the help of the results

from the previous section, we then determine some basic properties of these Yau

twisted Weyl algebras.

Lemma 4.1. Let α be a nonzero endomorphism on K[y]. Then α commutes with

d/dy if and only if α(y) = k0 + y + kpy
p + k2py

2p + · · · , where only finitely many

k0, kp, k2p, . . . ∈ K are nonzero.

Proof. Let α be a nonzero endomorphism on K[y]. As K[y] contains no zero

divisors, α is unital (see Subsection 2.4). Now, assume α(y) = k0 + k1y + k2y
2 +

· · · , where only finitely many k0, k1, k2, . . . ∈ K are nonzero, and put δ := d/dy.

Then α(δ(y)) = α(1K[y]) = 1K[y], and δ(α(y)) = k1 + 2k2y + 3k3y
2 + · · · . Hence

α(δ(y)) = δ(α(y)) if and only if α(y) = k0 + y + kpy
p + k2py

2p + · · · . We claim

that this is also a sufficient condition for α to commute with δ on K[y]. Now,

as α and δ are both linear, we only need to verify that α(δ(ym)) = δ(α(ym)) for

all m ∈ N. We prove this by induction over m. The case m = 0 holds since

δ
(
α
(
1K[y]

))
= δ

(
1K[y]

)
= 0 and α

(
δ
(
1K[y]

))
= α(0) = 0, and the case m = 1

was proven above. Continuing, assume that α(δ(ym)) = δ(α(ym)) for some m ∈
N. Then, δ

(
α(ym+1)

)
= δ (α(ym) · α(y)) = δ(α(ym)) · α(y) + α(ym) · δ(α(y)) =

α(δ(ym)) · α(y) + α(ym) · α(δ(y)) = α(δ(ym) · y + ym · δ(y)) = α(δ(ym+1)). □

By applying Lemma 4.1 together with Proposition 2.12 (and Remark 2.13) to

A1, we may now define some (weakly unital) hom-associative Ore extensions.

Definition 4.2 (The hom-associative Weyl algebras). Let k0, kp, k2p, . . . ∈ K where

only finitely many of the elements are nonzero, and put k := (k0, kp, k2p, . . .).

Name the map in Lemma 4.1 αk, emphasizing its dependence on k. The hom-

associative Weyl algebras are the weakly unital, hom-associative Ore extensions

Aαk
1 := (A1, ∗, αk).

For convenience, instead of Aαk
1 , we shall write Ak

1 .
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Remark 4.3. The associative Weyl algebra A1 is the hom-associative Weyl algebra

A0
1. Note that as vector spaces over K, all the Ak

1 are the same.

We denote by deg(q) the total degree of a polynomial q ∈ A1, and set deg(0) =

−∞.

Lemma 4.4. αk is injective.

Proof. Let q ∈ A1 be arbitrary. Then q =
∑

i∈N qi(y)x
i for some qi(y) ∈ K[y],

so αk(q) =
∑

i∈N qi(αk(y))x
i. Assume that αk(q) = 0. Then −∞ = deg(αk(q)) =

deg(αk(y)) deg(q), and since deg(αk(y)) > 0, we must have deg(q) = −∞. Hence

q = 0, so αk is injective. □

Lemma 4.5. αk is surjective if and only if k = (k0, 0, 0, 0, . . .).

Proof. Assume that αk is surjective. Then y = αk(q) for some q =
∑

i∈N qi(y)x
i

where qi(y) ∈ K[y]. As 1 = deg(y) = deg(αk(q)) = deg(αk(y)) deg(q), we must

have deg(αk(y)) = 1. Hence αk(y) = k0 + y, so that k = (k0, 0, 0, 0, . . .).

Now, assume that k = (k0, 0, 0, 0, . . .). Then αk is the endomorphism on A1

defined by αk(x) = x and αk(y) = k0+y. By Theorem 2.14, αk is then a triangular

automorphism, and hence surjective. □

Proposition 4.6. K embeds as a subfield into Ak
1 .

Proof. The proof is identical to that in [4] when K has characteristic zero. Nev-

ertheless, we provide it here for the convenience of the reader. K embeds into the

associative Weyl algebra A1 := K[y][x; idK[y],d/dy] by the isomorphism f : K →
K ′ := {ay0x0 : a ∈ K} ⊆ A1 defined by f(a) = ay0x0 for any a ∈ K. One readily

verifies that the same map embeds K into Ak
1 , i.e. it is also an isomorphism of the

hom-associative algebra K, the twisting map being idK , and the hom-associative

subalgebra K ′ ⊆ Ak
1 . □

We define the operators ∂
∂x and ∂

∂y in the obvious way on K[x] and K[y],

respectively, and then extend to elements q =
∑

i∈N qix
i, qi ∈ K[y] by ∂

∂xq =∑
i∈N iqi(y)x

i−1 and ∂
∂y q =

∑
i∈N

(
∂
∂y qi

)
xi. Here, we set 0x−1 := 0 and 0y−1 := 0.

Lemma 4.7. For any polynomial q(x, y) ∈ Ak
1 ,

[x, q(x, y)]∗ =
∂

∂y
q
(
x, k0 + y + kpy

p + k2py
2p + · · ·

)
,

[q(x, y), y]∗ =
∂

∂x
q
(
x, k0 + y + kpy

p + k2py
2p + · · ·

)
.
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Proof. The proof is quite similar to the case when K has characteristic zero (see

Corollary 2 in [4]). In A1, [x, y
mxn] = x ·ymxn−ymxn ·x =

∑
i∈N
(
1
i

)
∂1−iym

∂y1−i xn+i−
ymxn+1 = mym−1xn for any m,n ∈ N, where we define 0y−1 to be zero. Now,

[x, ymxn]∗ = αk ([x, y
mxn]) = αk

(
mym−1xn

)
= m(k0 + y + kpy

p + k2py
2p +

· · · )m−1xn, and so by using that [·, ·]∗ is linear in the second argument, [x, q(x, y)]∗ =
∂
∂y q

(
x, k0 + y + kpy

p + k2py
2p + · · ·

)
. Similarly, [ymxn, y] = ymxn · y− y · ymxn =∑

i∈N
(
n
i

)
∂n−iy
∂yn−ix

i − ym+1xn = nymxn−1 for any m,n ∈ N with 0x−1 defined

to be zero. Hence [ymxn, y]∗ = αk ([y
mxn, y]) = αk

(
nymxn−1

)
= n(k0 + y +

kpy
p + k2py

2p + · · · )mxn−1. Using the linearity of [·, ·]∗ in the first argument,

[q(x, y), y]∗ = ∂
∂xq

(
x, k0 + y + kpy

p + k2py
2p + · · ·

)
. □

Lemma 4.8. 1A1
is a unique weak left identity and a unique weak right identity

in Ak
1 .

Proof. Since αk is injective, this follows from Lemma 3.1. □

Corollary 4.9. There are no zero divisors in Ak
1 .

Proof. Since αk is injective and since there are no zero divisors inA1, by Lemma 3.2

there are no zero divisors in Ak
1 . □

Corollary 4.10. C(Ak
1) = K[xp, yp].

Proof. We know that C(A1) = K[xp, yp]. Since αk is injective, C(Ak
1) = C(A1)

by Lemma 3.3. □

In characteristic zero, Ak
1 is simple (cf. Proposition 5.14 in [5]). The next

proposition demonstrates that in prime characteristic, this is not the case.

Proposition 4.11. Ak
1 is not simple.

Proof. By Corollary 4.10, xp ∈ C(Ak
1), so the left ideal I of Ak

1 generated by xp

is also a right ideal. If i ∈ I is nonzero, then i = q ∗ xp = αk(q · xp) = αk(q) · xp

for some nonzero q, so deg(i) = deg(αk(q)) + p ≥ p. Hence I does not contain all

elements of Ak
1 , and since I is nonzero, Ak

1 is not simple. □

Lemma 4.12. For any q, r, s ∈ Ak
1 , (q, r, s)∗ = 0 ⇐⇒ q · αk(r · s) = αk(q · r) · s.

Proof. (q, r, s)∗ = q ∗ (r ∗ s)− (q ∗ r) ∗ s = αk(q · αk(r · s))− αk(αk(q · r) · s) =
αk(q · αk(r · s)− αk(q · r) · s). Since αk is injective, the lemma follows. □

Proposition 4.13. Ak
1 is power associative if and only if k = 0.
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Proof. If k = 0, then Ak
1 is associative, and hence also power associative. To show

the converse, we note that it follows from Lemma 4.12 that (yx, yx, yx)∗ = 0 if and

only if yx · αk((yx) · (yx)) = αk((yx) · (yx)) · yx. But

yx · αk((yx) · (yx)) = αk((yx) · (yx)) · yx

⇐⇒ yx · αk(y
2x2 + yx) = αk(y

2x2 + yx) · yx

⇐⇒ yx · (αk(y)
2 · x2 + αk(y) · x) = (αk(y)

2 · x2 + αk(y) · x) · yx

⇐⇒ y · αk(y)
2 · x3 + 2y · αk(y) · x2 + y · αk(y) · x2 + yx

= y · αk(y)
2 · x3 + 2αk(y)

2 · x2 + y · αk(y) · x2 + αk(y) · x

⇐⇒ 2y · αk(y) · x2 + yx = 2αk(y)
2 · x2 + αk(y) · x.

The last equality clearly holds only if k = 0. □

From the above result, we can also conclude that Ak
1 is left alternative, right

alternative, flexible, and associative if and only if k = 0 (cf. Subsection 2.1).

Proposition 4.14. Nl(A
k
1) = Nm(Ak

1) = Nr(A
k
1) = {0} if and only if k ̸= 0.

Proof. If k = 0, then Ak
1 is associative, so Nl(A

k
1) = Nm(Ak

1) = Nr(A
k
1) = Ak

1 .

Now, assume k ̸= 0. Let r =
∑

i∈N rix
i be some element in Nr(A

k
1) where ri ∈ K[y].

Then, (1A1
, 1A1

, r)∗ = 0. By Lemma 4.12, this is equivalent to αk(r) = r ⇐⇒
αk(ri) = ri for all i ∈ N, so ri ∈ K. We also have (y, 1A1

, r) = 0, which is

equivalent to y · αk(r) = αk(y) · r. We first rewrite the right-hand side of the

preceding equation: αk(y) · r =
∑

i∈N riαk(y)x
i. Then we rewrite the left-hand

side: y · αk(r) = y · r =
∑

i∈N riyx
i. Hence, for all i ∈ N, it must be true that

ri · αk(y) = riy. Since k ̸= 0 implies αk(y) ̸= y, we have ri = 0 for all i ∈ N. In

other words, r = 0, so Nr(A
k
1) ⊆ {0}. Since {0} ⊆ Nr(A

k
1), we have Nr(A

k
1) = {0}.

Assume k ̸= 0 and let s =
∑

i∈N six
i be some element in Nm(Ak

1) where si ∈
K[y]. Then, (y, s, 1A1

)∗ = 0. By Lemma 4.12, this is equivalent to y · αk(s) =

αk(y) ·αk(s). This can be rewritten as y ·αk(si) = αk(y) ·αk(si) ⇐⇒ (y−αk(y)) ·
αk(si) = 0 for all i ∈ N. Again, k ̸= 0 implies αk(y) ̸= y, and by Corollary 4.9,

there are no zero divisors in Ak
1 . Hence αk(si) = 0 for all i ∈ N. By Lemma 4.4,

αk is injective, and so si = 0 for all i ∈ N, and Nm(Ak
1) = {0}.

By similar calculations, Nl(A
k
1) = {0}. □

Corollary 4.15. N(Ak
1) = {0} if and only if k ̸= 0.

Corollary 4.16. Z(Ak
1) = {0} if and only if k ̸= 0.
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Lemma 4.17. The following statements are equivalent:

(i) δ ∈ DerK(Ak
1).

(ii) δ ∈ CDerK(A1)(αk).

(iii) δ ∈ DerK(A1) satisfying αk(δ(x)) = δ(x) and αk(δ(y)) = δ(y) + kpδ(y
p) +

k2pδ(y
2p) + · · · .

(iv) δ = uEx + vEy + adq, where Ex, Ey ∈ DerK(A1) are defined by Ex(x) =

yp−1, Ex(y) = Ey(x) = 0, Ey(y) = xp−1, and u, v ∈ K[xp, yp] and q ∈ A1

satisfy αk(u) = u, αk(v) = v, ∂
∂x (αk(q)− q) = v · d

d(yp) (y − αk(y)), and
∂
∂y (αk(q)− q) = u · (αk(y)

p−1 − yp−1).

Proof. (i) ⇐⇒ (ii) We wish to show that DerK(Ak
1) = CDerK(A1)(αk). Since αk is

injective, this holds if and only if δ(1A1
) = 0 for all δ ∈ DerK(Ak

1) by Lemma 3.7.

Now, we have that δ(1A1) = δ(αk(1A1)) = δ(1A1∗1A1) = δ(1A1)∗1A1+1A1∗δ(1A1) =

2αk(δ(1A1
). Hence, if p = 2, then δ(1A1

) = 0. Therefore, assume p ̸= 2 and

put δ(1A1) =
∑

i∈N
∑

j∈N dijy
ixj for dij ∈ K. The previous equation then reads∑

i∈N
∑

j∈N dijy
ixj =

∑
i∈N
∑

j∈N 2dijαk(y)
ixj , so

∑
i∈N dijy

i =
∑

i∈N 2dijαk(y)
i

for all j ∈ N. Now, αk(y) = k0 + y + kpy
p + k2py

2p + · · · , so by comparing the

degrees of the two sums, kp = k2p = k3p = . . . = 0 unless all dij are zero. If kp =

k2p = k3p = . . . = 0 we are left with the equation
∑

i∈N dijy
i =

∑
i∈N 2dij(k0 + y)i,

which has no solution unless dij = 0 for all i, j ∈ N. So δ(1A1) = 0, and therefore

DerK(Ak
1) = CDerK(A1)(αk).

(ii) ⇐⇒ (iii) Since both αk and δ are linear, (ii) is equivalent to αk(δ(y
mxn)) =

δ(αk(y
mxn)) for m,n ∈ N. Now, we claim that this in turn is equivalent to

αk(δ(x)) = δ(αk(x)) and αk(δ(y)) = δ(αk(y)). Clearly the former condition im-

plies the latter condition. We wish to show, by induction over m and n, that

also the latter condition implies the former condition. To this end, assume that

αk(δ(x)) = δ(αk(x)) and αk(δ(y)) = δ(αk(y)). First, αk(δ(1A1
)) = αk(0) = 0 and

δ(αk(1A1)) = δ(1A1) = 0, so the base case m = n = 0 holds. Now, let n be fixed,

and assume that the induction hypothesis holds. Then,

αk(δ(y
m+1xn)) = αk(δ(y) · ymxn + y · δ(ymxn))

= αk(δ(y)) · αk(y
mxn) + αk(y) · αk(δ(y

mxn))

= δ(αk(y)) · αk(y
mxn) + αk(y) · δ(αk(y

mxn))

= δ(αk(y) · αk(y
mxn)) = δ(αk(y

m+1xn)).

Similarly, αk(δ(y
mxn+1)) = δ(αk(y

mxn+1)) whenever m is fixed. By using that

δ(αk(x)) = δ(x) and δ(αk(y)) = k0δ(1A1
) + δ(y) + kpδ(y

p) + k2pδ(y
2p) + · · · =

δ(y) + kpδ(y
p) + k2pδ(y

2p) + · · · , the end result follows.
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(iii) =⇒ (iv) Let δ ∈ DerK(A1), and assume αk(δ(x)) = δ(x) and αk(δ(y)) =

δ(y) + kpδ(y
p) + k2pδ(y

2p) + · · · . By the proof of the preceding equivalence, we

then have δ ∈ CDerK(A1)(αk), so αk(δ(x
p)) = δ(αk(x

p)) and αk(δ(y
p)) = δ(αk(y

p)).

Moreover, by Theorem 2.15, δ ∈ DerK(A1) =⇒ δ = uEx + vEy + adq, where

Ex, Ey ∈ DerK(A1) are defined by Ex(x) = yp−1, Ex(y) = Ey(x) = 0, Ey(y) =

xp−1, and u, v ∈ K[xp, yp] and q ∈ A1. By Lemma 3.6 in [1], Ex = − d
d(xp) on K[xp]

and Ey = − d
d(yp) on K[yp], so by using that xp, yp ∈ K[xp, yp] = C(A1), we have

αk(δ(x
p)) = αk(−u), δ(αk(x

p)) = −u, αk(δ(y
p)) = αk(−v), and δ(αk(v)) = δ(−v).

Hence we must have αk(u) = u and αk(v) = v. Now, put q =
∑

i∈N
∑

j∈N qijy
ixj for

some qij ∈ K. Then αk

(
∂q
∂y

)
=
∑

i∈N
∑

j∈N qijiαk(y)
i−1xj =

∑
i∈N
∑

j∈N qiji(k0+

y+kpy
p+k2py

2p+· · · )i−1xj = ∂αk(q)
∂y and αk

(
∂q
∂x

)
=
∑

i∈N
∑

j∈N qijjαk(y)
ixj−1 =

∂αk(q)
∂x . Using this and Lemma 4.7, αk(δ(x)) = αk(u · yp−1+[q, x]) = u ·αk(y)

p−1−
αk

(
∂q
∂y

)
= u·αk(y)

p−1− ∂αk(q)
∂y , while δ(x) = u·yp−1− ∂q

∂y . We also have αk(δ(y)) =

αk(v·xp−1+[q, y]) = v·xp−1+αk

(
∂q
∂x

)
= v·xp−1+ ∂αk(q)

∂x , and since yp, y2p, y3p, . . . ∈
K[yp] ⊂ C(A1), we have δ(y) + kpδ(y

p) + k2pδ(y
2p) + · · · = δ(αk(y)) = v · xp−1 −

v · (kp +2k2py
p +3k3py

2p + · · · ) + ∂q
∂x = v · xp−1 − v · d

d(yp) (αk(y)− y) + ∂q
∂x . Hence,

we can conclude that ∂
∂x (αk(q)− q) = v · d

d(yp) (y − αk(y)) and ∂
∂y (αk(q)− q) =

u · (αk(y)
p−1 − yp−1).

(iv) =⇒ (iii) Assume that (iv) holds. Then, by Theorem 2.15, δ ∈ DerK(A1).

Moreover, by the very same calculation as in the proof of the preceding implication,

αk(δ(x)) = δ(x) and αk(δ(y)) = δ(y) + kpδ(y
p) + k2pδ(y

2p) + · · · . □

When k = 0, all the derivations of Ak
1 are described in Theorem 2.15. The next

two propositions deal with the case when k ̸= 0.

Proposition 4.18. If k = (k0, 0, 0, 0, . . .) ̸= 0, then δ ∈ DerK(Ak
1) if and only

if δ = uEx + vEy + adq. Here Ex, Ey ∈ DerK(A1) are defined by Ex(x) =

yp−1, Ex(y) = Ey(x) = 0, Ey(y) = xp−1, u =
∑

i∈N
∑

j∈N uijy
ixj ∈ K[xp, yp],

v =
∑

i∈N
∑

j∈N vijy
ixj ∈ K[xp, yp], and q =

∑
i∈N
∑

j∈N qijy
ixj ∈ A1 for some

qij , uij , vij ∈ K, satisfying, for all j, l ∈ N and m ∈ N>0,∑
l+1≤i

(
i

l

)
vijk

i
0 =

∑
l+1≤i

(
i

l

)
uijk

i
0 =

∑
l+1≤i

(
i

l

)
jqijk

i
0 = 0,

∑
m+1≤i

(
i

m

)
mqijk

i
0 =

m−1∑
i=0

(
p− 1

m− i

)
uijk

i+p−1
0 .

Proof. Let k = (k0, 0, 0, 0, . . .) ̸= 0. By Lemma 4.17, δ ∈ DerK(Ak
1) ⇐⇒

δ = uEx + vEy + adq, where Ex, Ey ∈ DerK(A1) are defined by Ex(x) = yp−1,
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Ex(y) = Ey(x) = 0, Ey(y) = xp−1, and u, v ∈ K[xp, yp] and q ∈ A1 satisfy

αk(u) = u, αk(v) = v, ∂
∂x (αk(q)− q) = 0, and ∂

∂y (αk(q)− q) = u · ((k0 +

y)p−1 − yp−1). We wish to rewrite these last four conditions. To this end, let

u =
∑

i∈N
∑

j∈N uijy
ixj for some uij ∈ K. Then, by the binomial theorem,

αk(u) =
∑

i∈N
∑

j∈N uij(k0 + y)ixj =
∑

i∈N
∑

j∈N
∑i

l=0

(
i
l

)
uijk

i−l
0 ylxj . Hence,

we have that αk(u) = u ⇐⇒
∑

i∈N>0

∑
j∈N

∑i−1
l=0

(
i
l

)
uijk

i−l
0 ylxj = 0 ⇐⇒∑

i∈N>0

∑i−1
l=0

(
i
l

)
uijk

i−l
0 yl = 0 for all j ∈ N ⇐⇒

∑
l∈N
∑

l+1≤i

(
i
l

)
uijk

i−l
0 yl = 0

for all j ∈ N ⇐⇒
∑

l+1≤i

(
i
l

)
uijk

i
0 = 0 for all j, l ∈ N. Similarly, if v =∑

i∈N
∑

j∈N vijy
ixj for some vij ∈ K, then αk(v) = v ⇐⇒

∑
l+1≤i

(
i
l

)
vijk

i
0 = 0

for all j, l ∈ N. Now, put q =
∑

i∈N
∑

j∈N qijy
ixj for some qij ∈ K. Then,

αk(q)−q =
∑

i∈N>0

∑
j∈N

∑i−1
l=0

(
i
l

)
qijk

i−l
0 ylxj , so by defining 0x−1 := 0, ∂

∂x (αk(q)−
q) = 0 ⇐⇒

∑
i∈N>0

∑
j∈N

∑i−1
l=0

(
i
l

)
jqijk

i−l
0 ylxj−1 = 0 ⇐⇒

∑
l+1≤i

(
i
l

)
jqijk

i
0 = 0

for all j, l ∈ N. We have that ∂
∂y (αk(q)−q) =

∑
i∈N>0

∑
j∈N

∑i−1
l=1

(
i
l

)
lqijk

i−l
0 yl−1xj ,

and since (k0 + y)p−1 =
∑p−1

n=0

(
p−1
n

)
kp−1−n
0 yn, we get u · ((k0 + y)p−1 − yp−1) =

u ·
∑p−2

n=0

(
p−1
n

)
kp−1−n
0 yn. Using that u ∈ K[xp, yp] = C(A1), we can rewrite the

last condition as∑
i∈N>0

∑
j∈N

i−1∑
l=1

(
i

l

)
lqijk

i−l
0 yl−1xj =

∑
i∈N

∑
j∈N

p−2∑
n=0

(
p− 1

n

)
uijk

p−1−n
0 yi+nxj .

Continuing, this is in turn equivalent to

∑
i∈N>0

i−1∑
l=1

(
i

l

)
lqijk

i−l
0 yl−1 =

∑
i∈N

p−2∑
n=0

(
p− 1

n

)
uijk

p−1−n
0 yi+n

for all j ∈ N. Now, put m := i+ n+ 1 in the latter double sum, so that the above

equality reads
∑

i∈N>0

∑i−1
l=1

(
i
l

)
lqijk

i−l
0 yl−1 =

∑
i∈N
∑i+p−1

m=i+1

(
p−1
m−i

)
uijk

i+p−m−1
0 ym−1

for all j ∈ N. Last, we define
(
a
b

)
:= 0 whenever a < b, and then change the order

of summation in both double sums, resulting in

∑
l∈N>0

∑
l+1≤i

(
i

l

)
lqijk

i−l
0 yl−1 =

∑
m∈N>0

m−1∑
i=0

(
p− 1

m− i

)
uijk

i+p−m−1
0 ym−1

for all j ∈ N. By comparing coefficients,
∑

m+1≤i

(
i
m

)
mqijk

i
0 =

∑m−1
i=0

(
p−1
m−i

)
uijk

i+p−1
0

for all j ∈ N and m ∈ N>0. □

Proposition 4.19. If k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .) for some M ∈ N>0

where kMp ̸= 0, then δ ∈ DerK(Ak
1) if and only if

δ =

vEy + adq if k = (k0, 0, . . . , 0, kp2 , 0, . . . , 0, k2p2 , 0, . . .),

adq else.
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Here, Ey ∈ DerK(A1) is defined by Ey(x) = 0, Ey(y) = xp−1, v ∈ K[xp] and

q = ayx+
∑

i≡0 (mod p) biy
ix+ ciyx

i for some a, bi, ci ∈ K.

Proof. Let k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .) for some M ∈ N>0 where kMp ̸= 0.

By Lemma 4.17, δ ∈ DerK(Ak
1) ⇐⇒ δ = uEx + vEy + adq, where Ex, Ey ∈

DerK(A1) are defined by Ex(x) = yp−1, Ex(y) = Ey(x) = 0, Ey(y) = xp−1,

and u, v ∈ K[xp, yp] and q ∈ A1 satisfy αk(u) = u, αk(v) = v, ∂
∂x (αk(q)− q) =

−v · (kp +2k2py
p +3k3py

3p + · · ·+MkMpy
(M−1)p), and ∂

∂y (αk(q)− q) = u · ((k0 +
y + kpy

p + k2py
2p + · · · + kMpy

Mp)p−1 − yp−1). We wish to rewrite these last

four conditions. Since kMp ̸= 0 where M ∈ N>0, αk(u) = u ⇐⇒ u ∈ K[xp]

and αk(v) = v ⇐⇒ v ∈ K[xp]. Continuing, we put q =
∑

i,j∈N qijy
ixj for

some qij ∈ K and examine the last condition. Since u ∈ K[xp] ⊂ C(A1), by

comparing the coefficients for yp−1, we see that u = 0, which in turn gives q =∑
i≡0 (mod p)

∑
j∈N(q1jy + qijy

i)xj . Now, αk and ∂
∂x commute (see the second last

part of the proof of Lemma 4.17), so the third condition can be written as αk

(
∂q
∂x

)
=

∂q
∂x−v·

(
kp + 2k2py

p + 3k3py
2p + · · ·+MkMpy

(M−1)p
)
. Assume kp = 2k2p = 3k3p =

. . . = MkMp = 0, which is equivalent to k = (k0, 0, . . . , 0, kp2 , 0, . . . , 0, k2p2 , 0, . . .),

or that v = 0. The previous equality then reads αk

(
∂q
∂x

)
= ∂q

∂x , which is equivalent

to ∂q
∂x ∈ K[x], so q =

∑
i,j≡0 (mod p)(q11y+ qi1y

i)x+ (q1jy+ qijy
i)xj . Now, assume

instead that v ̸= 0 and that not all of kp, 2k2p, 3k3p, . . . ,MkMp are zero. Let L be

such that LkLp = 0 and ℓkℓp = 0 for ℓ > L. Then, with qij possibly nonzero only

if i = 1 or i ≡ 0 (mod p),

αk

(
∂q

∂x

)
=

∂q

∂x
− v ·

(
kp + 2k2py

p + 3k3py
2p + · · ·+MkMpy

(M−1)p
)

⇐⇒
∑
i,j∈N

jqijαk(y)
ixj−1

= −v ·
(
kp + 2k2py

p + 3k3py
2p + · · ·+ LkLpy

(L−1)p
)
+
∑
i,j∈N

jqijy
ixj−1

⇐⇒
∑
i,j∈N

jqij
(
k0 + y + kpy

p + k2py
2p + · · ·+ kMpy

Mp
)i
xj−1

= −v ·
(
kp + 2k2py

p + 3k3py
2p + · · ·+ LkLpy

(L−1)p
)
+
∑
i,j∈N

jqijy
ixj−1

By comparing the degrees of the left-hand side and the right-hand side, we realize

that the above equation has no solution. Hence, if we put a := q11, bi := qi1, cj :=

q1j and note that qijy
ixj ∈ C(A1) for i, j ≡ 0 (mod p), the result follows. □
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Lemma 4.20. The following statements are equivalent:

(i) f ∈ HomK(Ak
1 , A

l
1) and f ̸= 0.

(ii) f ∈ CEndK(A1)(αk, αl) and f ̸= 0.

(iii) f ∈ EndK(A1) satisfying f(x) = αl(f(x)) and k0 + f(y) + kpf(y)
p +

k2pf(y)
2p + · · · = αl(f(y)).

Proof. (i) ⇐⇒ (ii) By Lemma 4.4, αl is injective, and so the statement follows

from Lemma 3.4.

(ii) ⇐⇒ (iii) Using that αk(x) = x, αk(y) = k0 + y + kpy
p + k2py

2p + · · · , and
f(1A1) = 1A1 (see Subsection 2.4), it is immediate that (ii) implies (iii). We wish

to show that also (iii) implies (ii). To this end, assume that (iii) holds, i.e. that

f(αk(x)) = αl(f(x)) and f(αk(y)) = αl(f(y)). Now, since αk, αl, and f are linear,

it is sufficient to show that f(αk(y
mxn)) = αl(f(y

mxn)) for any m,n ∈ N. Since

f(αk(1A1
)) = f(1A1

) = 1A1
and αl(f(1A1

)) = αl(1A1
) = 1A1

, we have that

f(αk(y
mxn)) = f(αk(y)

m · αk(x)
n) = f(αk(y))

m · f(αk(x))
n

= αl(f(y))
m · αl(f(x))

n = αl(f(y)
m) · αl(f(x)

n) = αl(f(y
m)) · αl(f(x

n))

= αl(f(y
m) · f(xn)) = αl(f(y

mxn)).

□

Proposition 4.21. Every nonzero endomorphism on Ak
1 is injective.

Proof. With k = l in Lemma 4.20, every endomorphism on Ak
1 is an endomorphism

onA1, and by Lemma 17 in [22], every nonzero endomorphism onA1 is injective. □

In characteristic zero, if k ̸= 0, then every nonzero endomorphism on Ak
1 is an

automorphism (cf. Corollary 5 in [4]). If k = 0, then any nonzero endomorphism

is injective since A1 is simple. In [7], Dixmier asked if all nonzero endomorphisms

on A1 are also surjective? The question still remains unanswered, and the state-

ment that all nonzero endomorphisms are surjective is now known as the Dixmier

conjecture. Tsuchimoto [21] and Kanel-Belov and Kontsevich [11] have proved, in-

dependently, that the Dixmier conjecture is stably equivalent to the more famous

Jacobian conjecture. In prime characteristic, it is known that not every nonzero

endomorphism on A1 is surjective, however. The next proposition demonstrates

that this fact generalizes to Ak
1 for arbitrary k.

Proposition 4.22. Not every nonzero endomorphism on Ak
1 is surjective.

Proof. Since A1 is a free algebra on the letters x and y modulo the commutation

relation x · y − y · x = 1A1 , we may define an endomorphism on A1 by defining it
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arbitrary on x and y and then extending it linearly and multiplicatively, as long

as it respects the above commutation relation. Since xp ∈ C(A1), f defined by

f(x) = x + xp and f(y) = y satisfies f(x · y − y · x) = f(1A1
) and hence defines

an endomorphism on A1. However, f is not surjective. Assume the contrary, and

let x = f(q) for some q =
∑

i∈N qi(y)x
i, where qi(y) ∈ K[y]. Then 1 = deg(x) =

deg(f(q)) = deg(q) deg(f(x)) = deg(q)p, which is a contradiction. We claim that

f ∈ EndK(Ak
1). We have that f(x) = αk(f(x)) and k0+f(y)+kpf(y)

p+k2pf(y)
2p+

· · · = αk(f(y)), so with k = l in Lemma 4.20, f ∈ EndK(Ak
1). □

It is clear, for instance from Proposition 4.13, that Ak
1 is associative if and only

if k = 0, and hence A0
1
∼= Al

1 if and only if l = 0. The next two propositions deal

with the case when k ̸= 0.

Proposition 4.23. If k = (k0, 0, 0, 0, . . .) ̸= 0, then Ak
1
∼= Al

1 if and only if l =

(l0, 0, 0, 0, . . .) ̸= 0.

Proof. Let k = (k0, 0, 0, 0, . . .) ̸= 0 and assume Ak
1
∼= Al

1. Since Ak
1 is not as-

sociative, Al
1 cannot be associative, so l ̸= 0. Put l = (l0, lp, l2p, . . . , lNp, 0, 0, 0)

for some N ∈ N, where lNp ̸= 0. We now wish to show that there is no nonzero

homomorphism, let alone isomorphism, from Ak
1 to Al

1 unless N = 0. To this end,

assume f : Ak
1 → Al

1 is a nonzero homomorphism. By Lemma 4.20, we must have

k0 + f(y) = αl(f(y)). Now, put f(y) =
∑m

i=0

∑n
j=0 aijy

ixj for some m,n ∈ N
and aij ∈ K. Then, αl(f(y)) =

∑m
i=0

∑n
j=0 aij(l0 + y + lpy

p + l2py
2p + · · · +

lNpy
Np)ixj . Hence k0 + f(y) = αl(f(y)) if and only if k0 +

∑m
i=0

∑n
j=0 aijy

ixj =∑m
i=0

∑n
j=0 aij(l0 + y + lpy

p + l2py
2p + · · · + lNpy

Np)ixj . We note that if m = 0,

then k0 +
∑n

j=0 a0jx
j =

∑n
j=0 a0jx

j ⇐⇒ k0 = 0, which is a contradiction. Hence

m ̸= 0, so by comparing degrees in y, we must have N = 0.

Now, assume that k = (k0, 0, 0, 0, . . .) ̸= 0 and l = (l0, 0, 0, 0, . . .) ̸= 0. Define

a homomorphism g on A1 by g(x) := l0
k0
x and g(y) := k0

l0
y. By Theorem 2.14,

g is then not only a homomorphism, but also a linear automorphism. Moreover,

g(x) = αl(g(x)) and k0 + g(y) = αl(g(y)), so by Lemma 4.20, g : Ak
1 → Al

1 is an

isomorphism. □

Proposition 4.24. Let k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .) for some M ∈ N>0

where kMp ̸= 0 and let l = (l0, lp, l2p, . . . , lNp, 0, 0, 0, . . .) for some N ∈ N>0 where

lNp ̸= 0. Then a map f : Ak
1 → Al

1 is an isomorphism if and only if M = N ,

f ∈ AutK(A1) of the form f(x) = b0 + a−1
1 x and f(y) = a0 + a1y for a0, b0 ∈ K,
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a1 ∈ K×, satisfying

M∑
i=j

(
i

j

)
kipa

(i−j)p
0 ajp−1

1 = ljp, 0 ≤ j ≤ M. (4)

Proof. Let k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .), l = (l0, lp, l2p, . . . , lNp, 0, 0, 0, . . .)

for some M,N ∈ N>0 where kMp, lNp ̸= 0, and assume that f : Ak
1 → Al

1 is a map.

By Lemma 4.20, f is a nonzero homomorphism if and only if f is an endomorphism

on A1 satisfying f(x) = αl(f(x)) and k0 + f(y) + kpf(y)
p + k2pf(y)

2p + · · · +
kMpf(y)

Mp = αl(f(y)). Since lNp ̸= 0 where N ∈ N>0, from the definition of αl,

f(x) = αl(f(x)) ⇐⇒ f(x) ∈ K[x]. Let us put f(y) =
∑m

i=0

∑n
j=0 aijy

ixj for some

m,n ∈ N and aij ∈ K where amn ̸= 0. Then,

k0 + f(y) + kpf(y)
p + k2pf(y)

2p + · · ·+ kMpf(y)
Mp

= k0 +

m∑
i=0

n∑
j=0

aijy
ixj + kp

 m∑
i=0

n∑
j=0

aijy
ixj

p

+ k2p

 m∑
i=0

n∑
j=0

aijy
ixj

2p

+ · · ·+ kMp

 m∑
i=0

n∑
j=0

aijy
ixj

Mp

,

αl(f(y)) =

m∑
i=0

n∑
j=0

aijαl(y)
ixj

=

m∑
i=0

n∑
j=0

aij(l0 + y + lpy
p + l2py

2p + · · ·+ lNpy
Np)ixj

=

m∑
i=0

n∑
j=0

i∑
ℓ=0

(
i

ℓ

)
aij(l0 + lpy

p + l2py
2p + · · ·+ lNpy

Np)i−ℓyℓxj .

Hence k0 + f(y) + kpf(y)
p + k2pf(y)

2p + · · ·+ kMpf(y)
Mp = αl(f(y)) if and only if

k0 + kp

 m∑
i=0

n∑
j=0

aijy
ixj

p

+ k2p

 m∑
i=0

n∑
j=0

aijy
ixj

2p

+ · · ·+ kMp

 m∑
i=0

n∑
j=0

aijy
ixj

Mp

=

m∑
i=1

n∑
j=0

i−1∑
ℓ=0

(
i

ℓ

)
aij(l0 + lpy

p + l2py
2p + · · ·+ lNpy

Np)i−ℓyℓxj .
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By comparing degrees in y, we realize that M = N , which in turn gives n = 0, so

k0 + kp

(
m∑
i=0

ai0y
i

)p

+ k2p

(
m∑
i=0

ai0y
i

)2p

+ · · ·+ kMp

(
m∑
i=0

ai0y
i

)Mp

=

m∑
i=1

i−1∑
ℓ=0

(
i

ℓ

)
ai0(l0 + lpy

p + l2py
2p + · · ·+ lMpy

Mp)i−ℓyℓ. (5)

Hence f : Ak
1 → Al

1 is a nonzero homomorphism if and only if M = N , f ∈
EndK(A1) satisfying f(x) ∈ K[x], f(y) ∈ K[y], and (5). Now, we wish to know

when f is an isomorphism. To this end, first assume that f is a surjective ho-

momorphism. Then there is some r :=
∑m′

i=0

∑n′

j=0 rijy
ixj with m′, n′ ∈ N and

rij ∈ K, such that y = f(r). Since y = f(r) =
∑m′

i=0

∑n′

j=0 rijf(y)
i · f(x)j where

f(x) ∈ K[x] and f(y) ∈ K[y], by comparing degrees, n′ = 0 and m′ = 1. This in

turn gives m = 1, so that f(y) = a00 + a10y where a10 ̸= 0. After some reindexing,

(5) now reads

M∑
i=0

kip(a00 + a10y)
ip = a10

M∑
i=0

lipy
ip

⇐⇒
M∑
i=0

i∑
j=0

(
i

j

)
kipa

(i−j)p
00 ajp10y

jp = a10

M∑
i=0

lipy
ip

⇐⇒
M∑
i=j

(
i

j

)
kipa

(i−j)p
00 ajp−1

10 = ljp, 0 ≤ j ≤ M. (6)

By a similar argument, f(x) = b0 + b1x for some b0, b1 ∈ K where b1 ̸= 0. From

f(x) · f(y) − f(y) · f(x) = f(1A1) = 1A1 , it follows that b1 = a−1
10 . Now, does this

define an isomorphism? Yes, under the assumption that (6) is satisfied and that f is

an automorphism on A1. The latter can for instance be shown by first introducing

the following functions, all being automorphisms on A1 by Theorem 2.14,

g1(x) :=a−1
10 x, g2(x) :=x, g3(x) :=y, g4(x) :=x,

g1(y) :=a10y, g2(y) :=y + a00a
−1
10 , g3(y) :=− x, g4(y) :=y + b0a10,

g5 := −g3, and then noting that f = g5 ◦ g4 ◦ g3 ◦ g2 ◦ g1. The result now follows

with a0 := a00 and a1 := a10. □

The two preceding propositions implicitly classify all hom-associative Weyl al-

gebras up to isomorphism. However, it is not obvious under what circumstances

there exist (does not exist) constants a0, a1 that solve (4), hence giving rise to iso-

morphic (non-isomorphic) hom-associative Weyl algebras. In the next corollary, we

study a particular family of hom-associative Weyl algebras, over a finite field. Even
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in this particular case, we see that there does indeed exist many non-isomorphic

hom-associative Weyl algebras, as opposed to the characteristic zero case.

Corollary 4.25. If k = (k0, 0, . . . , 0, kpn , 0, . . . , 0, kp2n , 0, . . . , 0, kpmn , 0, 0, 0, . . .)

where kpmn ̸= 0 for some m,n ∈ N>0 and K = Fpn , then Ak
1
∼= Al

1 if and only if

kjp = ljp for all j ∈ N>0.

Proof. Let k be as above, and assume K = Fpn for some n ∈ N>0. Assume that

Ak
1
∼= Al

1. By Proposition 4.24, kjp = ljp = 0 whenever pmn−1 < j. Now, by

Corollary 2.17, (4) in Proposition 4.24 reads

kjpa
jp−1
1 = ljp, 1 ≤ j ≤ pmn−1, (7)

k0 + kpnap
n

0 + kp2nap
2n

0 + · · ·+ kpmnap
mn

0 = l0a1. (8)

By Fermat’s little theorem for finite fields, ap
n

0 = a0 and ap
n−1

1 = 1Fpn
, and so by

induction ap
n

0 = ap
2n

0 = ap
3n

0 = . . . = ap
mn

0 = a0 and ap
n−1

1 = ap
2n−1

1 = ap
3n−1

1 =

. . . = ap
mn−1

1 = 1Fpn
. Hence (7) is equivalent to kjp = ljp, 1 ≤ j ≤ pmn−1, and

(8) to k0 + kpna0 + kp2na0 + · · · + kpmna0 = l0a1. The two equations thus have a

solution a0 = l0a1−k0

kpn+kp2n+kp3n+···+kpmn
and a1 ∈ F×

pn . □

5. Multi-parameter formal deformations

In [15], Makhlouf and Silvestrov introduced the notions of one-parameter formal

hom-associative deformations and one-parameter formal hom-Lie deformations. In

[4], the authors showed that the first hom-associative Weyl algebras in characteristic

zero are a one-parameter formal deformation of the first associative Weyl algebra,

and that this deformation induces a one-parameter formal hom-Lie deformation

of the corresponding Lie algebra, when using the commutator as bracket. In this

section, we generalize the two notions above and introduce multi-parameter formal

hom-associative deformations and multi-parameter formal hom-Lie deformations

(in [2], a similar notion for ternary hom-Nambu-Lie algebras was introduced, to-

gether with examples thereof). We then show that the first hom-associative Weyl

algebras over a field of prime characteristic are a multi-parameter formal hom-

associative deformation of the first hom-associative Weyl algebra in prime charac-

teristic, inducing a multi-parameter formal hom-Lie deformation of the correspond-

ing Lie algebra, when using the commutator as bracket.

Now, let R be an associative, commutative, and unital ring, and M an R-

module. We denote by RJt1, . . . , tnK the formal power series ring in the indetermi-

nates t1, . . . , tn for some n ∈ N>0, and by MJt1, . . . , tnK the RJt1, . . . , tnK-module of
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formal power series in the same indeterminates, but with coefficients in M . This al-

lows us to define a hom-associative algebra (MJt1, . . . , tnK, ·t, αt) over RJt1, . . . , tnK
where t := (t1, . . . , tn). With some abuse of notation, we say that we extend a map

f : M → M homogeneously to a map f : MJt1, . . . , tnK → MJt1, . . . , tnK by putting

f(ati11 · · · tinn ) := f(a)ti11 · · · tinn for all a ∈ M and i1, . . . , in ∈ N. The case for binary
maps is analogous.

Definition 5.1 (Multi-parameter formal hom-associative deformation). A multi-

parameter, or an n-parameter formal hom-associative deformation of a hom-asso-

ciative algebra (M, ·0, α0) over R, is a hom-associative algebra (MJt1, . . . , tnK, ·t, αt)

over RJt1, . . . , tnK where n ∈ N>0, t := (t1, . . . , tn), and

·t =
∑
i∈Nn

·iti, αt =
∑
i∈Nn

αit
i.

Here, i := (i1, . . . , in) ∈ Nn and ti := ti11 · · · tinn . Moreover, ·i : M × M → M

is an R-bilinear map, extended homogeneously to an RJt1, . . . , tnK-bilinear map

·i : MJt1, . . . , tnK × MJt1, . . . , tnK → MJt1, . . . , tnK. Similarly, αi : M → M is an

R-linear map, extended homogeneously to an RJt1, . . . , tnK-linear map denoted by

αi : MJt1, . . . , tnK → MJt1, . . . , tnK.

Proposition 5.2. Ak
1 is a multi-parameter formal deformation of A1.

Proof. Let k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .) for some M ∈ N and put, for any

i ∈ N, ki = 0 unless i = 0, p, 2p, . . . ,Mp, or i = 1, in which case k1 = 1K . By using

the multinomial theorem, for an arbitrary monomial ymxn where m,n ∈ N,

αk(y
mxn) = (k0 + k1y + k2y

2 + · · ·+ kMpy
Mp)mxn

=
∑

i0+i1+i2+···iMp=m

m!

i0!i1!i2! · · · iMp!

Mp∏
j=0

(kjy
j)ij

xn

=
∑

i0+i1+i2+···iMp=m

m!

i0!i1!i2! · · · iMp!

Mp∏
j=0

(yj)ij

xn

Mp∏
j=0

k
ij
j

=
∑

i0+i1+i2+···iMp=m

m!

i0!i1!i2! · · · iMp!

Mp∏
j=0

yjij

xn
(
ki00 ki11 ki22 · · · kiMp

Mp

)
=

∑
i0+ip+i2p+···+iMp≤m

m!

i0!ip!i2p! · · · iMp! · (m− i0 − ip − i2p − . . .− iMp)!

·

 M∏
j=1

ypjijp

xn
(
ki00 kipp ki2p2p · · · kiMp

Mp

)
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Now define t1 := k0, t2 := kp, t3 := k2p, . . . , tM+1 := kMp and regard t1, . . . , tM+1

as indeterminates of the formal power series KJt1, . . . , tM+1K and A1Jt1, . . . , tM+1K.
Then, by the above calculation, αt is a formal power series in t1, . . . , tM+1 where

t := (t1, . . . , tM+1). For any specific element q ∈ A1, αt(q) will be a polyno-

mial. Moreover, α0 = idA1 . Next, we extend αt linearly over KJt1, . . . , tM+1K
and homogeneously to all of A1Jt1, . . . , tM+1K. To define the multiplication ·t in

A1Jt1, . . . , tM+1K, we first extend the multiplication ·0 in A1 homogeneously to

a binary operation ·0 : A1Jt1, . . . , tnK × A1Jt1, . . . , tnK → A1Jt1, . . . , tnK linear over

KJt1, . . . , tnK in both arguments. Then we compose αt with ·0, so that ·t := αt ◦ ·0.
This is again a formal power series in t1, . . . , tM+1, and hom-associativity follows

from Proposition 2.7. Hence we have a formal deformation (A1Jt1, . . . , tM+1K, ·t, αt)

of (A1, ·0, α0), where the latter is A1 in the language of hom-associative alge-

bras. □

Definition 5.3 (Multi-parameter formal hom-Lie deformation). Amulti-parameter,

or an n-parameter formal hom-Lie deformation of a hom-Lie algebra (M, [·, ·]0, α0)

over R, is a hom-Lie algebra (MJt1, . . . , tnK, [·, ·]t, αt) over RJt1, . . . , tnK where n ∈
N>0, t := (t1, . . . , tn), and

[·, ·]t =
∑
i∈Nn

[·, ·]iti, αt =
∑
i∈Nn

αit
i.

Here, i := (i1, . . . , in) ∈ Nn and ti := ti11 · · · tinn . Moreover, [·, ·]i : M × M → M

is an R-bilinear map, extended homogeneously to an RJt1, . . . , tnK-bilinear map

[·, ·]i : MJt1, . . . , tnK ×MJt1, . . . , tnK → MJt1, . . . , tnK. Similarly, αi : M → M is an

R-linear map, extended homogeneously to an RJt1, . . . , tnK-linear map denoted by

αi : MJt1, . . . , tnK → MJt1, . . . , tnK.

Proposition 5.4. The deformation of A1 into Ak
1 induces a multi-parameter formal

hom-Lie deformation of the Lie algebra of A1 into the hom-Lie algebra of Ak
1 , when

using the commutator as bracket.

Proof. Let k = (k0, kp, k2p, . . . , kMp, 0, 0, 0, . . .). Then, by using the deformation

(A1Jt1, . . . , tM+1K, ·t, αt) of (A1, ·0, α0) in Proposition 5.2, we construct a hom-Lie

algebra (A1Jt1, . . . , tM+1K, [·, ·]t, αt) by using the commutator [·, ·]t of the hom-

associative algebra (A1Jt1, . . . , tM+1K, ·t, αt) as bracket. Indeed, by Proposition 2.11

this gives a hom-Lie algebra. We claim that this is also a formal hom-Lie defor-

mation of the Lie algebra (A1, [·, ·]0, α0) where [·, ·]0 is the commutator in A1, and

α0 = idA1 . Since αt is the same map as in Proposition 5.2, we only need to verify

that [·, ·]t is a formal power series in t1, . . . , tn, which when evaluated at t = 0 gives

the commutator in A1. But this is immediate since [·, ·]t = αt ◦ [·, ·]0. □
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Acknowledgement. P. Bäck would like to thank S. A. Lopes for the suggestion

of studying the hom-associative Weyl algebras in prime characteristic.

References

[1] G. Benkart, S. A. Lopes and M. Ondrus, Derivations of a parametric family

of subalgebras of the Weyl algebra, J. Algebra, 424 (2015), 46-97.
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[7] J. Dixmier, Sur les algèbres de Weyl, Bull. Soc. Math. France, 96 (1968), 209-

242.

[8] Y. Frégier and A. Gohr, On unitality conditions for hom-associative algebras,

arXiv:0904.4874.

[9] K. R. Goodearl and R. B. Warfield, An Introduction to Noncommutative Noe-

therian Rings, Second edition, Cambridge University Press, Cambridge U. K.,

2004.

[10] J. T. Hartwig, D. Larsson and S. D. Silvestrov, Deformations of Lie algebras

using σ-derivations, J. Algebra, 295 (2006), 314-361.

[11] A. Kanel-Belov and M. Kontsevich, The Jacobian conjecture is stably equiva-

lent to the Dixmier conjecture, Mosc. Math. J., 7(2) (2007), 209-218.

[12] E. Lucas, Sur les congruences des nombres eulériens et des coefficients
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