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Abstract

In this article, we present some results concerning the harmonicity on the tangent bundle equipped with the
Berger-type deformed Sasaki metric. We establish necessary and sufficient conditions under which a vector
field is harmonic with respect to the Berger-type deformed Sasaki metric and we construct some examples
of harmonic vector fields. We also study the harmonicity of a vector field along a map between Riemannian
manifolds, the target manifold being anti-paraKahler equipped with a Berger-type deformed Sasaki metric on
its tangent bundle. Also, we discuss the harmonicity of the composition of the projection map of the tangent
bundle of a Riemannian manifold with a map from this manifold into another Riemannian manifold, the source
manifold being anti-paraKéhler whose tangent bundle is endowed with a Berger-type deformed Sasaki metric.
After that, we study the harmonicity of the identity map on the tangent bundle equipped with the Berger-type
deformed Sasaki metric. Finally, we introduce the ¢-unit tangent bundle and we also study the harmonicity of the
projection map of the @-unit tangent bundle.
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1. Introduction

In this field, the geometry of the tangent bundle equipped with Sasaki metric has been studied by Sasaki S. [1], Yano K, Ishihara
S. [2], Dombrowski P. [3], Salimov A.A., Gezer A. [4]. The rigidity of Sasaki metric has incited some researchers to construct
and study other metrics on TM. Musso E, Tricerri F. has introced the notion of Cheeger-Gromoll metric [5], this metric has
been studied also by many authors (see [6—8]). The study of Riemannian metrics in the tangent bundle is not limited to the
Sasaki metric or the Cheeger-Gromoll metric, but there are studies on deformations of the Sasaki metric on the tangent bundle.
We refer to for example [9—11].

Consider a smooth map ¢ : (M™,g) — (N", h) between two Riemannian manifolds, then the second fundamental form of ¢
is defined by

(Vd9)(X.Y) = Vydg(Y) ~d(VxY). )
Here V is the Riemannian connection on M and V? is the pull-back connection on the pull-back bundle ¢ ~' TN, and
T(9) =trace,Vde, 2)

is the tension field of ¢.
The energy functional of ¢ is defined by

E(9) = [ e(o)dvi. )
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such that K is any compact of M, where

e(¢) = %tracegh(dgb,d(])), “

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional E. For any smooth variation {¢; },c; of ¢ with

d
¢p=¢andV = Ed)t o’ we have

d

/ h(2(9),V)dv,. )

Then ¢ is harmonic if and only if 7(¢) = 0.

One can refer to [12-15] for background on harmonic maps.

The main idea in this note consists in study of the harmonicity with respect to the Berger-type deformed Sasaki metric on
the tangent bundle [11]. We establish necessary and sufficient conditions under which a vector field is harmonic (Theorem 9
and Theorem 13). We also construct some examples of harmonic vector fields. After that we study the harmonicity of the map
0:(M,g) — (TN,h®5), x — (¢(x),v) (Theorem 20 and Theorem 21) and the map ® : (TM,g55) — (N, h), (x,u) — ¢(x)
(Theorem 23 and Theorem 24), where ¢ : (M,g) — (N, k) is a smooth map and (TN, /hS) (resp (TM, gP5)) is a tangent bundle
equipped with the Berger-type deformed Sasaki metric on N (resp. on M). After that we study the harmonicity of the identity
map I : (TM,gP!) — (TM, gB5?) on the tangent bundle equipped with the Berger-type deformed Sasaki metric (Proposition 25
and Theorem 26). In the last section, we introduce the ¢-unit tangent bundle TI(PM equipped with Berger-type deformed Sasaki
metric gBS , where we presented the formulas of the Levi-Civita connection (Theorem 28) and we study the harmonicity of the
projection map of the @-unit tangent bundle (Lemma 29) and the map ®; : (7,”M, g55) — (N, h), (x,u) — ¢(x). (Theorem
30 and Theorem 31).

2. Preliminaries
Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and the natural projection 7 : TM — M. A

local chart (U,x'),_i= on M induces a local chart (7' (U),x',u’),_7— on TM, where (') is the Cartesian coordinates in each

i=1,m i=1,m

tangent space T,M at x € M with respect to the natural base (% |x) , x being an arbitrary point in U whose coordinates are (x').

Denote by F{Fj the Christoffel symbols of g and by V the Levi-Civita connection of g. Let C**(M) be the ring of real-valued C*

functions on M and 3} (M) be the module over C*(M) of C* vector fields on M.
The Levi Civita connection V defines a direct sum decomposition

T(x,u)TM = V(x,u)TMEBH(x,u) TM™, (6)
of the tangent bundle to TM at any (x,u) € TM into vertical subspace
d
V(x,u)TM = Ker(dﬂ:xu ) {Xl | (ox,u) X! € R}a @)

and the horizontal subspace

8
H(x,u)TM = {Xl u) X'u ]Ff]a k| (o,u) Xl ER} 3
LetX = X! ‘9 : be alocal vector field on M. The vertical and the horizontal lifts of X are defined by

; d
\% i

8 ©)
Hy = X{az “’Fuak} (10)

We have 7(-2) = -2 — /1% 2 and V(%) = then (F(-%),V(%)). is a local adapted frame on TTM.
oxi dxt ij oyk ox! au’ > oxt axi /) i=1,m

In particular, the vertical lift Vu = u al is called the canonical vertical vector field or Liouville vector field on TM.

Lemma 1. [2] Let (M,g) be a Riemannian manifold and R its tensor curvature, then we have
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1. [Ax, 1y =Hx Y] - V(R(X,Y)u),
2. [Hx VY] =Y(VxY),
3 "Xy} =o.

for any vector fields X,Y on M.

3. Berger-type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost paracomplex manifold is an almost
product manifold (M?™, @), ¢* = id, such that the two eigenbundles 7+ M and T~M associated to the two eigenvalues 41 and
—1 of ¢, respectively, have the same rank.

A paracomplex structure is an integrable almost paracomplex structure. Let (M>™, @) be an almost paracomplex manifold.
A Riemannian metric g is said to be an anti-paraHermitian metric if

8(9X, 0Y) = g(X,Y), (11)
or equivalently (purity condition), (B-metric) [16]
8(eX.Y) =g(X,9Y), (12)

for any vector fields X,Y on M.

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple (M?™, @, g) is said to
be an almost anti-paraHermitian manifold (an almost B-manifold) [16]. Moreover, (M>", ¢, g) is said to be anti-paraKihler
manifold (B-manifold) [16] if ¢ is parallel with respect to the Levi-Civita connection V of g i.e. (Vo =0).

A Tachibana operator ¢, applied to the anti-paraHermitian metric (pure metric) g is given by

((P(Pg)(X)Y’Z) = (pX(g(YvZ)) —X(g((pY,Z)) +g((LY(p)XaZ) +g((LZ(p)X’Y)7 (13)

for any vector fields X,Y et Z on M [17].
In an almost anti-paraHermitian manifold, an anti-paraHermitian metric g is called paraholomorphic if

(¢¢8)(X»Yaz) =0, (14)

for any vector fields X,Y et Z on M [16].
In [16], Salimov and his collaborators proved that for an almost B-manifold,

Vo =0 9pg =0, (15)

by virtue of this view, in an almost anti-paraHermitian manifold the anti-paraKihler condition are similar to paraholomorphicity
condition of the anti-paraHermitian metric.
The purity conditions for a (0, g)-tensor field @ with respect to the almost paracomplex structure @ given by

a)((thXz,...,Xq) = (D(X],([)XQ,...,X,]) =...= O)(XI,XQ,.. 'a(qu)7

for any vector fields X1, X5,...,X, on M [16].
It is well known that if (M>", ¢, g) is a anti-paraKihler manifold, the Riemannian curvature tensor is pure [16], and

{ R(9Y,Z) =R(Y,9Z)=R(Y,Z)¢ = ¢R(Y,Z), (16)
R((pY, (pZ) :R(Y7Z)7

for any vector fields Y,Z on M.

Definition 2. [11] Let (M*",,g) be an almost anti-paraHermitian manifold and TM be its tangent bundle. A fiber-wise
Berger-type deformation of the Sasaki metric g%5 on TM is defined by

SSEx M) = gX.y),
SSXVY) = o, (17)
gB0X)VY) = g(X,Y)+ 88X, ou)g(Y, pu),

for any vector fields X ,Y on M, where § is some constant.
Note that if § = 0, g5 is the Sasaki metric [1].
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In the following ||.|| denote the norm with respect to (M>", @, g).

Lemma 3. Let (M*",¢,g) be an anti-paraKdihler manifold. Then we have the followings:

1. HX(g(M7(pu)) =0,
2. VX(g(”7¢”)) :Zg(X7(P”)7
3. X (s(Y, u)) = g(VxY, ou),

4. VX (g(Y,pu)) = g(X,0Y),

for any vector fields X,Y on M.

Theorem 4. [11] Let (M*",¢,g) be an anti-paraKihler manifold and TM be its tangent bundle. The Levi-Civita connection
V of the Berger-type deformed Sasaki metric gB5 on TM satisfies the following properties:

1. (Vay ") =H(VxY) — W(R(X,Y)u),

2. (Vi "Y) = 1H(R(u7Y)X) +V(VxY),

N

3. (VugHY) = ZH(R(u,X)Y),

N —

- 52
4. (Vvy'Y) = mg(}ﬂ oY)"(pu),

Sor any vector fields X,Y on M, where V is the Levi-Civita connection, R is its Riemannian curvature tensor of (M, g) and
o =g(u,u).

Lemma 5. Let (M*™, @, g) be an anti-paraKdihler manifold and (TM,gP3) its tangent bundle equipped with the Berger type
deformed Sasaki metric, then we have

1. Viy¥(@u) =0,
2. %V((p’d)HX = 0,

~ 32
3. Vg (ou) =V(pX)+ mg()(,u)v((pu),

52

4 Vi)' X = 1 g 81" (o),

Qu

~ 52
5. VV((pu)V((pM) = Vbt+ mg(uv ('DM)V((PM),

for all vector field X on M.

4. Berger-type deformed Sasaki metric and harmonicity

4.1 Harmonicity of a vector field X : (M,g) — (TM, g55)

Lemma 6. [18] Let (M,g) be a Riemannian manifold. If X,Y € S}(M) are vector fields on M and (x,u) € TM such that
Y, = u, then we have:

deY (X2) = "X+ (VXY ) (1 0)-

Lemma 7. Let (Mz’", ®,g) be an almost anti-paraHermitian manifold and (TM,gP%) its tangent bundle equipped with the
Berger-type deformed Sasaki metric. If X € S(l)(M ), then the energy density associated to X is given by:

e(X) = m—i—%tmceg(g(VX,VX)+52g(VX,(pX)2). (18)
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Proof. Let (x,u) € TM,X € 3{(M), X =u and (E\,...,Ey,) be alocal orthonormal frame on M, then:

1
e(X)y = EtraceggBS(dX,dX)(xvu)

2m

= 5 Y X (E), X (E)) e

i=1

Using Lemma 6, we obtain:

&)
3

B E+"(VEX),"Ei+ " (VEX))

| =

Il
=

(gBS (HEi ) HEi) + gBS(V(VEiX)a V(VEiX)))

I
| =
(o

S
L

(8(Ei,Ei) +8(VEX,VEX) +6%8(VEX, 0X)?)

N =
[

1
= m+ strace, (3(VX, VX) + 8%5(VX, pX)?).
|

Theorem 8. Let (M*",¢,g) be an anti-paraKihler manifold and (TM, gBS) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. If X € 3} (M), then the tension field associated to X is given by:

2

1+62ag

t(X) = H(trace,R(X,VX)x)+" (traces(V2X + (VX,9(VX))pX)), (19)

where a = g(X,X) = || X||*
Proof. Let (x,u) € TM, X € 34(M), X, = u and {E;},_1,, be a local orthonormal frame on M such that (V{E;), = 0, then

2m

T(X)e = ;{(V)éidX(Ei))x*dX(V%Ei)x}

2m

= Z{ng(E,-)dX(Ei)}(x,u)
i=1

2m

= Y Vg v x) ("Ei+Y(VEX))} e

i=1
Vo He LoV = Hp o v

= {Vig,"Ei+ Vg, (VEX) + Vv, x)"Ei+ Vvy, x) (VEX)} )

i=1
Using Theorem 4, we obtain

() = ¥ (M) - SRELEN) + LR TEXOE) + (Ve VEX) + VROV X)E)
i=1
2

mg(vﬂ'xv (p(vE,X))V((pX)>

+

2m
= Z (H(R(X7 VEiX)Ei) + V(VEI'VE,‘X) + 1_'_5;2(Xg(VEin QD(VE,'X))V((PXU

i=1
2

0
= H(tracegR(X,VX) *) +Y(trace, (V2X—|— 1_’_Wg(VX, P(VX))pX)).
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Theorem 9. Let (M>", @, g) be an anti-paraKihler manifold and (TM, gBS) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. If X € 3(1)(M ), then X is harmonic if and only if the following conditions are verified

tracey(R(X,VX)*) =0, (20)
and
) 2
tracey(V°X + mg(VX, @(VX))pX) =0, (21)

where o = g(X,X) = || X|*
Proof. The statement is a direct consequence of Theorem 8. |

Corollary 10. Let (M*",¢,g) be an anti-paraKihler manifold and (TM, gBS) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. Any parallel vector field is harmonic.

Example 11. Let (]0,+o0[%, @, g) be an anti-paraKihler manifold such that
g= x2dx? —|—y2dy2,
and

_x _Y
02.="3.  ga="0.

1 1 1 1
where dy = % The vector field X = —dy+ — 0y is harmonic. Indeed, It is enough to set u = Exz and v = iyz to get the
X y

Euclidean metric g = du* +dv* and X = 9, + 0, which is trivially parallel.

Example 12. Let R? be endowed with the structure anti-paraKéhler (@, g) in polar coordinate defined by
g=dr’ +r°d6*,

and

1
©0d, =sin200,+ —cos20dy , @dg =rcos20d, —sin260y.
r

1

The vector field X = (cos 0 +sin0)d, + —(cos O —sin0)dy is harmonic. Indeed, the non-null Christoffel symbols of the
r

Riemannian connection are:

1
2 2
'y =I5 = Pt Iy =-r
and
1 1
Varar =0, Vaﬁe - ;897 V&ear = ;89’ V()gae = *rarv
then we have,

Jd 1
(cos® —sinf)—— + —(cos 6 —sinO)V,

1
Vo X = (cosO+sin6)V, 0, — 78 38 =
r

P2 0

V3 X = (cos@—sin0)d,+ (cosO +sin0)V,, 0,

1 1
(cos 6 +sinB)dg + ;(cos 6 —sinB)Vy,dg =0,

o
ie. VX =0.

Theorem 13. Let (M*",¢,g) be an anti-paraKdihler compact manifold and (TM,gP%) its tangent bundle equipped with the
Berger-type deformed Sasaki metric. If X € Sé(M ), then X is harmonic if and only if X is parallel.
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Proof. If X is parallel, from Corollary 10, we deduce that X is harmonic vector field. Conversely, let X; be a variation of X
defined by:

RxM — TM
(t,x) — X(x)=@+DX

From Lemma 7 we have:

141)? 141)*
e(X;) = m+( J;) tmcegg(VX,VX)Jr%SZZ‘racegg(VX,(pX)2
1+1)? 141)*
E(X)) = mVol(M)—&—(—i_T)/tracegg(VX,VX)dvg—i—%y/ trace,g(VX, X ) dvg.
M M

If X is a critical point of the energy functional, then we have :

0 = SEM)
= %[MVOZ(M)+ (1—H)2/Mtracegg(VX,VX)dngUJrgt [(1—’;) 52/ tracegg(VX,(pX)zdng:O
_ /M trace,g(VX, VX )dvg + 287 /M trace,g(VX, oX)2dv,
= /Mtraceg[g(VX,VX)—|—252g(VX,(pX)2]dvg
which gives
2(VX,VX)+28%g(VX,0X)* =0,
hence VX =0. |

Example 14. (Counterexample) Let (R*™, ¢, <,>) be an anti-paraKihler real Euclidean space (flat manifold and non
compact) and T*R*" its tangent bundle equipped with the Berger-type deformed Sasaki metric, such that @ is the canonical
paracomplex structure on R*" [19] it is given by the matrix

0 I,

In 0 )°
IFX =(X',....x*) € SL(R®™) is a vector field on R*"
For 8§ =0, we have

2m 82X1 2m 82X2m
7(X) = trace, VX = Z PR 57 ).

1

1) If X is constant, then X is harmonic.
2) If X; = aix; and a; # 0, then X is harmonic (t(X) = 0) but VX # 0.
Indeed

d ;d d
VX(axj) V 9 X Zav 9 87) ZS/GZTM :a]aixj %0

Remark 15. In general , using Corollary 10 and Theorem 13, we can construct many examples for harmonic vector fields.
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Isometric immersion
Proposition 16. [20] Let (M*",¢,g) be an anti-paraKihler manifold, (TM,gB%) its tangent bundle equipped with the
Berger-type deformed Sasaki metric and X : (M*™, @, g) — (TM,gP5) is an isometric immersion if and only if VX = 0.

Proof. LetY,Z be vector fields and X; = u. From Lemma 6 we have
§%(ax(v),dx(2)) = g»("y +"(VyX),"Z+"(VzX))
= &5, 2)+ ¢85 (VrX), (V)
= g(Y,2)+g(VyX,VzX)+ 8g(VyX, 0X)g(VZX, 0X),
from which it follows that
% (dX (X),dX(Y)) = g(X.Y).
Therefore, X is an isometric immersion if and only if
8(VyX,VzX) +8%(VrX, 9X)g(VzX, ¢X) =0,
which is equivalent to VX = 0. |
As a direct consequence of Theorem 9 and Proposition 16, we obtain the following theorem.

Theorem 17. [20] Let (M*™, @, g) be an anti-paraKdihler manifold, (TM, gBS) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. If X : (M*™,@,g) — (TM,gP%) is isometric immersion, then X is totally geodesic.

Corollary 18. [20] Let (M*", ¢, g) be an anti-paraKdihler manifold, (TM, g%5) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. If X : (M™™,@,g) — (TM,gP%) is isometric immersion, then X is harmonic.

4.2 Harmonicity of the map o : (M,g) — (TN, hgs)
Lemma 19. [21] Let ¢ : (M™,g) — (N",h) be a smooth map between Riemannian manifolds and

oM — TN
x — (Yoo)(x)=(0(x),Ys)

a smooth map, such that Y be a vector field on N. Then
do(X) ="(d¢(X))+"(V}o) (22)
forall X € 3\(M).

Theorem 20. Let (M™,g) be a Riemannian manifold, (N*", @, h) be an anti-paraKdihler manifold and let (TN, hgs) the tangent
bundle of N equipped with Berger-type deformed Sasaki metric. Let ¢ : M — N be a smooth map and

oM — TN
x — (Yoo)(x)=(¢(x)Yyx)
a smooth map, such that Y be a vector field on N. The tension field of © is given by
52

t(o) = "(t(¢)+trace,R" (o, Ve o)d¢(+)) +V("aceé’((v¢)26 + HTHGHZh

(Vo,9V%0)90)), (23)

where ||6||> = h(o, o).

Proof. Letx € M, {E;},_1, be alocal orthonormal frame on M such that (V%Ei)x =0and o(x) = (¢(x),v),v=Yy(x) € Ty)N,
then we have

1(0)x = traceg(Vdo)

i{(vg,dawi»x—dc(V%.E,-)x}

= Zl{V§§<Ei)dG(Ei>}<¢<xJﬁv>~

8 Vol. 4, No. 1, 1-16, 2022
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Using Lemma 19, we have

wo) = ; V tao(s >>+v<v¢,c)>(H(d¢(Ei))+V(VEiG))}<¢<x>7v>
_ Z{Vw 49 (Ei)) + Vo) (VEC) +Viiye o, "(@9(EN) + V(T V(VE ) o0

From the Theorem 4, we obtain

(o) = i(”(w 19 (Ei)) — ;<RN<d¢< ), d9(E;))o) + ;”(RN(c,Vz,.c)w(Ei)) +" (Vi) V5,0)
2
+§H<RN<G Vh0)0(E) + [ garsh(VE e 99E0) (90))
m 52
= ,:21( (Va0 (£)) +"(R"(0,V},0)d0(E)) +V (V] VE,0) + oo h(VE,0.095,0)' (90) ).
Therefore we get
(o) = H(T((]))+tracegRN(G,V¢0')dq)(*))+V(traceg((V¢)20'+ 5 h(V¢G,(pV¢0‘)(pO‘)).

1+ 82| o|?

From Theorem 20, we obtain the following:

Theorem 21. Let (M™,g) be a Riemannian manifold, (N*", @, h) be an anti-paraKihler manifold and let (TN, hps) the tangent
bundle of N equipped with the Berger-type deformed Sasaki metric. Let ¢ : M — N be a smooth map and

o:M — TN
x > (Yoo)(x)=(d(x),Yp))

a smooth map, such that Y be a vector field on N, then o is a harmonic if and only if the following conditions are verified

t(9) = —trace,RY (6, V?0)d¢(x), (24)
and
02 &’ 9 o
tracey((V?) G—l—HT”GHZh(V 0,¢V?0)po) =0. (25)

4.3 Harmonicity of the map @ : (TM,g%5) — (N,h)
Lemma 22. Let (M?*™ @, g) be an anti-paraKdihler manifold and (TM,gP%) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. The canonical projection

w:(TM,g%) (M, g)

—
(x,u) +—
is harmonic i.e. () = 0.
Proof. We put p = 2m, Let {E;},_1, be a local orthonormal frame on M and {E j}j—12, be alocal frame on TM, where

N HE;, 1<j<p
Ej= (26)

VEj p, p+1<j<2p.
The tension field of 7 is given by
t(m) = tracemsVdn
2p

.Zl GV g dn(E) —dn(VEVE)) .
i,j=

9 Vol. 4, No. 1, 1-16, 2022
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where (G;;) is the matrix of g5 and its inverse matrix is (G"/) such that:
G,jzo I1<i<p,p+1<j<2p
Gij= 8+ 8 (ou) P (Qu)/ P p+1<i, j<2p
GY=8j,1<i,j<p
GV=0,1<i<p, p+1<j<2p

. 1 . .
L — 2 28, _ i—p j-p <j i<
G 1+ 82|[gu]2 [511+5 (loul[=6ij — (@u)'~F (pu) )L p+1<i, j<2p,

where Qu = (@u)*Ej, then

wr) = ¥ Gif{vM( Jdn(fE)) — dn(V%MHE)}
1<i,j<p
+ Y G {VM(VE dn("E;_p) —dn(VI¥ VE; )}
p+1§i.j§2p i—m

as dn(VX) =0 and dn(X) = X o & for any X € 3} (M) then:

ij )
"k Gj{v%"’”)(Ejo”)_d”(H(V%Ej)_QV(R(Ei,Ej)M))}
1<i,j<p
_ Z Ging(E‘ OE; )dﬂ(v((pu))
p+1<i,j<2p 1 + 62(X =p j—=p
= Y G{(VEE)or— (VEE) o}
= 0.

Theorem 23. Let (M?", ¢, g) be an anti-paraKdéhler manifold, (N", h) be a Riemannian manifold and let (TM,gPS) the tangent
bundle of M equipped with the Berger-type deformed Sasaki metric. Let ¢ : (M,g) — (N,h) a smooth map. The tension field
of the map

@:(TM,g%) — (N,h)
(x,u) — o(x)
is given by:
T(®) = rt(p)om. 27

Proof. We put p = 2m, let {E;},_1-, be a local orthonormal frame on M and {E;},
(26), as the @ is defined by ® = ¢ o 7, we have:

7(®) = rt(pon)
do(t(m)) +tracessVd(dr,dr)

j=12p be alocal frame on T'M defined by

2
trace ssVd(dm,dm) = ZpGU{V%(dn(é))d(]b(dn(fj)) do(V¥, - dn(E ))}
= 21511 Yotan(ie)d9(dn("E}) —do (Vi iy dn("E))))
LJ

P
= Z (Vio(e)d9(Ei) —d9(VEE)) om

10 Vol. 4, No. 1, 1-16, 2022
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Using Lemma 22, we obtain

Theorem 24. Let (M*", ¢, g) be an anti-paraKdihler manifold, (N", h) be a Riemannian manifold and let (TM,g®5) the tangent
bundle of M equipped with Berger-type deformed Sasaki metric. Let ¢ : (M,g) — (N,h) a smooth map. The map

is a harmonic if and only if ¢ is harmonic.

4.4 Harmonicity of the identity map 7 : (TM,g%") — (TM, g55?)

Let (M>", ¢, g) be an anti-paraKihler manifold and (TM,gB5") (resp. (TM,gP?)) its tangent bundle equipped with the
Berger-type deformed Sasaki metric g25! (resp. g%5%), such that

BS1 __ 8 BS2 __ 8ii

0 gij+ 67 gugn;(pu) (pu)" 0 gij+ 85 gugni(ou) (ou)"

2

with respect to the adapted frame (¥ (%),V(W))l:m where 01, &, are constants and §; # ;.

Proposition 25. Let (M*",¢,g) be an anti-paraKdihler manifold, then the tension field associated to the identity map
1:(TM,gB5") — (TM,gB?) is given by

Q87 - 8%)
() = 7 2 ! > V((P”)v
(1+650)(1+67cx)
2m—1 1
where Q = Ei E;)+ ——=—8(0Exy, Eom).
/':Z1g((p J j) 1+5]2(Xg((p 2my Eam)
Proof. Let (x,u) € TM, {E;},_1, be alocal orthonormal frame on M at x and (VE;,"(¢E;), ﬁv((p&m), )i:LTm,j:W
be a local orthonormal frame on (TM, g55") at (x,u), where E,, = ﬁ IfV (resp. V) denote the Levi-Civita connection of

11 Vol. 4, No. 1, 1-16, 2022



(TM,gB") (resp. (TM,gBS?)), then, we have

T(l) = tracegs (Vdl)

2m

- Z(VdI(HE)dI( i) — dI(VHE

JrV 1

V18l "(9Ezm) 1/1_|_52
2m—1

= Z (vv(qJEj)V((PEj)_%V((oE

Jj=1

1

1
m ——=" Em
V(QE, /1+52 ann (@Em) /1+512a

2m 2m—1

= Z (VHEiHEi B %HEiHEi) + Z (Vv

(pEzm |

HSIG
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2m—1

)+ 21 Varv V(E))) (" (9E;)) — dI(VV(pE "(9E))))
j

V(QEsn)) —dI(V__ Y (@Ewm))

OE}) — Vv oz, (9E)))

\V(9E)))

e (V(pran) (PE2m) = Voior,,) (9Eum)

2m—1 52

= L (azgt(0E )" (on) -

L1 ( 57
1+ 6% 1+522(xg
2m—1 2

= Z 8(QE; E; )(

(‘PEZmaEan)V<(P”) -

i

2

1+61

8(QE;,E;)" (ou))
62

i
1+612ag

)Y (pu)

((PEZm , E2m)v((P”))

1+62 1+ 8
5

i

+ g(q)EZma EZm) (

1487
2m—1

1
= EjEj)+—=— Eom, Eom
((;g(q’/ i) 1+512ag(¢2 2))(

3 Q8 -8)
= (rda)i+oia P
2m—1

where Q = J; 8(QE;.E;j)+ 1+62 ——8(QE,E).

1+68a

)Y (pu)

87 — 8
1+670)(1+67ax)

1+ 87

Y(u)

Theorem 26. Let (M>", @, g) be an anti-paraKdihler manifold, then identity map I : (TM,g®S") — (TM,gB%?) is harmonic if

and only if 8§ = & or Q=0.

5. Berger-type deformed Sasaki metric on ¢-unit tangent bundle Tl"’M

The @-unit tangent (sphere) bundle over an anti-paraKzhler manifold (M?™", ¢, g), is the hypersurface

M = {(xu) €TM, g(u,ou) =1}.
If we set
F:TM — R

(xvu) = F(xvu) :g(ua (Pu) -1,
then the hypersurface T](pM is given by

TPM = {(x,u) € TM, F(x,u) =0},

12
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and gfrEZ F (the gradient of F with respect to g5%) is a normal vector field to Tl(pM . From the Lemma 3, for any vector field X
on M, we get

g (X grad F) =X (F) = "X (g(u, pu) — 1) = 0,

g5 (VX gradF) = VX(F) = VX (g(u, pu) — 1) = 2g(X, u) = 550X, (pu)).

1+ 6%a
So
— 2
gradF: m ((plxl)
Then the unit normal vector field to Tl(pM is given by
gradF Y(pu) 1
N = = V(ou).

\/gBS(ﬁiF,g%F) ~ V(o) Vo) |\ a(l+8%a)

The tangential lift 7X with respect to g%5 of a vector X € T,M to (x,u) € TI(PM is the tangential projection of the vertical lift
of X to (x,u) with respect to .4/, that is

1
x="x *ggfu)(vvaV(x,u))JV(xm) =X - agX(Xv (Pu)v(q)u)(xu)

_ 1 _
For the sake of notational clarity, we will use X =X — « g(X, ou)pu, then TX = VX,
From the above, we get the direct sum decomposition

T(x,u) ™ = T(x,u) Tl(PM@Span{JV(x,u)} = T(x,u)Tl(pM@Span{v(q)u)(x,u)}a

where (x,u) € T/ M.
Indeed, if W € T{, ,,) TM, then they exist X,Y € T:M, such that

w o= x4V
XY 4 800 (Vo AMai) M
= X+Tr e égx(Y, )" (@u) e (28)
From the (28) we can say that the tangent space 7(, Tpr of Tpr at (x,u) is given by
TowT'M ={"X+"Y /XY € T.M,Y € (pu)*},

where (ou)* = {Y € T:M, g(Y,pu) = 0}. Hence T, ,)T,"M is spanned by vectors of the form X and 7Y
Given a vector field X on M, the tangential lift 7X of X is given by

1
TX(x,u) = (VX _gBS(VXﬂ'/V)'/V)(x,u) = VX(x,u) - agx(an (Pu)v((Pu)(x,u)'

Definition 27. Let (M*", @, g) be an anti-paraKdhler manifold and (TM,gBS) its tangent bundle equipped with the Berger-type
deformed Sasaki metric. The Riemannian metric §%5 on Tl(PM, induced by g55, is completely determined by the identities

gBS(HX7HY) = g(X7Y)7

HSxMyy = &#¢x,Ty)=0,

R 1

gPXY) = a(X,¥) =~ g(X, ou)g(Y, pu).

We shall calculate the Levi-Civita connection V of T]q)M with generalized Berger type deformed Sasaki metric ¢25. This
connection is characterized by the Gauss formula:

Vel = VoV —gPS(Ve¥, ), (29)

for all vector fields X and ¥ on qu’M .
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Theorem 28. Let (M>™, ¢, g) be an anti-paraKéhler manifold and (T’ M, $55) its @-unit tangent bundle equipped with the
Berger-type deformed Sasaki metric, then we have the following formulas.

1.V Yy = H(VXY)—%T(R(X,Y)M),

2.V Y = %H(R(u,Y)X)+T(VxY),

3.V Yy = %H(R(u,X)Y),

AT = (X gu)sy, ou)'u— g(V,gu)(9X),

for all vector fields X,Y on M, where V is the Levi-Civita connection of (M*™, @, g) and R is its curvature tensor.

Proof. In the proof, we will use Theorem 4, Lemma 5 and formula (29). |

5.1 Harmonicity of canonical projection , : (7,°M,$55) — (M, g)
Lemma 29. Let (M*",,g) be an anti-paraKdihler manifold and (T” M, g5S) its @-unit tangent bundle equipped with the
Berger-type deformed Sasaki metric. The canonical projection

m:(TPM.8%) —  (M.g)
(x,u) — x
is harmonic i.e. T(m;) =0.

Proof. Let (x,u) € T’ M, {E;},_t; be alocal orthonormal frame on M at x, where Ey,, = i and ("Ei,"(QE})),_15- =TT
be a local orthonormal frame on (7,” M, 55) at (x,u), then, the tension field of 7; is given by

T(m) = tracegssVdT

2m 2m—1
= Zl (Vdn:l(HE)dnl( i) — dﬂ?](VHE E,)) + Z (V%rl( T(oE dﬂl( (QE))) — dﬂfl(VT ((pE )))
i= J=1

With dmy (TX) = dn("X) = dn(YX) = 0 and dm; (X)) = dn(#X) = X o = X o7y for any X € 3}(M), then we find

2m

1
t(m) = Z(V%OM(E:'O?H)—dﬂl(H(V%Ei)—ET(R(EuEi)M)))
i=1
2m—1 1 p
- Z dm ( 28 (Ej,u)? u—ag(Ej,u) E))
2m

[
™

((VE i)om — (VE i)om)

I
o5

Theorem 30. Let (M*",¢,g) be an anti-paraKihler manifold, (N",h) be a Riemannian manifold and let (T”M, g55) the
@-unit tangent bundle of M equipped with the Berger-type deformed Sasaki metric. Let ¢ : (M,g) — (N, h) a smooth map.
The tension field of the map

@, (TM, %) — (N,h)
(x,u) — (x)

is given by:

(@) = t(9)om. (30)
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Proof. Let (x,u) € T’ M, {E;},_t; be alocal orthonormal frame on M at x, where Ey,, = i and ("ELT(QE))) o e
be a local orthonormal frame on (7,” M, §55) at (x,u), as the ®; is defined by ®; = ¢ o 7;, we have:

T(CI)I) = T(d)oﬂ'])
= d¢(t(m))+traceusVdo(dm ,dm)

2m

tracegsVdg(dm,dm) = ;(Vm(mr HE,)) do(dm (YE;)) —do (VM i (1E;) dm ("E;)))
2m—1

+Z Notam (10059 (@dm (" (9E)) = dO(Vi 1o dmi (T(9E;)))

2m

- Z(V%(E,-)d E;)— d‘P(VE ))0”1
i=1

= 1(9)om.

Using Lemma 29, we obtain

T(®) = t(¢p)om.

|

Theorem 31. Let (M>",¢,g) be an anti-paraKihler manifold, (N",h) be a Riemannian manifold and let (TI(pM §85) the
@-unit tangent bundle of M equipped with Berger-type deformed Sasaki metric. Let ¢ : (M,g) — (N,h) a smooth map. The
map

@ (17M,8%) —  (N,h)

(xu) — O(x)

is a harmonic if and only if ¢ is harmonic.

6. Conclusions

In this work, firstly, we studied the harmonicity of a tangent bundle with the Berger-type deformed Sasaki and we gave the
necessary and sufficient conditions when a vector field is harmonic with respect to this metric. Secondly, we searched the
harmonicity of the maps between a Riemannian manifold and the tangent bundle over another anti-paraKahler manifold or vice
versa. In the last section, we introduce the @-unit tangent bundle Tl(pM equipped with Berger-type deformed Sasaki metric §%5
and we study the harmonicity of this metric. Also, we can study the harmonicity of an another metrics on the tangent bundle by
deformation in the vertical bundle or in the horizontal bundle.
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