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1. INTRODUCTION

It is known that Gamma and the Beta functions have the following definitions [7]
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respectively. With the help of the definition of Gamma function, we have [24]
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Also, the (p, g) generalized hypergeometric function are defined by
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where (@), = [] (a +r), (@)y = 1, k € Ny denotes the Pochhammer symbol.

r=l

(1.1)

Let A, represent the space of orthogonal polynomials of degree r with respect to (., .). Several univariate orthogonal
polynomials systems are mapped onto each other by the Fourier transform or other integral transforms [8, 20]. For
example, Koelink [11] showed that Jacobi polynomials are mapped onto the continuous Hahn polynomials by the
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Fourier transform and similarly Hermite functions are eigenfunctions of Fourier transform [11, 12, 14, 15]. By getting
inspired of Koelink’s paper, Masjed-Jamei et al. [19] set two new families of orthogonal functions by using Fourier
transforms of the generalized ultraspherical polynomials [21, p.147] and the generalized Hermite polynomials, and by
applying the Parseval identity. Also, the Fourier transform of Routh-Romanovski polynomials Jﬁm) (x;€1,62,83,84) 18
given [18].

As known, the univariate Jacobi polynomial P(f”’) (x) is one of the classical orthogonal polynomials. The series
representation for the polynomial set is as follows

(&) AT - r+€ r+n 1 oyl
P (x) =2 [;( 1 )(r_l)(xﬂ) (x—1)".

They are orthogonal on the interval (-1, 1) with respect to the weight function w (x) = (1 — )¢ (1 + x)". More precisely,
the orthogonality relation is
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where min{R (¢), R (i)} > -1, r,m € Ny := NU{0}, and 6,,, is the Kronecker delta [24-26].
The Jacobi polynomials on the interval (0, 1) which are actually shifted univariate Jacobi polynomials [16], also can
be denoted as P (x) := P47 (2x — 1),
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and are orthogonal with respect to the weight function @ (x) = (1 — x)* x" for £, > —1. Thus, we get
1
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where
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We now remind orthogonal polynomials in two variables. Let Y be the set of all two-variable polynomials and Y,
represent the linear space of two-variable polynomials with total degree at most r.
If
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<U, T> = f v(x, Y)1(x, y)w(x, y)dxdy = 0
Q

holds for V1 € T,_;, v € T, is an orthogonal polynomial with respect to the weight function w(x, y).

In 1975, by using an approach given by Agahanov [1], the method for obtaining two-variable generalizations of the
one-variable orthogonal polynomials is given by Koornwinder [13]. By the application of his method, he presented
some examples of two-variable orthogonal polynomials [13]. Fernandez et al. [9] have introduced some new families
of Koornwinder polynomials, like Laguerre-Laguerre Koornwinder and Laguerre-Jacobi Koornwinder polynomials,
by use of Koornwinder’s method. Recently, there are many research on Koornwinder polynomials [2-5,9,10,17,22].

One of these polynomials is Jacobi polynomials over the triangle. The Jacobi polynomials over the triangle [13]

2
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were obtained from the corresponding univariate polynomials by using the method introduced by Koornwinder. These
are orthogonal on the two-dimensional simplex

T? :={(x,y) €ER:x,y>0,1 —x—y>0},
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with respect to the weight function w (x,y) = x*y” (1 — x — y)*, where u,y, A > —1,
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In [23], Olver et al. presented a bivariate four-parameter variant of the Koornwinder polynomials on the triangle
defined by

P (1, 9) = P (o (1 - f B (), (13)
: 1-x
where 1,7y, 4,6 > —1, r and k are integers satisfying 0 < k < r. These polynomials are orthogonal with respect to the

weight function w (x,y) = x*y” (1 — x — y)/l (1 = x)? on the two-dimensional simplex T2 Consequently,

f Ay (1= x = yy (1= ) P (x,y) PRI (x,y) dxdy
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It should be noted that, when 8 = 0 in (1.3), it gives the bivariate Koornwinder polynomials over the triangle defined
in (1.2).

Remark 1.1. By substituting x — 1 — x, y — x — y, the polynomial Pi’fk’y’l’e) (x,y) can be written as
« PZ}]{,y,A,G) (x,y) = Pil,lk,%/lﬁ) (1=x,x—y) = (~1) ﬁi,i,ikwuwn) ) xk;ﬁ{y,/l) ( i ) (14)

These polynomials are orthogonal with respect to the weight function w (x,y) = (1 — x)* (x — y)” y'x over the triangle
={(x,y) e R: 0 <y < x < 1}. Moreover, it has the orthogonality relation

f f 2 (1= xf G y)? TPEIAD () pETAD (o 1y (15)
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In [10], Giildogan et al. had given the special functions derived from Fourier transform of bivariate orthogonal
polynomials on the triangle with three parameters.

The main object of this study is to take into account new families of two-variable orthogonal functions by using
the Fourier transforms of the two-variable orthogonal polynomials over the triangle with four parameters denoted by
*Pi’flg”ﬁ’g) (x,y). By applying the Parseval identity their orthogonality relations are attained.

2. A FamiLy oF FuncTiONS OBTAINED FROM ORTHOGONAL POLYNOMIALS OVER THE TRIANGLE WITH FOUR PARAMETERS

The next section includes the principal results of this study. Here new families of bivariate orthogonal functions by
applying the Fourier transforms of the bivariate orthogonal polynomials with four parameters *P(r’;y’d’e) (x,y) and the
orthogonality relations are then obtained by using the Parseval identity.

The Fourier transform of a bivariate function 7(x, y) is defined as [6]

F (t(x,y) = f fe’i(p‘“pzy)r (x,y) dxdy

—00 —00

and the Parseval identity of Fourier theory is given by the expression
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Now, to be able to use the orthogonality relation (1.5) let us consider the function
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Tk (6, Y €1, 60,63, €4, 11,7, 4,0) = (1 — tanh x)¢' (1 + tanh x)@H6+6+12
aaed A0 (1 +tanhx (1 + tanhx) (1 + tanhy)

x (1 - tanhy)@ (1 + tanhy)& —— , ,
(1= tanhy)™ (14 tanh )™ o @+ ) 2 4

which is in terms of polynomials *P(” 749 defined in (1.4), where &1, &2, &3, 4, 14, Y, A, 6 are real parameters.
By applying the suitable substltutlons we calculate the Fourier transform of the function as follows

where
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and
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D(rk,pt,y,4,60,61,62,83,84,p1,02) =3 Fo|—k,—(k+7y),& + 5

—k—& -

,/l+1;1)

) S
><3F2(—(r—k),—(r—k+/¢),k+§2+§3+§4+1—%;—r+k—§1—lp'T,Zk+y+/l+6+2;l),

3F, is a special case of the generalized hypergeometric function defined by (1.1). By using the Parseval identity (2.1)
it produces
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Now, by taking é| +y1 = u =8, & +xyo =y =n&+xy3 =Ad=aand &+ x4 +1 = 60 = 6 in (2.2), we use the
orthogonality relation for the polynomials in the left-hand side of (2.2), to arrive
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In the wake of this, we give the following theorem.

Theorem 2.1. The family of functions

2 2 2

I +x X I+y
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r—k k
XO(r, k, &1+ x1,6 + x2,83 + )3, 64 + x4 + 1,1, 6,83, &4, —ix, —iy)

satisfies the orthogonality relation
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foréix1,€2,x2,63,x3 > —1/2, é, xa > 0and & + xo + & + x3 > —(k + 1)

Remark 2.2. The weight function of this orthogonality relation is positive for & = x1, & = x2, &3 = x3, €4 = xa.

Corollary 2.3. In case 8 = 6 = 0, the obtained results give the results which are presented in [10] for polynomial

A )
Pi’fky ) (x,y)in [13].
CONFLICTS OF INTEREST
The author declares that there are no conflicts of interest regarding the publication of this article.

AUTHORS CONTRIBUTION STATEMENT

The author has read and agreed to the published version of the manuscript.



A Set of Some Special Functions 320

REFERENCES

[1] Agahanov, S.A., A method of constructing orthogonal polynomials of two variables for a certain class of weight functions, Vestnik Leningrad
Univ., 20(1965), 5-10.

[2] Aktas, R., Altin, A., Tasdelen, F., A note on a family of two-variable polynomials, Journal of Computational and Applied Mathematics,
235(16)(2011), 4825-4833.

[3] Aktas, R., A note on parameter derivatives of the Jacobi polynomials on the triangle, Appl. Math. Comp., 247(2014), 368-372 .

[4] Aktas, R., On parameter derivatives of a family of polynomials in two variables, Applied Mathematics and Computation, 256(2015), 769-777.

[5] Aktas, A., Area, 1., Giildogan, E., A new family of orthogonal polynomials in three variables, Journal of Inequalities and Applications,
2020(1)(2020), 170.

[6] Davies, B., Integral Transforms and Their Applications, Applied Mathematical Sciences, Springer-Verlag, New York-Heidelberg, 25, 1978.

[7] Dunkl, C.F.,, Xu, Y., Orthogonal Polynomials of Several Variables, Cambridge Univ. Press, New York, 2001.

[8] Erdelyi, A., Magnus, W., Oberhettinger, F., Tricomi, F.G., Tables of Integral Transforms, McGraw-Hill, 2, (1954).

[9] Fernandez, L., Perez, T.E., Pinar, M.A., On Koornwinder classical orthogonal polynomials in two variables, J. Comput. Appl. Math.,
236(2012), 3817-3826.

[10] Giildogan, E., Aktas, R., Area, 1., Some classes of special functions using Fourier transforms of some two-variable orthogonal polynomials,
Integral Transform. Spec. Funct., 31(2020), 437-470.

[11] Koelink, H.T., On Jacobi and continuous Hahn polynomials, Proc. Amer. Math. Soc., 124(3)(1996), 887-898.

[12] Koeph, W., Masjed-Jamei, M., Two classes of special functions using Fourier transforms of some finite classes of classical orthogonal polyno-
mials, Proc. Amer. Math. Soc., 135(11)(2007), 3599-3606.

[13] Koornwinder, T.H., Two Variable Analogues of the Classical Orthogonal Polynomials, In: Askey, R.A., ed. Theory and Application of Special
Functions. Proceedings of an Advanced Seminar, 435-495, The University of Wisconsin-Madison, Academic Press, New York, 1975.

[14] Koornwinder, T.H., Group Theoretic Interpretations of Askey’s Scheme of Hypergeometric Orthogonal Polynomials, Orthogonal Polynomials
and Their Applications, Springer, 1988, 46-72.

[15] Koornwinder, T.H., Special orthogonal polynomial systems mapped onto each other by the Fourier-Jacobi transform, in Polyndmes orthogo-
naux et applications, Lecture Notes in Math. 1171, Springer-Verlag, 1985, 174-183.

[16] Luke, Y.L., The Special Functions and Their Approximations, Academic Press, New York, Vol.II, 1969.

[17] Marriaga, M., Pérez, T.E., Pifiar, M.A., Three term relations for a class of bivariate orthogonal polynomials, Mediterr. J. Math., 14(54)(2017).

[18] Masjed-Jamei, M., Marcellan, F., Huertas, E. J., A finite class of orthogonal functions generated by Routh-Romanovski polynomials, Complex
Var. Elliptic Eqns., 59(2)(2014), 162-171.

[19] Masjed-Jamei, M., Koepf, W., Two classes of special functions using Fourier transforms of generalized ultraspherical and generalized Hermite
polynomials, Proc. Am. Math. Soc., 140(2012), 2053-2063.

[20] Masjed-Jamei, M., Koepf, W., Two finite classes of orthogonal functions, Applicable Analysis, 92(11)(2013), 2392-2403.

[21] Mastroianni, G., Milovanovic, G.V., Interpolation Processes-Basic Theory and Applications, Springer-Verlag, Berlin-Heidelberg, 2008.

[22] Milovanovié, G.V., Oztiirk, G., Aktas, R., Properties of some of two-variable orthogonal polynomials, Bull. Malays Math. Sci. Soc.,
43(2)(2020), 1403-1431.

[23] Olver, S., Townsend, A.,Vasil, G.M., Recurrence relations for a family of orthogonal polynomials on a triangle, In: Spectral and High Order
Methods for Partial Differential Equations, ICOSAHOM 2018, Lecture Notes in Computational Science and Engineering, Springer, Berlin,
134(2020) (arXiv:1801.09099).

[24] Rainville, E.D., Special Functions, The Macmillan Company, New York, 1960.

[25] Suetin, P.K., Orthogonal Polynomials in Two Variables, Gordon and Breach Science Publishers, Moscow, 1988.

[26] Szego, G., Orthogonal Polynomials, 4th ed., American Mathematical Society Colloquium Publications, 23, (1975).



	Fourier Transform of Orthogonal Polynomials over the Triangle with Four Parameters. By 

