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ABSTRACT

In this paper, it was showed that Fibonacci sequences {Fn(k‘p) } of a new family defined in work of

(Mikkawy and Sogabe, 2010) are simply periodic sequences according to modulo p. We gave some
relationship between the new family and ordinary Fibonacci numbers. Also, we proved some theorems

concerning the new family and Lucas numbers.
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k-Fibonacci Sayillarinin Yeni Bir Ailesi Uzerine

OZET

Bu ¢alismada, (Mikkawy ve Sogabe, 2010) calismasinda tanimlanan yeni bir ailenin, {Fn(k'p)} Fibonacci

dizilerinin p moduna gore basit periyodik diziler oldugu gosterildi. Yeni aile ve bilinen Fibonacci

sayilar1 arasindaki baz iligkileri verdik. Ayrica, yeni aile ve Lucas sayilar ile ilgili baz1 teoremleri

ispatladik.

Anahtar Kelimeler: Fibonacci sayilari, Lucas sayilari, Periyot

1. Introduction

Many of the obtained numbers by

using homogeneous lineer recurrence
relations and their the miscellaneous
properties have been stuied; see, for

example, (Lee, 2000), (Taher and Rachidi,
2003). Fibonacci numbers are one of the
most well-known numbers, and it has many
important applications to diverse fields such
as mathematics, computer science, physics,
biology and statistics. We

can See

applications of Fibonacci sequences in group

theory in (C. Campbell and P. Campbell,
2005), (Deveci, 2011, 2015) and also see
some generalized Fibonacci and Lucas
sequences in (Ar1 2015), (Grabowski and
Wojtecki, 2004), (Ipek and Ar, 2015), (Kilic
(Lee,

Stanimirovic, Nikolov and I. Stanimirovic

and Tasci, 2006), 2000), (P.
2008), (Taher and Rachidi, 2003), (Tasc1
and Kilic, 2004). Y. Tasyurdu and I. Giiltekin
obtain the period of generalized Fibonacci

sequence in finite rings with identity of order
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p2 (Tasyurdu and Giiltekin 2013, 2016). The
Fibonacci numbers F, are the terms of the
0,1,1,2,3,5,8,13, ...

F,,_1 + F,_, with the initial values F, = 0 and

sequence where F, =
F; = 1. The Lucas numbers L,, are the term
of the sequence 2,1,3,4,7,11,18,29,47,...
where L, = L,; + L,; with initial
conditions L, = 2 and L; = 1. A. Ipek and K.
Ar1 obtain several new connections between
the generalizations of Fibonacci and Lucas
sequences (Iipek and Ar1 2014). Generalized
Fibonacci sequence have been intensively
studied for many years and have become into
an interesting topic in Applied Mathematics.
Fibonacci sequences and their related
higher-order (tribonacci, k-nacci) sequences
are generally viewed as sequences of
integers. The notion of Wall number was
first proposed by D. D. Wall (Wall 1960) in
1960 and gave some theorems and
properties concerning Wall number of the
Fibonacci sequence. K. Lii and J. Wang (Lii
and Wang 2007) contributed to the study of
the Wall number for the k-step Fibonacci
sequence.

A sequence is periodic if, after a
certain point, it consists only of repetitions of
a fixed subsequence. The number of
elements in the repeating subsequence is
called the period of the sequence. For
example, the sequence
a,b,c,d,b,c,d,b,c,d,.. is periodic after the
initial element and has period 3. A sequence
of group elements is simply periodic with
period k if the first k elements in the
sequence form a repeating subsequence. For
the

example, sequence

a,b,c,d,e,a,b,cdeab,cd,e,.. is simply

periodic with period 5 (Knox, 1992).

The  minumum  period lenght of

(Fymodn )2 _,, sequence is staded by k(n)

and is named Wall number of n (Wall 1960).

An k-step Fibonacci sequence {Fn(k)}:lis

FO =0 for

n

defined by letting n<o0,

Fl(k) =1, Fz(k) =1, and other terms according

to the linear recurrence equation

k
FO=>FY fork>2.

i=1
It is well known that the Fibonacci numbers
E, for n =0,1,... are defined by the Binet’s
formula as follows:

=@ -7, n =01, (@

where a=(1++5)/2 and g =(1-V5)/2.
The

1,1,2,3,5,8,13,21,34,55,89, ...

E, satisfy the second order linear recurrence

first few Fibonacci numbers are

The numbers

relation

Fy=Fyq + Fpoyy n=12,..
with the initial conditional F.; =0, F, = 1.
It is also widely know that the E, is related by
the determinant of the special tridiagonal
matrix of the form

1 1
-1 1 1
T, = W € R
-1 1 1
-1 1
The Lucas numbers L,, are closely related to

the Fibonacci numbers F,. The Lucas

numbers are defined by
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Ln = Ln_1 + Ln_1 n = 2,3, e

with initial conditions L, = 2 and L, = 1. The
numbers
2,1,3,4,7,11,18,29,47,76,... The

formula for the Lucas numbers L, is

firs few Lucas are

Binet’s

L,=a™+B", n=0,1,... Than, we see that
the Lucas and Fibonacci numbers are related
by

Ln = By + Fop =722,

n-1
Now, we give definition of a new generalized

k-Fibonacci number in (Mikkawy and

Sogabe 2010) as follows.

Definition 1.1. Let n andk (# 0) be natural
numbers, then exist unique numbers m and
n such that n=mk+r (0 <r < k). Using

these parameters, we define generalized

k-Fibonacci numbers F,fk) by

U _ _1
n (\/E)k

n=mk+r. (2)

(am+2_ﬂm+2)r(am+1_’Bm+1)k-r’

The first few numbers of the new

family for k = 2, 3 are as follows:

@10
{P;l } ={1,1,1,2,4,6,9,15,25,40,64},
n=0

3) 10
{Fn } 0 = {1'15214;8;12118J27’45}'
n=

From (1) and Definition1.1, the generalized

k-Fibonacci and Fibonacci numbers are

related by
Fn(k) = (Fm)k-r(Fm+1)rJ n=mk+r.
Considering the case k = 1 in (2), we see that

m=n and r = 0. Therefore, Fn(l) is the

ordinary Fibonacci numbers F, (Mikkawy
and Sogabe 2010).

In the present paper, we shall focus
on a new family of these numbers defined in
(Mikkawy and Sogabe 2010). We will prove
some theorems concerning the family. We
will give some relationship between the
family and ordinary Fibonacci number. Also,
we prove some theorems concerning a new

family and Lucas numbers. We will also
prove that Fibonaci sequences {Fn(k'p)} of the

family are simply periodic sequences.

2. Main Results

Reducing the a new family of k-Fibonacci
numbers by modulo p, we can get a

repeating. Sequences denoted by

{REP} = (REP) g0, gD,

where Fn(k’p) = Fn(k)(modp). Let h( ) denote
the smallest period of {Fn(k’p)}, called the
period of a new family of k-Fibonacci
numbers by modulo p.

(k)] . . .
Theorem 2.1. {Fn } is a simply periodic

sequences.

Proof. From Definition 1.1, we have
EP = (B2) (F2,), n=mk v
where (F,fl)k-r and (EP,,)" are ordinary
Fibonacci numbers. So, we can write
REP = (1) (LY e=shotr
Because the sequence (F,ﬁ)’” is a simply

periodic, we have
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(Fr_) " = (FP,)""

where (F?, )" = (F7)" and (%)

(FP)"". Since also the sequence (F?,,)" is a
simply periodic, we obtain
(ER) = ()
where (Frz+z)r = (Eﬁrz)r and (FrZ+1)r = (Fsp+1)r'
So, we can write
(Fnet)*" ()" = (Feo)“ (B) = EEP) = RYP).

E®P) = FRP) bhecause we have

k- k-
(F£+1) r(Frg+2)r = (Fszfu) r(Fsﬁz)r'

We can write

Similarly, we can write FP) = &P

because  we  have (F,ﬁ)k'r (Frﬁﬂ)r =
k-

(B (FEL)

That is, we have
(kp) — (kD)
I n-1 = Ft—l

(kp) — p(kp)
n+1 t+1 Fn P =Ft .

where and

So {Fn(k‘p) } is a simply periodic sequences.

Theorem 2.2. Let n € {1,2,...}. For fixed n,

the generalized 3-Fibonacci numbers satisfy

3) 3) _ 3
F3n—1 + F3n - F3n+1~

Proof. We have E¥) = p® - plk=mp®

nk+r n+1
for n=mk+r (0<r<k). For k=3 and

m =n — 1, we obtain
F3(2)_1 = Fé(gr)l_l)” = (Fo-1)'(F)?
and

FS) = (F)3 (Fpyn)® = (B,

By using the last two equalities, the proof is
completed as fallows,

E® .+ EP = (F D (F)?+(F)?

= (Fn)z{Fn—l + F.}

= n+1(Fn)2

_r®3
- F3n+1

Theorem 2.3. Let n€ {2,3..}, n =2k + 1.
For fixed n, the generalized 2-Fibonacci

numbers satisfy

(2) (2) (2) _
F2n+1_F2n+2 + F2n - (—1)n

Proof. We have the following equalities
Fz(rf) — (Fn)z
Fz(raz =(Fn41)?

2
Fz(n-)l—lz(Fn)(Fn+1)~

From the last three equalities, we can write
2 2 2
FZ(n-)l-l_FZ(n-)I-Z + FZ(n) = (F)?—(Fpe1)? +

(F)(Frs1)
= (FAFu+Fraa}—(Fpe1)?
= (F) (Fns1) = (Fns1)?
= —[(Fn+1)? = (F) (Fa41)]
= (=)

= -1n

Theorem 2.4. Let k,n € {1,2, ... }. For fixed
n, the generalized k-Fibonacci numbers

satisfy

N0

x _
nk+k—1 + Fnk+k =F

nk+k+1
Proof.
k k _
Frgk)+k—1 + Frgk)+k = [(F) ' (Fas )11 +
[ (Fre1)*(Fre2)°]
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= [(Fn)l(Fn+1)k_1]+(Fn+1)k

= (Fn+1)k_1[(Fn) + (Frs1) ]

= (Fn+1)k_1Fn+2

_ )
- Fnk+k+1

Theorem 2.5.

2 2
B Ly, = Fz(n)—l + Fz(ni—l

Proof. We have L, = F,_; + F,,; between

Fibonacci numbers and Lucas numbers.

Using by that equalities, we obtain,
Fyly = By(Fpoq + Fpyq)

= EFp_1 + B Fpiq

_ @ 2)
- FZn—l + F2n+1

Theorem 2.6.

2 2 2
LnLn+1 - Fn—ZFn+1 = Fz( -)|-1 + Fz(n)—l + FZ(n)—3

n

Proof. We have L, =F, +F,_,, between

Fibonacci numbers and Lucas numbers.

Using by that equalities, we can write,
LpLyy1 — Fru2Fns
= (B + Foe2) (Fn1 + Foo1) — FpaFopg
= FyFpy1 + BoFpq + Fp o Py 1 B2 Fna
= FyFp1 + FyFpy + FnoF g
= Fz(z-)m + Fz(r%)—1 + F2)

n 2n-3

Theorem 2.7. L, F,,, = Fz(ﬁ)_1 + FZ(rf)—3

Proof. We have L, = F, + F,_, , between

Fibonacci numbers and Lucas numbers.

Using by that equalities, we can write,
LpFp_1 = (Fy + Fpp)Fny
=FFp 1+ FppFpg

—_ @ (2)
- FZn—l + F2n—3

Table 1 The period andk-Fibonacci sequences {Fn(k'p)} for k = 2,3,4and p = 2,3,4,5.

K, k, k, k, i
{Frf p)} {FO( p)’Fl( p), Fn( p)’ } Period

722 8 {1,1,1,0,0,0,1,1,1, ...} hio) =6
n n=0

£23) 10 {11,1,2,1,0,0,0,1,1,1, ...} his =8
n n=0

ey 14 {1,1,1,2,0,2,1,3,1,0,0,0,1,1,1, ...} hia) = 12
n n=0

25 22 {1,1,1,2,4,1,4,0,0,0,4,4,4,3,1,4,1,0,0,0,1,1,1, ...} hes) = 20
n n=0

{ 11(3,2)}12 {1,1,1,1,0,0,0,0,0,1,1,1,1, ... } hzo =9
n=0
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£33 27 {1,1,1,1,2,1,2,0,0,0,0,0,2,2,2,2,1,2,1,0,0,0,0,0,1,1,1,1, ... } h@z3) = 24
n n=0

F(3,4) 21 {1,1,1,1,2,0,0,0,2,3,1,3,1,0,0,0,0,0,1,1,1,1, ... } h(3,4) =18
n n=0

{F153,5)}64 {1’1’1111214J3J2’3’2J0!OIO’OIOJ2J2’2’2J4J3’1’4"1!410’0’01010’4"4"4’ 4’ h(3,5) = 60
n=0

3,1,2,3,2,3,0,0,0,0,0,3,3,3,3,1,2,4,1,4,1,0,0,0,0,0,1,1,1,1,1 ...}

{ (4,2)}16 {1,1,1,1,1,0,0,0,0,0,0,0,1,1,1,1,1, ... } h(4,2) =12
n n=0

{F(4,3)}20 {1,1,1,1,1,2,1,2,1,0,0,0,0,0,0,0,1,1,1,1,1, ... } h(4,3) =16
T Jn=o

{F<4,4)}28 {1,1,1,1,,2,0,0,0,0,0,2,1,3,1,3,1,0,0,0,0,0,0,0,1,,1,1,1,..} | h(ga) = 24
T Jn=o

{F(4,5)}24 {1,1,1,1,1,2,4,3,1,4,1,4,1,0,0,0,0,0,0,0,1,1,1,1,1, ... } hs) = 20
n n=0
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