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ABSTRACT. This paper aims to bring together quaternions and generalized
complex numbers. Generalized quaternions with generalized complex number
components are expressed and their algebraic structures are examined. Several
matrix representations and computational results are introduced. An alterna-
tive approach for a generalized quaternion matrix with elliptic number entries
has been developed as a crucial part.

1. INTRODUCTION

Hamilton introduced the Hamiltonian quaternions for representing vectors in
the space, [1;2]. The real quaternion is written as ¢ = ag + a1i + aaj + ask,
where ag, a1, az,a3 € R are components and i, j,k ¢ R are versors, |3]. The set of
real quaternions, as an extension of complex numbers, is an associative but non-
commutative Clifford algebra used in many fields of applied mathematics. The
associative quaternions will be divided into two classes: in the first class, there
are the non-commutative quaternions (Hamiltonian, hyperbolic, split, generalized
quaternions [4H11] etc.), and in the second class, there are the commutative quater-
nions (generalized Segré quaternions [12,/13], dual quaternions, [14H18]| etc.).

The algebra of generalized quaternions as a non-commutative system, denoted
by Q,,g, includes a variety of well-known four-dimensional algebras as special cases.
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The conditions of the versors for them are given by:

i2 = —qQ, j2 = *Ba k2 = *O‘ﬂa (1)

ij=—ji=k, jk=-kj=pi, ki=-ik=qj,
where o, 8 € R. For « = f = 1 Hamiltonian quaternions, a = 1,8 = —1 split
quaternions, « = 1, 8 = 0 semi-quaternions, a = —1, 8 = 0 split semi-quaternions,

and a = 8 = 0 quasi-quaternions are obtained.

Additionally, the general bidimensional hypercomplex systems (namely general-
ized complex numbers (GCN')) over the field of real numbers R are given by the
ring ( [19-24]):

R[X] 2
~fy= I1:1I-=1 R, I ¢R
<h(X)> {Z 1+ x2 q+p7 p,q,21,2T2 € R, ¢ }7
where h(X) = X2 — qX — p is monic quadratic. By denoting this set with Cqp, it
is well known that the sign of A = g2 +4p determines the properties of the general
bidimensional systems. These systems are ring isomorphic with one of the following
three types:

e for A > 0 the hyperbolic system; the canonical system is the system of
hyperbolic (double, split complex, perplex) numbers H = Cy ; with p = 1,
q =0, [25-28|,

e for A < 0 the elliptic system; the canonical system is the system of complex
(ordinary) numbers C = Cy _; with p = —1, g =0, [28,129),

e for A = 0 the parabolic system; the canonical system is the system of dual
numbers D = Cy o with p =0, g = 0, [28,30[31].

Regarding the value D, = 27 = (x1 + x20) (21 — 221) = 212 — px2? + qu1 29,
which is called the characteristic determinant, z € C, , can be classified into three
types, [20]. Hence z € C ,, is called timelike, spacelike or null where D, < 0, D, > 0
and D, = 0, respectively. Then all of the elements of the set Cy _; are spacelike.
For q = 0, I? = p € R, the generalized complex number system is denoted by C,
and called p-complex plane, [23].

In this paper, we aim to design generalized quaternions by taking the compo-
nents as elements of Cg,. Moreover, the algebraic structures and properties of
these quaternions are investigated, and several types of matrix representations are
introduced. Also, an alternative approach for the generalized quaternion matrix
with elliptic number entries is considered as a further result.

2. GENERALIZED QUATERNIONS WITH Gcn COMPONENTS

In this section, we present mathematical formulations of improved quaternions:
generalized quaternions with GCN and examine special matrix correspondences.

Definition 1. For a, 3 € R, the set of generalized quaternions with GCN compo-
nents are denoted by Q. g and the element of this set is defined as in the form:

(?: ag + a1i+ aoj + ask,
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where ag,a1,az,a3 € Cq, and i,j,k ¢ R are generalized quaternion versors that
satisfy the properties in equations (|1)).

Axiomatically, the generalized complex unit I commutes with the three quater-
nion versors i, j and k, that is il = Ii, jI = Ij and kI = Ik. It is obvious that for
qg=0,p=—1,a =1, the usual complex operator is distinct from quaternion versor
i. Moreover i distinct from the usual hyperbolic unit for g = 0,p = 1, = —1 and
distinct from the usual dual unit for ¢ = 0,p = 0, = 0. This conditions can also
be extended for the other versors. _

Throughout this section, ¢ = ag+a1i+azj+ask and p = bo+b1i+baj+bsk € Qu g
are considered. Due to the generalized quaternions with GCA components are an
extension of generalized quaternions, many properties of them are familiar. For any
q € Qa,8, S5 = ag is the scalar part and V3 = a;i + asj + asgk is the vector part.
Equality of two improved quaternions is as follows: p=¢q & S5 =55V =V
Addition (and hence subtraction) of ¢ to another quaternion p acts in a componen-
twise way:

g+p =(ao+bo)+ (a1 +b1)i+ (az+b2)j+ (az+0b3)k
(2)
=S5+ 5+ Vs + V5
The conjugate of g is the following quaternion:
E:ao—aﬂ—agj—agk:S;j—vaj. (3)
The scalar multiplication of ¢ with a scalar ¢ € Cq , gives another improved quater-
nion as:
cq = cag + cari+ casj + cask = ¢Sz + V. (4)
Multiplication of the two quaternions is carried out as follows:
qp = (aoby — aaiby — Bazby — aBazbs)
+ (apb1 + a1bg + Bagbs — Bazbz) i (5)
—+ (a0b2 — Oéalbg —+ G,Qbo + Olagbl)j
+ (agbs + a1bas — asbi + asby) k.

Proposition 1. éayg is a 4-dimensional module over Cq , with base {1,i,j,k} and
is an 8-dimensional vector space over R with base {1, 1,1, Ii, j, Ij, k, Ik}.

Definition 2. For any ¢,p € @a’g, the scalar and vector products on @aﬁ are,
respectively, defined by:
@ﬁ)g = S5 + (Vg V17>g: agbo + aaiby + Bazbs + aBazbz = 55;57
qxgp = 55V5+ 55Ve — VXV = Vg

where {, >g and X4 represent generalized scalar product and generalized vector prod-

uct:ﬂ for a, B € RT, respectively.

1For a more general description of the generalized inner and cross product, see |7].
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Definition 3. The norm of q is defined as:
N; =47 =qq = a} + aa} + Ba3 + afaj € Cqp. (6)
Definition 4. The inverse of q is calculated by:

@ =5

for non-null Ng that is Dy, # 0.

Proposition 2. For any ¢,p € @aﬁ and ci,ca € Cqp, the conjugate and norm
hold the following properties:

i =4 o iii. §p =74,
ii. c1p + 2 = c1p + 2, iv. Ne,g=c1Ng,

Proof. Taking into account equations , and , items i and ii are obvious.
iii. Considering the conjugate of equation , we have:
qp = (aoby — carby — Bazby — aBasbs)
— (aob1 + a1bo + Bazbs — Bazbs) i
- (aobg — aa1b3 + agbo + aa3b1)j
- (a0b3 + albg — a2b1 + agbo) k.
Using equations , it is easy to check that

]?g: (bo — bli — bgj — bgk)(ao — a1i — agj — Cl,3k) = ﬁ

iv. Having item ii and equation (6]), we get: N7 = (c19) (c19) = i N5
v. Using item iii and equation (6]), we obtain:
Ngp = (@p) (qP) = 4PPq = NgNp.
[l

Remark 1. As an another perspective to q € @aﬁ, the following can be calculated:

g =ao+aii+azj+ask
= (zo1 + wo2l) + (z11 + @12d) i+ (w21 + w22l ) j + (v31 + 2320 ) k (7)
=qo+ql,
where a; = x;1 + Tl € (CCMM qj—1 = Zoj + (Elji + (Eij + l’gjk S Qa,ﬁ fO’f‘ 0 <
1<3,1<j<2 Forq=qyo+aql andp = po+p1l € @%5, if p = q, then
Do = qo,p1 = q1- The addition is p+q = (po + qo) + (p1 + q1) I. The conjugate and

anti conjugate are ¢ = qo+qq1 —q1 I and q'2 = q —qol, respectively. Additionally,
cqg=cqo+cqil, c € R and

qp = (qopo + pqip1) + (qop1 + @1po + aqipr) 1.
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It is worthy to note that éa”@ is a 2-dimensional module over Q. g (skew-field)
with base {1,1}. The moduli is

Ny =aq" (8)
and the inverse is (@)71 = % for non-null Nz;fl, The analogue of the scalar product
a

on @aﬁ can also defined by as follows:
<(7? @g = Sqoﬁo + pSQl?1 + (Sq0?1 + SQI?O + qS‘I151)I‘

Proposition 3. The followings hold for q,p € éaﬁ and cq,co € R:

i (q 1)T1 :E]; V. a+§TIZQQO+q91;

ii. (g 2)“ =—q, vi. (5@“ #p" ? L
. _ 2

i, (g c2p)t = 1@ + eoph, vii. Ncga =a TNalT’

iv. (c1q+ CQ@TQ =142 £ eopl2, viil. Nz #* N7 NG

Proof. vi. Let us consider ¢ = (1+i)I and p = j+I. As it is seen the followings:
gp=p(l+i)+(a+aqi+j+k),
@GP =pA+i)+qa+aititk) —(q+qi+j+ k)L,

and
phr gl = (G+q— (g +1i) - (1+1i)])
= (p+a*)+(p+a)i+ai—gk—(q+agi+j—k)I.
It follows that (qN[))Tl £ pit ghe,
viii. From equation (8), we have the following equations:

NE=@panh
and
NENDE = (Gah) (5 1)
On account of the generalized quaternions are non-commutative and item
vi, we find Ng% #+ NalNgl. One can also see this inequality considering
g=1il and p=jas NIt =paf = —NI NI

The proof of the other items is a simple calculation considering Remark O

2.1. Matrix Correspondences. In this subsection, we formulate 2 x 2, 4 x 4 and
8 x 8 matrix correspondences which provide an alternative formulation of multipli-
cation.

Theorem 1. Every generalized quaternion with GCN components can be repre-
sented by a 2 X 2 quaternionic matriz. Qqu g is the subset of Ma(Qy.3)-
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Proof. For ¢ = ag + a1i+ a2j + ask € éaﬂ, L: éa,g — R,q — Ay is linear map,
where

o ~ ~ 4. | aotask aji+azj

is a subset of Mg(éa, 3). So there exists a correspondence between éa, g and R via
the map L. Hence, 2 x 2 quaternionic matrix representation of ¢ is Ajz.

O

Corollary 1. L can be determined as the following representation:

[,(ao + a1i+ asj —|—(13k) = agly + a1l + azd + azK, (10)
where

10 i 10 ] |k O
=[0s]e-5 - [ok]

Thus

|2 = —OZIQ, J2 = _ﬂI27 K2 = _aﬂ-[Qa

J=—-JI=K, JK=-KJ=-pl, Kl=-IK=aJ.

Theorem 2. For q,p € éaﬁ and A € R, then the following identities hold:

ig=pe Az=A;, iii. Axg = AMAg),
ii. Agpp = A+ Az, iv. Agp = AgAz.

Proof. The proof is obvious considering the matrix form given in equation (@
However let us discuss the proof of the item iv for better understanding:

iv. Considering equation , we can write:

aobo — aar1by — ,Bazbg — aﬂagbg (aob1 + arbo + ﬁazbg — ﬁa3b2)i
(aobs + a1b2 — a2b1 + asbo) k + (aob2 — aa1bs + a2bo + aasbi) j
Agp =
(a0b1 + aibg + ﬁagbg, — ﬂagbg)i aobo — aa1by — ﬁagbg — aﬁagbg,
+ (aob2 — awa1bs + a2bo + aasbi)j  + (aobs + aiba — a2b1 + asbo) k

(11)
Computing AzAz as
AA- — ag + ask a1i+ asj bo + bsk  b1i+ boj
P ali —|— agj Qg + a3k bli —|— bgj bo —|— bgk
gives equation quickly. We thus get Az = AzAp.
(I

Theorem 3. Every generalized quaternion with GCN components can be repre-
sented by a 4 x 4 generalized complex matriz. Qo g is the subset of My(Cq,p).
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Proof. For § € Q, , denote K as a subset of M(Cq,) given by:

ag —aay —fay —afag

) pl_ | @ ao  —Paz  Pap
K= B e Mu(Cop):By= | 08 00 TO® PR (12)
as —a9 aq [e))

and define linear the map N : éa,ﬂ = K,q— Bé”' There exists a correspondence

between éa, 5 and K via the map N. Bf7 is the 4 x 4 left generalized complex matrix
representation of ¢ according to the standard base {1,1, j, k}.

4 x 4 right generalized complex matrix representation of ¢ can be calculated
similarlyﬂ Throughout this paper B% will be considered. ([l

Corollary 2. Considering the base {1,1,j,k}, the column matriz representation
of p € Qa, is given by p = [ bp b1 by b3 ]T. Using Bé-, the multiplication of
q,p € éa,g can also be written by: qp = Béfﬁ.

Theorem 4. Let q € Qva,g. Bfi can be determined as:

B;l]v = aply + a11+ axd + a3K,

where
0 —a 0 O 0 0 -8 0 00 0 -—ap
|1 0 0 o0 I 0 g 10 0 -5 0
= 0 0 0 —« I = 1 0 0 0 K = 0 aa O 0
0O 0 1 o0 0 -1 0 O 1 0 O 0

Undoubtedly, 1,J, K satisfy the generalized quaternion versors conditions in equa-
tions (1)).

Using q € @aﬁ as ¢ = (ap + a1i) + (a2 + asi)j and considering a different con-
jugate related to this form, we can write the following theorem:

Theorem 5. Letq € @a,g. Then, we have aBéa = Bé* , where o = diag(1,1,—1,—1)
and Z]v* = (ao + a1i) — (CLQ + a3i)j S Qaﬁ.

24 x4 right generalized complex matrix representation of g is:

ap —aa; —faz —afas
Br— | @ ag Bas —pBaz
a az —aas ago aal

as az —ai ao
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Proof. An easy computation shows that

1 0 0 0 agy —aa; —Pay —afag 1 0 0 0
UBLO': 0 1 0 0 aq ao —6@3 50,2 0 1 0 0
q 00 -1 0 as «as ag —aaq 00 -1 0
_O 0 0 -1 as —ag a1 apn 0 0 0 -1

[ a0 —an Baz afaz

_ ay ap  Baz —Bay

—Q9 —Qas aon —Qaq

_—CL3 a9 aq ap

Hence, one can see that the last matrix is Bé*. (I

Theorem 6. Let g,p € éa’g and A € Cq p, the following properties are satisfied:

i g=peBL=5BL,
ii. BL, -

q+p q

; | _ plal
iv. B = BLB5,

V. det(l’)’év) = Ng,
vi. tr(B%) = 455.

Proof. By considering the matrix form given in equation , the proof is clear.

As well let us discuss the proof of the item iv for better understanding:

iv. Using equation 7 we obtain the following matrix for Bévﬁ:

aobo — aq bl
—Bazbs — afaszbs

apby + a1bg
+Bazbs — Bazbz

(aobg — aalbg
+asbg + casby)

(aobs + a1bz
L —azb1 + azbo)

—« (aob1 + a1bg
+Bazbz — Bazbz)

apobg — aa1 by
—PBazbz — aBazbs

« (a0b3 + ai1bs
—azb1 + azbo)

— (a0b2 — xaq b3
+azbo + aasby)

—B (apb2 — aaibs
+azbo + aasby)

=B (aobs + a1b2
—azb1 + azbo)

a()bo — aalbl
—Bazbz — aBazbz

aob1 + aibo
+Bazbs — Bazbz

—af (apbs + a1b2
—azby + azbo)

B (apba — aa1bs
+azbo + aasby)

—a (a0b1 + ai1bg
+Bazbs — Bazbz)

agbo - ozalbl
—PBazba — afasbs

(13)
Multiplying Bg and B% as:
ag —aa; —Paz —afaz bp —ab; —Bby —afBbs
BpL— | @ a —Bas Pa by bo  —pbs  Pby
a-p a2 aas ap —Qaq b2 O[b3 bo —O[bl
as —a9 ay ao bg —b2 b1 b()
gives equation quickly. Hence we get Bﬁﬁ = Bg@%.
|

Theorem 7. Let g € éaﬁ and g1 be the inverse of q. Then,

85771 ==

A /det(Bf?) I

L
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Proof. Taking into account Definition [4] and Theorem [f] items iii and v, the proof
is obvious. O

Theorem 8. Every GCN with generalized quaternion components can be repre-
sented by a 2 x 2 generalized quaternion matriz. Q, g is the subset of Ma(Qa. ).

Proof. For ¢ =qo+ q11 € éa,g, denote T as a subset of My(Qq,3) given by:

T:= {D@E Ma(Qa.p): Dy = [ by qoiqqul ” (14)

and define the linear map M : Qva,g — T, ¢ = Dz It can be concluded that

there exists a correspondence between Q, g and 7 via the map M. Hence, 2 x 2
generalized complex matrix representation of ¢ with respect to the standard base
{1, I} is the matrix Dj. O

By using Dy and p = [ Po  P1 }T, we have: gp = Dgp. Moreover, Dy is also in
the form Dy = gol2 + qi1l, where | = [ (1) E ] is the representation of I. It should

be noted that there are many ways to choose |, for instance: | = [ g (1) } (see
in [32)).
Theorem 9. For any ¢ = qo + q11 and p = pg + p1l € éaﬂ and A € R, the
following properties are satisfied:

i a:5¢>pazpﬁ,

ii. Dgr5 =Dz+ Dy,

ili. Drg = A(Dg),

iv. ’ng}; = 'Dg'Dﬁ,

v. det(Dz) = ¢3 + qq190 — pgi, where the notation det represents the determi-

nant of the quaternion matria’).

Proof. The proof is obvious considering the matrix form given in equation .

iv. Using equation 7 we obtain:
- qopo + Pq1p1 p(qop1 + q1po + qq1p1) . (s)
w qop1 + q1po + aq1p1 - qopo + pqip1 + q(qop1 + ¢1po + qq1p1)

Also, the computation of the following multiplication

qo b1 Do pp1
D;D5 =
o [ @ qo+aq } {pl Po + qp1 }
gives equation . Hence we have Dz = Dz D5.

3The determinant of an arbitrary 2 X 2 quaternion matrix is defined by

det([ i : D =da — cb, [33].
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O
Definition 5. Let ¢ = qo + 11 € éaﬁ. The vector representation of q is defined
as
= T @
q Z[%)T q_l)T] :|:§1)>:|€M8><1<R)a

where qj_1 = xoj + T1ji + x2;j + T3k € Qo g and
— T T
aj—1 = (Toj, T1j, T25, T35) * = [Toj T1j T2y T3]
are vectors (matrices) for 1 < j < 2.

Theorem 10. Let g = qo + 11 € éa”g. Then

= -
Lgh =X, where X = | 19| c v(w).
0 —I
- o
ii. g2 =Y7q, where Y = 0 I € Ms(R).
-1, 0
Proof. N
- — -
i. Computing ¢t and X' ¢ gives the equality as: g1 = [ d0 q_q>q1 } and
—qi
in): Iy qly @i _ %>+_Cl>q_1>
0 - i —qi '
With the same manner the other item can be proved. O
Ti1 P2

By applying the map I'(z;1 + x2l) = { } to Bé, where

Tiz  Til T qT2
a; = x51 + T2l € Cqp, for 0 < 4 < 3, the left real matrix representation Cé of
q (see in equation (7)) with respect to the base {1, 1,1, i, ], Ij, k, Ik} can be easily
found. So, Qg4 is the subset of Mg(R).

Example 1. Take g € @2’1 with GCN' components for p = —1 and q = 1:
g=1+(-1+0i+Ij+(1+2])k.

Then,
1+(1+2Dk (-1+1D)i+1Ij

Ag = (-1+1D)i+1Ij 1+(1+2Dk |’
1 —2(=1+1) -1  —201+2I)
g | 1+1 1 —1-2I I
7= I 2(1+2I) 1 —2(=1+1) |’

1+21 —I —1+1 1
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1 0 2 2 0 1 -2 4
0 1 -2 0 -1 -1 -4 -6
-1 -1 1 0 -1 2 0 -1
oL 1 0 0 1 -2 -3 1 1
q 0 -1 2 -4 1 0 2 2 [
1 1 4 6 0 1 -2 0
1 -2 0 1 -1 -1 1 0
2 3 1 =11 0 0 1 |
po_ | itk —i-j-2k
T i+j+2k 14+j+3k |’
1 2(-1+1) I 2(1+2I)
B 1 1-1 1 1+21 ~1
T /Z1890 + 451 -1 —2(1+2I) 1 2(-1+1)
—1-2I I 1-1 1

Also, the vector representation of git is computed by:

T
ﬁ_qug_{h ]4} [1—101]T
0 —L (001 1 2]

—[1 0130 -1 -1 —2]",

3. FURTHER RESULT: AN ALTERNATIVE MATRIX APPROACH

The questions about numbers, hypercomplex numbers and quaternions included
questions about their matrices. Inspired by matrix forms in the study [34], we
give an answer for the question of the alternative representation of generalized
quaternion matrix with elliptic number entries (see elliptic biquaternions in [35]).
So this matrix is in the form:

Q = Aol + A1 T + Ay T + AsK,

where Ao, A1, A, A3 € C, are elliptic numbers for p < 0. The base elements can
be defined as follows:
Case 1: For o, 3 € RT

o af
s | vmt O j:[ 0 \/B} oo | ol
0o /&1’ -vB 0 ]’ s 1
[p] [p]
Case 2: Fora ¢ R, B e R~
e —ap
0 /&I’ V=5 0] —/=221 0

[p] [p]
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Case 3: Fora e R, B € RT

/L —afB
I[ 0 \/—04}“7 AR 0 o

V—a 0 /B _ [zaB
0 Ip\I [l I 0
Case 4: For o, € R™
—a af
I 0 i j:[ 0 \/—6} oo | Vit 0
_ = ’ V- 0 ’ _ JaB
Yan 0 F 0 Yared

These elements satisfy the following conditions:

2 =—al, IJ=-JI=K,
J?=-pL, JK=-KJ=0pI,
K2 = —afl, KI=-IK=aJ.

Taking into account Case 1, @ is rewritten as
_ Ao+ [ TAr  VBAx+ /%8 1A,
. Ip] Ip]
Q= oy
—V/BAy + il TA3 Ag — ﬁ[/h
One can see this matrix in Tian’s paper [36] related to biquaternions (complexified
quaternion) for « = f=1and p = —1.

The conjugate (same as the adjoint), transpose, the elliptic conjugate, the total
conjugate and determinant @ can be given as follows:

~5 = A0]2 — AlI - A2j - A3K = AdJ @7
QT = AOI2 + AII — AQJ + A3IC7

~ iT
Q% =Agh -~ AT+ AT - A3K=0Q

—=C =~
Q ’ = Agls + A1T — AT + AsK = (QCp)7

and B
detQ = A2+ A2+ BA2 + afA2
= A% + A2detT + A3det J + A3 det K.

For det é # 0, the inverse of @ is defined by:

Q= Q= 1

det Q A%+ aA? + BA + aBA3
Similar calculations can be given for the other cases. Additionally, the relation-
ships between the above operations and some properties of generalized quaternion
matrices with elliptic number entries can be easily proved. We omit them for the
sake of brevity. For Ag, A1, Aa, A3 € C_1, we refer to [37] under the condition that
a=pf=landa=1,=-1.

(Aoly — A\T — Ay T — A3K).
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4. CONCLUDING REMARKS

Our paper is motivated by the question: What happens if the components of
quaternions become GCN? Based on this question, we develop the theory of gen-
eralized quaternions (non-commutative system) with GCN components p,q € R.
Also, we investigate the algebraic structures and properties by considering them as
a GCN and a quaternion. With specific values of o and 3, we obtained different
types of quaternions with GCN components in Section 2. Additionally, we establish
matrix representations and give a numerical example. In Section 3, we also come
up with a different way to deal with a generalized quaternion matrix with elliptic
number entries.

The crucial part of this paper is that one can reduce the calculations to men-
tioned types of quaternions by considering hyperbolic, elliptic and parabolic number
components for A = g2 + 4p (see Table . As a natural consequence of this situ-
ation, taking into account special conditions, the definition of special quaternions
mentioned in the papers [38/47] are generalized via Definition [1} the papers [48-53]
are generalized from the viewpoint of definition, algebraic properties, relations and
matrix representations of quaternions and finally, different matrix forms in the
papers [35H37| are generalized in Section 3. All of these situations can be exam-
ined in Table 2} For instance, all of the obtained calculations agree with complex
quaternions fora = =1,q=0,p = —1.

With this unified method, we believe that these results give rise to ease of calcu-
lation via mathematical concordance, and in future studies, we intend to investigate
other commutative and non-commutative quaternions created with GCN' compo-
nents in this manner. Now, the necessary and sufficient condition for similarity,
co-similarity and semi-similarity for elements of the generalized quaternions with
GCN components for p,q € R is an open problem for researchers.

TABLE 1. Basic classification regarding components

A =qg?+4p Type of components References

A<O elliptic biquaternion [35,/50] (for g = 0)
A=0 parabolic [41,51] (for q = 0)

A>0 hyperbolic
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TaBLE 2. Classification considering components with regard to
the value of p,q,a and

Condition o [ Component Quaternion
1 1 complex Hamiltonian
1 -1 complex split
q =0 .
p =1 1 0 complex semi
-10 complex split semi
0 O complex quasi
1 1 dual Hamiltonian E |
—0 -1 dual split ﬁ
9 —0 1 0 dual semi 42/52]
po= -1 0 dual split semi o
0 dual quasi
1 1 hyperbolic ~ Hamiltonian |40
0 1 -1  hyperbolic split ?
q B 1 1 0  hyperbolic semi
P -1 0 hyperbolic  split semi \\
0 0 hyperbolic  quasi
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