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ABSTRACT 

 
In the present study we consider curves and surfaces of AW(k) ( k =1, 2 or 3 ) type. We also give 

related examples of curves and surfaces satisfying AW(k) type conditions. 
 Keywords: Frenet curve, curves and surfaces of AW(k) type.   
 
ÖZET 
 Bu çalışmada, AW(k) ( k=1, 2 yada 3 ) tipindeki eğri ve yüzeyler gözönüne alındı. AW(k) şartını 
sağlayan eğri ve yüzeylere örnekler verildi. 
Anahtar Kelimeler: Frenet eğrisi, AW(k) tipinde eğri ve yüzey. 
 

1- INTRODUCTION 
 

Let f : M →M~  be an isometric immersion of an n-dimensional connected 
Riemannian manifold M into an m-dimensional Riemannian manifold M~ . Letters X, Y 
and Z (resp.ζ, µ and ξ ) vector fields tangent (resp. normal) to M. We denote the tangent 
bundle of M (resp. M~ ) by TM (resp. T ~M ) , unit tangent bundle of M by UM and the 
normal bundle by T⊥M. Let ∇~  and  ∇  be the Levi-Civita connections of M~  and M , 
resp. Then the Gauss formula is given by 

),(~ YXhYY XX +∇=∇                                                    (1) 
where h denotes the second fundamental form. The Weingarten formula is given by    

ξξ ξ XX DXA +−=∇~             (2) 
where A denotes the shape operator and D the normal connection. Clearly h(X,Y) = 
h(Y,X) and A is related to h as ξξ ),,(, YXhYXA = , where  ,  denotes the 

Riemannian metrics of M and M~ [1]. 
 Let { } be an local orthonormal frame field on M where 
{ } are tangent vector and { }are normal vector. The connection 
form  are defined by  
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 The covariant derivations of h is defined by  
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   ),(),(),(),)(( ZYhZYhZYhDZYh XXXX ∇−∇−=∇  ,      (6)  
where X, Y, Z  tangent vector fields over M and  ∇ is the van der Waerden Bortolotti 
connection. Then we have 
   ),)((),)((),)(( XYhZXhZYh ZYX ∇=∇=∇          (7) 
which is called  codazzi equations. 
 If  0=∇h  then M is said to have parallel second fundamental form ( i.e.1-
parallel ) [2]. 
 It is well known that h∇  is a normal bundle valued tensor of type (0,3).We 
define the second covariant derivative of h by 

 
),)((),)((-                             

),)(()),)(((),)((
ZYhZYh

ZYhZYhDZYh

XWX

WXXWXW

W∇
∇−∇∇

−∇∇−∇=∇∇
         (8) 

 For the orthonormal frame { } of Tneee ,...,, 21 pM  the mean curvature vector H of 
f is defined by  

   ∑
=

=
n

i
ii eeh

n
H

1
),(1 .            (9) 

 
 2.CURVES OF AW(k) TYPE 
 
 Let  be a unit speed curve in IEmIEIEIs →⊂= :)(γγ m . The curve γ is called 
Frenet curve of osculating order d if its higher order derivatives )(' sγ , )('' sγ , 

)(''' sγ ,…,  are linearly independent and )()( sdγ )(' sγ , )('' sγ , )(''' sγ ,…,  are 
linearly dependent for all s∈I. For each Frenet curve of order d one can associate an 
orthonormal d-frame ν

)()1( sd+γ

1, ν2 ,…,νd along  γ ( such that T  = )(' sγ  = ν1 ) called the Frenet 
frame and d-1 functions ,1κ ,2κ …, 1−dκ : I→IR called the Frenet curvatures, such that 
the Frenet formulas are defined in the usual way; 
   )()(')(' 211 sssT νκν ==          (10) 
   )()()()()(' 3212 sssTss νκκν +−=         (11) 
   )()()()()(' 111 sssss iiiii +−− +−= νκνκν        (12) 
   ).()()('1 sss iii νκν −=+          (13) 

A regular curve  is called a W-curve of rank d, if  γ is a mIEIEIs →⊂= :)(γγ
Frenet curve of osculating order d and the Frenet curvatures iκ , 1 ≤ i ≤ d-1 are non zero 
constant and dκ =0. In particular, a W-curve )(sγ  of rank 2 is called a geodesic circle. 
A W-curves of rank 3 is a right circular helix. 

 Let M be a smooth n-dimensional submanifold in (n+d)-dimensional Euclidean  
space IEn+d. For x∈ M and a unit vector X ∈ TxM, the vector X and the normal space 
NxM determine a (d+1)-dimensional affine subspace IE(x,X) of IEn+d. The intersection 
of M and IE(x,X) gives rise to a curve )(sγ  (in a neighborhood of x) called the normal 
section of M at x  in the direction of  X , where s denotes the arc length of  γ [1]. 
 
Definition 1. If each normal section γ of M is a Frenet curve of osculating order d then 
M is said to have d-planar normal sections (d-PNS). For every normal sections γ of M if 
γ is a W-curve of rank d in M then M is called weak helical submanifold of order d. 
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Definition 2. If each d-planar normal section is γ a geodesic of M then M is said to have 
geodesic d-planar normal sections (Gd-PNS). For every geodesic normal sections γ of 
M if  γ is a W-curve of rank d in M then M is called weak geodesic helical submanifold 
of order d. 

  
From now on we consider the Frenet curve of osculating order 3 of  IEm. 

 
Proposition 3. Let γ be a Frenet curve of IEm of osculating order 3 then we have  
  21)('' νκγ =s ,   )()(' 1 ss νγ =   
              (14) 321211

2
1 ')(''' νκκνκνκγ ++−=s

 .  (15) 321212
2
211

3
1111 )''2()''('3)(' νκκκκνκκκκνκκγ ++−+−+−=sv

Notation: Let us write  
   N1(s)= 21νκ  
   N2(s)= 32121 ' νκκνκ +  
   N3(s)= . 321212

2
211

3
1 )''2()''( νκκκκνκκκκ ++−+−

 
Corollary 4. )(' sγ , )('' sγ , )(''' sγ and  are linearly dependent if and only if 
N

)(' svγ
1(s), N2(s ) and N3(s) are linearly dependent. 

 
Theorem 5. Let γ be a Frenet curve of  IEm of osculating order 3 then 
   )()(),()()(),()( *

2
*
23

*
1

*
133 sNsNsNsNsNsNsN +=  

where 

)(
)()(

1

1*
1 sN

sNsN = , 
)()(),()(

)()(),()(
)(

*
1

*
122

*
1

*
122*

2
sNsNsNsN

sNsNsNsN
sN

−

−
=   

 [3]. 
 
Definition 6. Frenet curves ( of osculating order 3 ) are 
i)of type weak AW(2) if they satisfy  
   )()(),()( *

2
*
233 sNsNsNsN = , 

ii) of type weak AW(3) if they satisfy 
   )()(),()( *

1
*
133 sNsNsNsN =    [3]. 

Corollary 7. Let γ be a Frenet curve of type weak AW(2). If  γ is a plane curve then 
, and the solution of this differential equation is  0)()('' 3

11 =− ss κκ

   
cs +

±=
2

1κ ,   c= Const.    [3]. 

 
 The curvature vector field of  γ ( the mean curvature vector field of  γ ) is defined 
by 
   h(T,T)=H(s)= ).()()('' 21 sss νκγ =         (16) 
One can use the Frenet equations (15) to compute 
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        (17) 321212
2
211

3
1 )''2()''()(' νκκκκνκκκκγ ++−+−=⊥ sv

 
Definition 8.Curves are of type AW(1) if they satisfy  
   ,           (18) 0

0

0

)(' =⊥ svγ
of type AW(2) if they satisfy  

0)(''')(' =Λ ⊥⊥ ssv γγ           (19) 
and of type AW(3) if they satisfy 
   .          (20) )('')(' =Λ⊥ ssv γγ
 
Proposition 9. Let γ be a Frenet curve of type AW(1) if and only if 
             (21) '' 2

211
3
1 =−+− κκκκ

   0''2 2121 =+ κκκκ .          (22) 
Proof. Substituting (17) into (18) we get the result. 
 
Corollary 10. Let γ be a Frenet curve of type AW(1). 
i)If  01 =κ  then γ is a straight line. 
ii)If  01 ≠κ , 02 =κ  then . That is  0'' 3

11 =−κκ

   
cs +

±=
2

1κ , c=Const. 

[3]. 
iii)If 0, 21 ≠κκ  then by (21) and (22) we obtain  

   ,2
1

2 κ
κ c

=    0'' 3
1

2
3
11 =−−

κ
κκ c .        (23) 

Putting y=1κ  into (23) we get  

   0'' 3

2
3 =−−

y
cyy .          (24) 

Thus solving the differential equation (24) one gets  

   ∫ =−−
+−

−−

−−−

−
)(

226
02

1442

2xy

Cxad
aCca

a
, 

    

   ∫ =−−
+−

− −−

−−−

−
)(

226
02

1442

2xy

Cxad
aCca

a
. 

Using y=1κ ,  ,2
1

2 κ
κ c

=  we get the result. 

 
Corollary 11. Every plane curve of  AW(1) type is also of weak AW(2) type [3]. 
 
Proposition 12. Let γ be a Frenet curve of type AW(2) if and only if 
 
                       (25) ''' 11

2
211

3
1 κδκκκκ =−+−
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2112121 ''2 κκδκκκκ =+ .                    (26) 
Proof. Substituting (14) and (17) into (19) we get the result. 
 
Corollary 13. Let γ be a Frenet curve of type AW(2). 
i)If  01 =κ  then γ is a straight line. 
ii)If  01 ≠κ , 02 =κ  then by (25) we obtain  
             (27) 0''' 11

3
11 =−− κδκκ

Putting y=1κ  into (27) we get  
             (28) 0''' 1

3 =−− yyy δ
Thus solving the differential equation (28) one gets  

   .2
4

2
2
4

1

2
11

2
11 xx

ececy
δδδδ +−++

+=  
Using y=1κ  we get the result. 
iii)If 0, 21 ≠κκ  then by (25) and (26) we obtain  
      (29) 02)26'3(')3'3(''''' 4

111
2

1
3
1111111111 =++−−+−+ κδκδκκδκκδκκκκ

Putting y=1κ  and c=1δ   into (29) we get  
   .(30) 02)26'3(')3'3(''''' 423 =++−−+−+ cyycycyycyyyyy
Thus solving the differential equation (30) one gets 

))( ()()([{   )()( ,0)( )2(3)2(6 ab
ad

dceabeabwhereabxyxy acac
−−

−

−
−−

−
−−−−

−− −−==  

  },01))( ()( 2

2
)2(3 =++ −−−

−

−
−−

− Cab
ad

deab ac   

  )}].()(  ,{   )},()(  ,{ abxyaxxyabxa −−−−−− ====  
Using y=1κ  we get the result. 
 
Proposition 14. Let γ be a Frenet curve of type AW(3) if and only if 

                      (31) 12
2
211

3
1 '' κδκκκκ =−+−

0''2 2121 =+ κκκκ .                          (32) 
Proof. Substituting (16) and (17) into (20) we get the result. 
 
Corollary 15. Let γ be a Frenet curve of type AW(3). 
i)If  01 =κ  then γ is a straight line. 
ii)If  01 ≠κ , 02 =κ  then by (31) we obtain  
             (33) 0'' 12

3
11 =−− κδκκ

Putting y=1κ  and c=2δ into (33) we get  
             (34) 0'' 3 =−− cyyy
Thus solving the differential equation (34) one gets  

   ∫ =−−
++

−−

−−−

)(

24
02

1442
2xy

Cxad
Ccaa

, 
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   ∫ =−−
++

− −−

−−−

)(

24
02

1442
2xy

Cxad
Ccaa

. 

 
Using y=1κ  we get the result. 
iii)If 0, 21 ≠κκ  then by (31) and (32) we obtain  

      ,2
1

2 κ
κ c

=    0'' 123
1

2
3
11 =−−− κδ

κ
κκ c .        (35) 

Putting y=1κ  and d=2δ   into (35) we get  

   0'' 3

2
3 =−−− dy

y
cyy .               (36) 

Thus solving the differential equation (36) one gets 

   ∫ =−−
+−+

− −−

−−−−

−
)(

4262
02

44214

2xy

Cxad
adcaaC

a
 

   ∫ =−−
+−+

−−

−−−−

−
)(

4262
02

44214

2xy

Cxad
adcaaC

a
. 

Using y=1κ , ,2
1

2 κ
κ c

=  we get the result. 

 
Corollary 16. Every Frenet curve of weak AW(3) type is also of AW(3) type [3]. 
 
 3. SURFACES OF AW(k) TYPE 
 
 In this part we consider surfaces of AW(k) type. 
 Let us write  
   H(X)=h(X,X)                      (37) 
   ),)(()( XXhXH X∇=∇          (38) 
   ),(3),)(()( ),( XXAhXXhXJ XXhXX +∇∇=        (39) 
so that  H : T(M) → N(M), ∇H : T(M) → N(M) and J : T(M) → N(M) are fibre maps 
whose restriction to each fibre TX(M) is a homogeneous polynomial map, H is of degree 
2 and ∇H  is of degree 3 and J is of degree 4. 
 Then 
   ),(3),)(( 11),(111 1111

eeAheehJ eehee +∇∇        (40) 

   ),(3),)(( 22),(222 2222
eeAheehJ eehee +∇∇ .       (41) 

 
Definition 17. [4] Submanifolds are of  type AW(1) if they satisfy  
   J ≡ 0            (42) 
submanifolds are of  type AW(2) if they satisfy 
   HHJJH ∇∇≡∇ ,2          (43) 
and of type AW(3) if they satisfy  
   HHJJH ,2 ≡ .          (44) 
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Proposition 18. [5] Let M be a connected normally flat surfaces in IE4 . e3 is parallel to 
the mean curvature vector H  of M such that  

   , .       (45) ⎥
⎦

⎤
⎢
⎣

⎡
=

µ
λ
0

0
3eA ⎥

⎦

⎤
⎢
⎣

⎡
−

=
β

β
0

0
4eA

 
We give the following results. 
 
Lemma 19. From the Codazzi equations and using (4), (5) and (45) 
           (46) )( )()()( 1

4
312

2
1 eweew βµµλ +=−

           (47) )( )()( 2 1
4
312

2
1 eweew µββ +−=

           (48) )( )()()( 2
4
321

2
1 eweew βλµλ −=−

   .        (49) )( )()( 2 2
4
321

2
1 eweew λββ +=

 
Lemma 20. If M ⊂ IE4  is normally flat surfaces then  

)()(3))(( )()(2))(( )({ 21
2
11

4
311

4
31

2
1

4
3

2
11 λββλλ eeweweeweeweJ −−−−= (50) 

      3
22

2
4
31

2
1 )}( 3)()( 3 eewew βλλβ +++

   )()(3))(()()(2))(( )({ 21
2
11

4
311

4
31

2
1

4
3

2
1 βλλββ eeweweeweewe −++−+

4
22

2
4
31

2
1 )}( 3)()( 3 eewew βλβλ ++−  

and  
)()(3))(( )()(2))(( )({ 12

2
12

4
322

4
32

2
2

4
3

2
22 µββµµ eeweweeweeweJ +++−=    (51) 

     3
22

1
4
32

2
1 )}( 3)()( 3 eewew βµµβ +++

  )()(3))(( )()(2))(( )({ 12
2
12

4
322

4
32

2
2

4
3

2
2 βµµββ eeweweeweewe −+++−+

     . 4
22

1
4
32

2
1 )}( 3)()( 3 eewew βµβµ +−+

Proof. Substituting (4), (5), (6), (8) and (45) into (40) and (41) we get the result. 
 
Proposition 21. Let M ⊂ IE4  be a normally flat surfaces. If M is AW(1) type then J1 = 0 
and J2 = 0. That is 

))(( )()( 4))(( )2()( 1
4
312

2
11

4
3

2
1

4
3

2
1 eweewewewe ββµλλ −++−  

0)(3))()((3 222
1

2
1 =++−− βλλµλ ew , 

 
)()()3())(()()()(2 2

2
11

4
31

4
311

4
31 eweweweewe µλµλλ −+++  

,0)}(3))((6))((2))((4))((2{ 222
1

2
12

2
11

2
2

2
1

2
1

4
3 =+−++−− βλβ eweweewew  

))(( )()( 4))(( )2()( 2
4
321

2
12

4
3

2
2

4
3

2
2 eweewewewe ββλµµ +++−  

,0)(3))()((3 222
2

2
1 =++−+ βµµµλ ew  

 
 
 

)()()3())(()()()(2 1
2
12

4
32

4
322

4
32 eweweweewe µλµλµ −+++  

  .0)}(3))((6))((2))((4))((2{ 222
2

2
11

2
12

2
1

2
1

2
2

4
3 =++−++−− βµβ eweweewew
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Proof. Substituting (46), (47), (48), (49) into (50) and (51) and from AW(1) type 
definition we get the result. 
 
Proposition 22.Let M  be a normally flat and has got constant principal curvature 
submanifold. Then  

3
22

2
4
31

2
11

4
31

2
1

4
31 )}(3)()( 3))(( ))(( { eeweweweewJ βλλββλ +++−−=        (52) 

,)}(3)()( 3))(( ))(({ 4
22

2
4
31

2
11

4
31

2
1

4
3 eeweweweew βλβλλβ ++−+−+  

3
22

1
4
32

2
12

4
32

2
2

4
32 )}(3)()( 3))(( ))(( { eeweweweewJ βλλββλ ++++−=       (53) 

.)}(3)()( 3))(( ))(({ 4
22

1
4
32

2
12

4
32

2
2

4
3 eeweweweew βλβλλβ +−+++  

 
Lemma 23. Let M  be a normally flat and has got constant principal curvature 
submanifold of AW(1) type 
i) If λ = β = 0 then M is a plane, 
ii) If  λ = - β then M has got vanishing Gaussian curvature (K = 0), mean curvature       
H = λ or  , )(3))(( 222

2
4
3 βλ +=ew

iii) If  λ = β then M has got vanishing Gaussian curvature (K = 0), mean curvature H = 
λ or  .3))(( 1

4
32

2
12

4
32 ) (e)w(ewewe −=

 
Theorem 24. [3] Let γ be a Frenet curve of order 3 and of type AW(k) then the cylinder 
over γ is of  type AW(k), where k=1,2,3. 
 

Example 25. Let  be a polinomial spiral with )))(sin( ,))(cos(()(
00
∫∫=
s

k

s

k dttPdttPsγ

cs
tPs k +

±==
2)(')(γκ ,  c=Const. The Riemannian product of γ(s) with the helicoid 

x(w, t) = (wcost, wsint, at) is of AW(1) type. 
 
Example 26. We define helical cylinder  H2 embedded in IE4 by 
   x(u, v)={(u, acosv, asinv, bv) : a, b ∈IR} 
and we show that H2 is of type AW(3). 
For  
   p=( u, acosv, asinv, bv) 
Tp(H2) is spanned by  
   xu=(1, 0, 0, 0) 
   xv=(0, -asinv, acosv, b) 
and Np(H2) is spanned by 
   n1=(0, cosv, sinv, 0) 

   n2= )1,cos,sin,0( v
a
bv

a
b

− . 

We have the orthonormal frame X, Y, v1, v2 where  

   )0,0,0,1(==
u

u

x
x

X  
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   ),cos,sin,0(1
22

bvava
bax

x
Y

v

v −
+

==  

   )0,sin,cos,0(
1

1
1 vv

n
nv ==  

   )1,cos,sin,0(
22

2

2
2 v

a
bv

a
b

ba
a

n
nv −

+
== . 

Differentiating these we have  

     ,0~~~
=∇=∇=∇ XYX YXX 122

~ v
ba

aYY +
−

=∇  

0~~
21 =∇=∇ vv XX ,  222221

~ v
ba

bY
ba

avY +
−

+
=∇ ,   1222

~ v
ba

bvY +
=∇ . 

Combining these with (1) and (2) we get  
   0=∇=∇=∇=∇ YXYX YYXX         (54) 

   h(X,X)=h(X,Y)=h(Y,X)=0,  122),( v
ba

aYYh
+
−

=       (55) 

   ,0
221

=== YAXAXA vvv   Y
ba

aYAv 221 +
−

=       (56) 

   DXv1= DXv2=0,  2221 v
ba

bvDY +
−

= ,  1222 v
ba

bvDY +
= .(57) 

Substituting (6), (8), (54), (55), (56) and (57) into (40) and (41) we have  

   J(X)=J1=0,  1322

22

2 )(
)3()( v

ba
abaJYJ

+
−

== .       (58) 

Substituting (37) and (58) into (44) we get the result. 
 
Example 27. We define surfaces embedded in IE4 by  
   x(u, v) = (u, v, ucosv, usinv) 
and we show that surfaces is of type AW(3). 
After some calculations we get   

   J(X)=J1=0,  1322 )1(
2)( v

u
uJYJ

+
−

== .       (59) 

Substituting (37) and (59) into (44) we get the result. 
 
Example 28. We define surfaces embedded in IE4 by  
   x(u, v) = {(ucosv, usinv, cosbv, sinbv) : b∈IR}  
and we show that surfaces is of type AW(3). 
After some calculations we get   

    J(X)=J1=0,  1322

42222

2 )(
)38()( v

bu
bububJYJ

+
−+

== .      (60) 

Substituting (37) and (60) into (44) we get the result. 
 
Example 29. We define a Mobius band M2 embedded in IE4 by  

   x(u, v) = (cosu, sinu, vcos
2
u , vsin

2
u ) 
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and we show that M2 is of type AW(3). 
After some calculations we get   

1321 )4(
144)( v
v

JXJ
+
−

== ,     J(Y)=J2=0.                  (61) 

Substituting (37) and (61) into (44) we get the result. 
 
 REFERENCES 
 
[1] B.Y. Chen, “Geometry of  Submanifolds”, Dekker (1973). 
[2] U. Lumiste, “Submanifolds with Parallel Fundamental Form ”, Handbook of  

Differential Geometry (1999) Vol 1, Chapter 7, 86. 
[3] K. Arslan, C. Ozgur, “Curves and Surfaces of AW(k) Type”, Geometry and  

Topology of Submanifolds IX  (Valenciennes/Lyon/Leuven, 1997) World  Sci. 
Publishing, River Edge, NJ, (1999) 21-26. 

[4] K. Arslan, “Isoparametric Submanifolds With Pointwise k-Planar Normal Sections”, 
PhD. Thesis, The University of Leeds, (1993). 

[5] J. Deprez, “Semi-parallel Surfaces in Euclidean Spaces”, Journal of Geometry,  
(1985) Vol 25, 192-200. 

 
  
 

 61


	ABSTRACT
	ÖZET
	REFERENCES

