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Keywords Abstract: In this paper, we deal with complex and bicomplex numbers with respect to
Geometric Calculus, the geometric calculus, and we obtain the set of complex numbers with respect to the

Non-Newtonian Bi 1 . L : .
Nﬁﬁlb:rw ofan Bicompiex geometric calculus C (GC) is a field and the set of bicomplex numbers with respect to

Eon'bNeWtonian Complex  the geometric calculus BC(GC) is a vector space on the field C(GC) by defining
umber,

Inequalities addition and multiplication operations on the sets of such numbers. Also, we give the

concepts of norm, metric, sequence, convergence of a sequence, Cauchy sequence and
completeness in the settings C (GC ) and BC(GC ) . Moreover, we discuss bicomplex

versions with respect to geometric calculus of some well-known inequalities. This paper
is a new and important addition to the current literature thanks to its applications in
different areas and the obtained results unify, private and complement the corresponding
results.

Geometrik Kalkiiliise gore Bikompleks Sayilar ve Bazi Esitsizlikler

Anahtar Kelimeler 0z: Bu makalede, geometrik kalkiiliise gore kompleks sayilar1 ve bikompleks sayilari ele
Geometrik Kalkiilis, aldik ve bdyle sayilardan olusan kiimeler iizerinde toplama ve carpma islemlerini
Non-N ian Bik lek . C L

S:;l ewtonian Bikompleks tamimlayarak geometrik kalkiiliise gore C (GC) kompleks sayilar kiimesinin bir cisim
2;;-Newtonian Kompleks oldugunu ve geometrik kalkiiliise gore BC(GC) bikompleks sayilar kiimesinin
Esitsizlikler C(GC) cismi iizerinde bir vektdr uzay1 oldugunu elde ettik. Ayrica C(GC) ve

IB(C(GC) kurulumlarinda norm, metrik, dizi, dizinin yakinsakligi, Cauchy dizisi ve

tamlik kavramlarmi verdik. Diger yandan, bazi iyi bilinen esitsizliklerin geometrik
kalkiilise gore bikompleks versiyonlarmi tartisik. Bu makale, farkli alanlardaki
uygulamalar1 ve elde edilen sonuglarin birlestirilmesi, zellestirilmesi ve ilgili sonuglari
tamamlamasi sayesinde mevcut literatiire yeni ve dnemli bir katkidir.

*Corresponding Author, email: bduyar@omu.edu.tr
1. Introduction

Corrado Segre [1] presented the concept of a bicomplex number in 1892. After that, Price [2] published a book on
bicomplex numbers and bicomplex functions. Hereupon, Alpay et al. in [3] gave a clear and general survey of
bicomplex functional analysis and additionally put forward some new ideas and results.

In 1972, Grossman and Katz [4] laid the foundations of non-newtonian calculus which modify the calculi initiated
by Gottfried Wilhelm Leibnitz and Isaac Newton in the 17th century. A generator is a one-to-one function

a.R—-> AcR. The set a(R) is denoted by ]R(N) or R and is called non-Newtonian real line. For

example, the identity function | generates classical arithmetic and the exponential function €XP generates

335


https://orcid.org/0000-0001-8192-8473
https://orcid.org/0000-0001-5954-2005

Bicomplex Numbers with respect to the Geometric Calculus and Some Inequalities

geometric arithmetic. So, the results obtained with respect to non-Newtonian calculus are stronger than those of
classical calculus.

Each choice of specific isomorphisms for the generators ¢ and ﬂ creates a *— calculus [5]. Geometric calculus

obtained by choosing | instead of the generator & and €XP instead of the generator ﬂ ; thatis, o (u) =U and

*

ﬂ(u) =¢" for all UeR is one of the most popular *— calculi and has some attractive applications. In this

situation, R, turns into R and Rﬂ turns into Rexp = {e“ Ue R}. Geometric calculus has huge applications

in problems related growth, price elasticity, economy and numerical approximations problems.

Many investigators have published some papers on extensions and generalizations in different ways on non-
Newtonian calculus. In the literature, there are great contributions to non-Newtonian calculus and their
applications some of which can be seen in Stanley [6], C'ordova-Lepe [7], Bashirov et al. [8,9], Uzer [10], Bashirov
and Riza [11], Misirh and Gurefe [12], Cakmak and Basar [13,14], Tekin and Basar [15], Kadak and Efe [16], Duyar
etal. [17], Boruah and Hazarika [18,19,20], Giingor [21] etc.

Our first study on non-Newtonian bicomplex analysis is [22] in which we discussed non-Newtonian bicomplex

numbers and non-Newtonian bicomplex versions of some well-known inequalities. Also, Sager and Sagir [23]

constructed vector spaces |p (IB(C(N )) and showed that these vector spaces are Banach with the *—norm

|“|.|”|2'|p(B(C(N)) .Besides, in [24], we derived some elementary topological and geometric properties of | b (B(C( N )) .

Motivated by above studies, the focus of this study is giving complex and bicomplex numbers with respect to
geometric calculus and examining some inequalities for such numbers. In Section 2, we give some required
definitions and fundamental facts. In Section 3, we introduce the notion of a complex number with recpect to the

GC
geometric calculus and then obtain that the set of these numbers is a Banach space according to the norm ||||1 .

Also, we investigate some properties and inequalities by defining bicomplex numbers according to the geometric
calculus.

2. Material and Method

Now, we briefly mention several known concepts on non-Newtonian calculus. The details can be found in [4,5,25].
Let o and [ be arbitrarily determined generators which map theset R to A and B respectivelyand *—
calculus also be the ordered pair of arithmetics (¢ —arithmetic, [ — arithmetic). We will use the following
symbols and operations:

o —arithmetic S —arithmetic
Realm A(=R,=R(N), ={a(s):s<R}) B(=R,=R(N),)
Summation S+t = 0:{05’1(s)+0f1 (t)} +
Subtraction S—t= a{a"l(s)—a_l (t)} —
Multiplication sxt=a {ail (S xo (t)} X
Division S/t:Ea:a 0(_1(3) (tin /
t a (1)
Ordering s<tea™ (S) <a’l (t) <

o —absolute value of S € R(N), is characterized by

336



Bicomplex Numbers with respect to the Geometric Calculus and Some Inequalities

s if s30
s|, =(je*(s))=q O if s=0
0-s if s<0

If & and f are chosen as one of | and exp, the following special calculuses are obtained.

Calculus a (arguments) S (values)
Classic | |
Geometric | eXp
Anageometric exp I
Bigeometric EXp eXp

In geometric calculus, the operations in Rﬁ = ]Rexp are as follows:

X y

Geometric addition e +exp gl = e'”e whne” g™y

X7 y _
Geometric subtraction e* ~exp gy = ghhe-Ine” _ ax-y

X IneY
Geometric multiplicaiton e* Xexp gl =glhe" e’ _ axy

0 ex Ine* X

Geometric division ( y#e ) Z_ep=ghe’ =g’
Geometric ordering &' <,p & & Ine’<ne’ & x<y

Also, €XP— absolute value of a number X € ]Rexp is as follows:

X if x>,e |x if x>1
X =e™ =1 e if x=e" ={1 if x=L1
exp 0 . 0
e —o X If X<,,e0 |1 it y<1
X

The isomorphism from & —arithmetic to /3 —arithmetic is the unique function 7 (iota) and 7: A— B has the
following three properties:

1. 1 is injective,

2. 1 is surjective,

3. Forall S,te A,

It turns out that l(S) =p at (S)} for every number S € A.

Based on the definitions above, the concept of a non-Newtonian complex number is defined by Tekin and Basar in
[15] as follows:

Let éle(A,-i—,;,%,/,ﬁj and bE(B,—'F,;,Q,j,éj be arbitrarily chosen elements from corresponding
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arithmetics. Then, the ordered pair (a,bj is called as a *— complex numbers (non-Newtonian complex

numbers) and is denoted by C* or C ( N )

In the rest of the study, when necessary we will use the abbreviations “w.r.t.” and “w.r.t.g.c.” for the statements
“with respect to” and “with respect to the geometric calculus”, respectively.

The set C(N) forms a field w.r.t. @®, and ®, forall Z; =(a1blj z; :(éz,b;jeC(N) defined as
1C(N)xC(N)—>C(N),

(2.2 )—>z 0,7 j (2t )<[(a 248, )
1C(N)xC(N)—>C(N),

(Z;,Z;H; o, =[], (a0, |=(x(a,-bb.) A(aty +ba,))

On the other hand, a bicomplex number is defined as Z =2, + jz, where j°=-1 ij=ji, z, and Z, are
complex numbers, and | and J are independent imaginary units. Also, the set of bicomplex numbers is denoted
by BC and the set forms a Banach space with the following operations +, - and the norm ||
z+w=(z,+ jz,)+(w + jw,) =(z,+w, )+ j(z, + W, ),
Az=2(z,+jz,) =2z, + jAz,,
||:BC >R, 2|z = |z +|z,|
forall z=2 + jz,,W=W,+ jW, € BC and forall A € R [2].

In [22], we defined the concept of a non-Newtonian bicomplex number which forms the basis of this study, as
follows:

Let a,ce (A, ol s) and bd e (B, ] gj Then, (a, b,c. aj s called as a#—bicomplex
number (non-Newtonian bicomplex number). The set of these numbers is denoted by BC" or B(C( N ); that
is,

BC(N):{(é,b,C,dj ; é,éeAgR,b,deBgR}

:{(z*,w*) 2 =(ab)w -(cd]accaczba eBgR}.

Also, B(C(N) forms a vector space over the field (C(N) and a ring w.r.t. the algebraic operations addition @,,

multiplication &, and scalar multiplication ©, defined on IB(C(N) as follows:
@ZZBC(N)XBC(N)—)BC(N),

(¢ ¢)— @, =(z W), (W)= (2 & 7w &, w,),
®ZZIB(C(N)><B(C(N)—>IB(C(N),

(6.6) - 6,8 =(2.w)®, (W) =((z ®,2)0, (W & w,),(z &, W)@, (2, ® w)),
OZZC(N)XBC(N)—)BC(N),

(2.4) > 70,4 =70,(z.W)=(®,1z,7 & W)

where éTZ(Zl*,Wl*), CZ*:(Z;,W;)EB(C(N) and 2" e C(N).
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3. Results
In this part, we obtain new concepts and results by rewriting some definitions and concepts given in the second
part w.r.t.g.c.

3.1. Complex numbers with respect the geometric calculus
In this section, we examine the concept of a non-Newtonian complex number and some related properties given
by Tekin and Basar w.r.t.g.c.

Definition 3.1.1. The ordered pair (a, e’ ) e Rx Rexp is called as a complex number w.r.t.g.c. The set of all complex

numbers w.r.t.g.c. is denoted by C(GC) thatis,
C(GC)z{(a,eb):a,beR}.
Theorem 3.1.2. The set of complex numbers w.rtgc. C(GC) forms a field w.rt. addition @, . and
multiplication ®, o forall 2 =(a,,€"), 2,°° =(a,,6" ) € C(GC) defined as
®, .. :C(GC)xC(GC) - C(GC),
(2%°,2,%°) > 5 @, 2,°° =(2,6" ) B¢ (2,67 ) =(3 +2,,6>™)
®, 4. 1C(GC)xC(GC) - C(GC),
(25,2,°°) > 2°° @, 2,5 =(a,,€" ) ®, ¢ (8,,€% ) = (a3, ~byp,,€*>"%).
Proof. The proof depends on definitions of of algebraic operations ®, o and ®, o .

Definition 3.1.3. The distance .°° between two elements 2,°° = (ai, e ), 2,% = (az e’ ) € C(GC) ofthe set
C (GC) is defined by
d°:C(GC)xC(GC)—>R

exp’?

(Zlec ’ ZZGC ) N dlec (Zlec ’ ZZGC ) _ dlec ((ai, b )’ (a2 , A )) —e (ay=az)" +(by-b,)° .

Definition 3.1.4. The number leC (Z ce , OGC ) is called norm of Z e = (a, eb ), denoted by ”.”1GC , thatis,
HZGC HlGC _ dlec (Z GC ’ 0°C ) _ lec ((a’ ob ) , (0’ eo)) _ em_

Definition 3.1.5. A sequence (S ) in (C(GC) is a function defined by S: N — (C(GC) This sequence is called

a complex sequence w.r.t.g.c. It converges to a limit = (C(GC) w.r.t. the metric dl if and only if for every

& >qc e’ thereisa N, € N such that dGC( GC,SGC) cc € forall N =n,.Itis denoted by |II’T‘Il ee SGC s¢¢

. The sequence (SnGC) is Cauchy w.r.t. leC if and only if for every & > e° there is a n, € N such that

dGC( : n?C)<GC(€‘f0rall n,mz=n,.

Theorem 3.1.6. Let (SHGC) ((a e™ )) be a complex sequence w.r.t.g.c. and s°¢ = (a,eb). Then,
lim"®° SGC =5 ifand only if lim d, =4a and lim bn =Db.

N—»c0 n—oo n—o
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Proof. The proof follows from definitions of complex sequences w.r.t.g.c.

Definition 3.1.7. Let (SnGC ) be a complex sequence w.r.t.g.c. Then, the infinite sum

O GC GC GC GC
Zsk =8 Diac S, Proe - Drac Sy Dige - (1)
® g k=l
is called a complex series w.r.t.g.c. Define the complex sequence w.r.t.g.c.
n
S:N—> (C(GC), n— SnGC = ZSKGC .The infinite series (1) converges to a limit S e (C(GC) w.r.t. the
@ ¢ k=L

metric d°° ifand only if (SSC ) converges to S°¢ e C(GC) w.r.t.the metric d . Then, S® is called the sum

00
of bicomplex series w.r.t.g.c., and Z SEC =8°¢,
k=1

®1,GC

GC
n

ZSkGC =S ifand only if Zak =a and Zbk =b.
k=1 k=1

k=1

Theorem 3.1.8. Let (S ):((an,eb” )) be a complex sequence w.rtgc, S =(a,eb)e(C(GC). Then,

D 6c

Proof. The proof of this theorem is directly seen from the definitions of convergence for complex series w.r.t.g.c.

Theorem 3.1.9. (C(GC) is complete w.r.t. the metric leC.

0

Proof. Let (SGC):((ameb” )) be a bicomplex Cauchy sequence w.r.tgc. Then, to each &>, € there

n

GC
m

corresponds a natural number N, €Nsuch that dlGC (SSC,S )<exp gfor all n,mz=n,. So,

2 2
A5 (s8¢ 55 )= /O < T This implies that \/(a

1¥m

. —am)2+(bn —bm)2 <Ing and so

|an - am| <lng, |bn —bm| <Ing. Then, since (an) and (bn) are Cauchy sequences in R and R is Banach,

there exist 8,0 € R such that lima, =a and limb, =b. So, we obtain

n—o0 n—w
dee (Snec scC ) —e (an-a) +(by—b)° <. ex}(an—a)z (o)’ — gl s _ o

—eX|
This means that lim SSC =5 Then, (C(GC) is complete w.r.t. the metric leC )

n—oo

Corollary 3.1.10. C(GC) is Banach w.r.t. the norm ||.||1GC .

Proof. The proofis based on Theorem 3.1.9.

3.2. Bicomplex numbers with respect to geometric calculus and some inequalities

In this section, we consider the concept of a non-Newtonian bicomplex number w.r.t.g.c. and give some definitions

(e
about it. Also, we obtain that IB(C(GC) is a Banach space w.r.t. the norm ””2 by proving some inequalities

GC
w.r.t. the norm ””2 .
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Definition 3.2.1. The point (a, eb ,C, ed ) is called as a bicomplex number w.r.t.g.c. The set of all bicomplex numbers

w.r.t.g.c. is denoted by IB(C(GC) that is,
BC(GC)={(a,¢" c.e’):ab,cd e Rp={(2°°,w*):2° = (a,e"),w* =(c,e’ ) e C(GC)}.

Theorem 3.2.2. The set BC(GC) forms a vector space over the field C(GC ) and a ring w.r.t. addition @, o,

multiplication ®2,GC and scalar multiplication Os6c for all

é’lGC =(ZlGC,WlGC), é’ZGC =(ZZGC,W§’C)GB(C(GC) and z ©¢ G(C(GC) defined as

®, . :BC(GC)xBC(GC)—BC(GC),
({fc,(fc) @, 0 g“ZGC:( ) ,wa)@ZYGC (zfc,wfc):(zfc Dy e Zp WS B, o W) )
« ! BC(GC)=xBC(GC) — BC(GC),
(65065 ) > 65 @0 &5 = (2 W) @, (2577

= ((Zlﬁc ®1,GC ZSC )®1GC (WGC ® WGC)’(ZSC ®1,GC WZGC)@LGC (ZGC ® WGC ))

0,4 1 C(GC)xBC(GC)— BC(GC),

GC .~ GC Gc 6c _ _GC G |, GC ac 6C _GC Gc
(Z e )_>Z Opec 61 =1 Qz,ec(zi » W )=(Z el 127 @ e W )

Proof. The proof of Theorem 3.2.2 follows from definitions of algebraic operations ®2,Gc , ®2,GC and GZ,GC .

Definition 3.2.3. The distance dzGC between two elements é’lGC = (ZlGC , WlGC ), é’ZGC = (22GC , W2GC ) IS IB(C(GC)
is defined by

dS° : BC(GC)xBC(GC) - R

exp’

GC ) “exp
GC
Wy ®1W H j }

\/In{[zfc 0,25¢ HIGC )zexp +exp[
)=e

(éalec,ézzec)_> d2GC ( ézleclézzec _
Theorem 3.2.4. The function dZGC is a metric on B(C(GC) :

Proof. It is clear that dfc( >, ZGC)ZeXpeO, deC( >, fc):dfc( =, GC) for all

1
6%, &% eBC(GC) and dg° (£°,45°) =€° < ¢ =¢5° . On the other hand,

GC \Zexp
WO, gows H

i f=onscs e
d GC ( ) GC ) e

2
GC \2exp
In H Z1 910023 @160 Z3 ®lGCZZ H *exp

e [6C \2exp c s GC \2exp
|” Z1 910023 1 epoZ3 O16c22 Hl Fexp HWI O16cWs H1 *epoW3 O ey H
exp €

2
GC 2exp GC \%exp GC \“exp
o GC GC sc
\/In Hzl O16c28 H exp(wl Oy6cWs Hl ] }-Jln{(zs 06028 H j exp(
Zexp €

:dZGC( lGC GC)+ dGC( SGC, 2GC)

exp

oc GC \2exp
(Wl O WS )®IGC(W3 O ccWs* H

I/\

2
GC \%exp
GC GC
W3 Oy gcWo Hl j :‘
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GC GC GC GC GC GC GC . .
forall £ Z(Zl W, ), ¢, Z(Zz W, )EBC(GC).Then, d,™ isametricon BC(GC).

Definition 3.2.5. A sequence (SSC ) in BC(GC) is a function defined by S: N — B(C(GC) . This sequence is

called a bicomplex sequence w.r.t.g.c. It is convergent to a limit $°¢ B(C(GC) w.r.t. the metric deC ifand only

if for every &>, e’ there is a N, €N such that dzGC (SfC,SGC)<EXp ¢ for all n2=n,. It is denoted by

lim*°¢° ¢ =% The sequence (SnGC ) is Cauchy w.r.t. dZGC ifand only if for every & >, e’ thereisa n, e N

n—oo

such that dfc (SGC 5S¢ ) <exp € forall N,M=n;.

n '“m

Theorem 3.2.6. Let (SGC)Z((ZGC,WGC )) be a bicomplex sequence w.r.t.g.c. and s°¢ = (ZGC,WGC ) Then,

n n n

lim*¢° SGC © ifand only if lim"*© z GC =7°€ and lim"® ¢ =we

nN—o0 n—oo n—o0

Proof. The proof follows directly from the definitions of convergence for bicomplex sequences w.r.t.g.c.

Definition 3.2.7. Let ( ) be a bicomplex sequence w.r.t.g.c. Then, the infinite sum

N .GC _ .GC GC GC
Zsk =S @2,6(: S, €|'>2,(3c "'(—BZ,GC S ®2,GC (2)
k=1

®2,GC
is called a  bicomplex  series w.r.t.g.c. Define  the  bicomplex  sequence  w.r.tg.c.

S:N—> B(C(GC), n— SSC = ZSEC . (2) converges to a limit S°¢ € BC(GC) w.r.t. the metric dZGC

@, 0 k=L

if and only if (SnGC ) converges to a limit S e IB(C(GC) w.r.t. the metric dZGC .Then, S® is called the sum of

o0
bicomplex series w.r.t.g.c., and we Z SkGC = SGC .

@, ¢ k=L

Theorem 3.2.8. Let (SGC ) = ((ZSC ,WC )) be a bicomplex sequence w.rtg.c, S = (ZGC , W€ ) € IB(C(GC).

n

Then, ZSKGC =S ifand only if Z ZkGC =7° and ZWGC =

@y k=L @ gc k=1 @y 6c k=L
Proof. The proof depends on definitions of convergence of bicomplex series w.r.t.g.c.

Theorem 3.2.9. BC(GC) is complete w.r.t. the metric d;*°

Proof. Let ( se¢ ) = ((ZSC ) WSC )) be a bicomplex Cauchy sequence w.r.t.g.c. Then, for every & >, e’ thereisa

n €N such that d5° (55°,55° ) <ap € for all n,m>n,. So,
J.n[(ze%mz Hf°)”" (3 @mwecHGCf*"}
dfc (SSC ) Sﬁc ) =€ <exp € - This implies that

Ine

2 Ine
GC \ % Ge
GC ,;2

®1Gc m Hl <er,

GC
GC GC GC
O, ccZn’ Hl) exp(HW O, 6c W, ‘ ) }<Ins and  so
Ing

6 Ge
ch®1’GCWﬁC Hl <e¥? Then, (ZnGC ) and (WnGC ) are Cauchy sequences w.r.t. the norm ””1 .Since C(GC)

E
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: . 1,GC . 1GC o
is Banach, there exist z°¢,w®® e (C(GC) such that lim™ ZGC z°¢ and lim WnGC = W°®. This implies

nN—o0 nN—oo

Ine

that to each & > e’ there corresponds a natural number N, € N such that leC (ZSC , 2%¢ ) <ae eV2 for all

Ing

N =N, and there corresponds a natural number N, € N such that dlec (WSC , wee ) <ac eV2 forall n> n,.

Then, we obtain

2, 2
GC \“exp GC \“exp
GC GC GC GC
\jln|:(zn ®11GCZ Hl ) tep (HW" ®1'GCW Hl j }
e Ing

<,.,& =&

exp

dGC( GC SGC):

GC GC

forall n>n, =max{n,, nz} This means that lim .Then, BC(GC) is complete w.r.t. the metric

n—oo
GC
dse,

Definition 3.2.10. The number d?_GC (é’ ce , OGC ) is called norm of é’ e = (ZGC , WGC ) , denoted by ”.”26C , that

is,

o], =020 (¢ %,0%) = ,% (2%, w™). 0 e°,o,e°))=e‘/ln{(zm1 J ool

2,
GC \“exp
\WeC H
i1

Corollary 3.2.11. IB(C(GC) is Banach w.r.t. the norm ||.||ZGC

Proof. The proof is easily derived from Theorem 3.2.9.

Lemma 3.2.12. The following inequalities are satisfied:

GC GC GC
) GC GC GC GC GC
L ‘41 ®ZGC 2 H2 Sep ‘41 H Texp |2 Hz forall £, &, EBC(GC)-
.. GC ccl| ©C ) GC Gcf 11 26 5 cBC(GC
11. ¢ ) _exp ) Sexp ¢ 2652 |, ‘fora ¢ 6, € ( )
Xp
GC GC
GC GC GC GC GC
T el IR el o |65 Brac &5°|, foran £, £,°° e BC(GC).
Xp
GC GC GC
GC GC GC GC
ke I o
1v. exp S exp or a
GC exp GC exp
GC GC GC
lexp +exp ‘gl ®2,GC 2 HZ 1exp +exp ‘é/l H exp ‘é/ H
GC GC
$ 6, GB(C(GC).
T T T
aclec\P ) p o <6C cc\P\p " ae PYp ™
v Sl et <oo| 2 (1[5 too| 2 (I for
exp k=1 2 exp k=1 exp k=1
PeR,, with 1 <, P <gp Py = lime* =oo and s¢°,tc¢ e BC(GC) where k €{1,2,...,n}.

X—>00

(Minkowski's inequality in BC(GC) with respect to ””(;C )
Proof.

i Let &°° (ZlGC,WlGC), é’ZGC=(ZZGC,WZGC)GB(C(GC).Then,wehave
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ool o
e

H(lGCG)z,Gc 2GCH =
c|IGC exp GC \“exp GC \“exp GC \“exp
o (1) a5 o ) en ) |
e

GC exP
W ®1GCW2 H

<
exp

R CER GiR GiE

Sexp e Fexp €
acll 6 ccl| 6
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This completes the proof.
il. Since
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iii. Since
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This implies that Hé’l Hz ~exp Hz e ‘4/1 D, 6c &> H2 forall {7, &, € B(C(GC).

iv. We have
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This completes the proof.
V. Since
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4. Discussion and Conclusion

In the present study, inspired by the ideas of non-Newtonian bicomplex numbers and geometric calculus, we give
bicomplex numbers with respect to the geometric calculus, and we state and prove some inequalities for use in

future studies. Also, our findings carry some concepts and results from the recent literature to BC(GC) .
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