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1. Introduction

Let KG denote the group ring of the group G over the field K. The homomor-

phism ¢ : KG — K given by ¢ Z agg | = Z ag4 is called the augmentation
geG geG

mapping of K G. The normalized unit group of KG denoted by V(K G) consists of
all the invertible elements of RG of augmentation 1. For further details and back-
ground see Polcino Milies and Sehgal [10]. In [11], a basis for V(FF, &) is determined
where I, is the Galois field of p elements and G is an abelian p-group.

If G is a finite 2-group and F is a finite field of characteristic 2, then V(FG)
is a finite 2-group of order \F\lGl*l
algebra FoDg is established in [12] where Dg is the dihedral group of order 8. In

[5], the structure of U(Fyr Dg) is established.

. The structure of the unit group of the group

The map * : KG — KG defined by Zagg = XZ%Q*1 is an antiau-
geG geG
tomorphism of of KG of order 2. An element v of V(KG) satisfying v~

is called unitary. We denote by V,.(KG) the subgroup of V(KG) formed by the
unitary elements of KG.

Let char(K) be the characteristic of the field K. In [4], A.Bovdi and A. Szdkacs
construct a basis for V,(KG) where char(K) > 2. Also A. Bovdi and L. Erdei [1]
determine the structure of V, (F2@G) for all groups of order 8 and 16 where Fs is the
Galois field of 2 elements. Additionally in [3], V. Bovdi and A.L. Rosa determine
the order of V. (ForG) for special cases of G. Since Dg is extraspecial, Vi (FyrDg)
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is normal in V(Fyr Dg) by Bovdi and Kovécs [2]. In [6], the structure of Vi (ForQs)
is established where Qg ie the quaternion group of order 8.

Let M,,(R) be the ring of n x n matrices over a ring R. Using an established iso-
morphism between RG and a subring of M,,(R) and other techniques, we establish
the structure of V,(Fax Dg) to be Co% x Cy*.

2. Background

Definition 2.1. A circulant matriz over a ring R is a square n X n matrix, which

takes the form

al a2 az ... Ay
Gn Q1 G2 ... Gp-1
. anp—1 AGp A1 ... Gp—-2
circ(ay,ag,...,a,) =
az as a4 ... a1

where a; € R.

Note that the n x n circulant matrices over a commutative ring R form a com-
mutative ring and that inverses of circulant matrices are also circulant. For further
details on circulant matrices see Davis [7].

If G = {g1,...,9n}, then denote the matrix M(G) = (g;"'g;) where i,j =

n
1,...,n. Similarly, if w= Zagigi € RG, then denote the matrix M(RG,w) =

i=1
(ag,~14,), which is called the RG-matrix of w. The following theorem can be found

in [9].

Theorem 2.2. Given a listing of the elements of a group G of order n there is a
bijective ring homomorphism between RG and the n x n G-matrices over R. This

bijective ring homomorphism is given by o : w — M(RG,w).

n—1
Example 2.3. Let Dy, = (z,y|2" = 1,y?> = l,yz = o7 1y) and k = Zaixi +
i=0
n—1 '
ijm]y € For Doy, where a;,b; € Fpr and p is a prime, then
§=0
A B
o(r) = < BT AT >
where A = circ(ag, a1, .. .,an—1) and B = circ(bo, b1, ..., by_1).
3 3 _
It is important to note that if Kk = Z aia:UrZ bjx’y € For Dg where a;,b; € For,
i=0 §=0

then o(k*) = (o(x))7.
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The next result appears in [8].

Theorem 2.4. Let A = circ(ay,az,...,apm), where a; € Fyr, p is a prime and
m € Ng. Then

o
Ap’"l — Z a/ipnl .Ipm/ )
i=1
The next result can be found in [3].

Theorem 2.5. Let K be a finite field of characteristic 2. If Dont1 = (a,b|a®" =
1, b2 =1, a® = a™ 1) is the dihedral group of order 2", then

n—1
Vo(K Dyoin)| = K2,

3. The Structure of V,(Fyx Dg)

Lemma 3.1. Let N be the set of elements Vi (For Dg) of the form 1+as+as+as+
ai(z + 23) + agx? + azy + as(xy + 23y) + asxy where a; € For. Then N =2 Cy°F.

Proof. Let ny = 1+as+az+as+ar(x+23)+asr? +aszy+as(zy+23y)+asz?y € N
and ng = 1+ by + by + by + by (x + 23) + bow?® + bsy + by(zy + 23y) + bs2z’y € N
where a;,b; € For. Then
ning = 1+ ag + az + as + by + by + bs + 61 + (a1 + by + &2)(z + 2°)
+ (a2 + ba 4 61)2* + (a3 + bs + 61)y + (as + by + 62)(zy + 2°y)
+ (as + bs + 01)x%y
where
01 = az(bs + bs) + az(bz2 + bs) + a5 (b2 + b3)
02 = (b1 + by)(as + as) + (a1 + a4)(bs + bs).

Therefore IV is closed under multiplication. It can easily be shown that N is abelian.
Now n € V,(Fyx Dg) if and only if n=! = n* for all n € N. Then

o(n™') =o(n*) <= o(n)~t = o(n*)
o) =on)’

= o(n)o(n)’ =1.

Let n =1+ as + asz + as + a1 (x + ) + a22? + azy + as(xy + 23y) + asz’y € N,
then
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B A
_ (A*+B*  24B
\ 24B A2+ B2

B A2 + B2 0
B 0 A2 4 B2

= o(n), where A = circ(1 + as + a3 + a5, a1, a2,a1),

2
o(n)o(n)” = (o(n))? = (A B)

since o(n)T
B = circ(as, a4, as, a4). Now, using Theorem 2.4
A2+ B2 =[14+ay+as+as)® +a1® +a® +a1? +as? +a® +as + a4

= []. —+ a22 =+ a22 —+ a52 —+ a22 —+ 1132 —+ 1152]14

= I.
Therefore N 22 Co°% < V,(Fox Dg). O
Lemma 3.2. Let H be the set of elements V.. (For Dg) of the form 1 + « Z '+« Z xy
i=1 §=0

where o € For. Then H = Cy*.

3 2 3 2

Proof. Let hy = 1+O¢in+a2mjy € H and hy = 1+[3in +ﬁijy €
i=1 J=0 i=1 §=0

H where «, 3 € Fyr. Then

3

2
h1h2:1+(a+5)in+(a+ﬂ)Zﬂy6H.

i=1 j=0
Therefore H is closed under multiplication. It can easily be shown that H is abelian.
3 2
Let h=1+ aZa:i —i—azgcjy € H where a € Fox, then
i=1 j=0

, (4 B
(o(h)) <B A)

(A2 +B? 0
B 0 A? + B2

where A = circ(1, a, a, ), B = circ(a, o, a, 0). Now A%2+B2? = (1+3a?) [, +3a%1, =
(14 6a2)I4 = I by Theorem 2.4. Thus o(h)~! = o(h).

Let Consider o(h*). o(h*) = (o(h))T = o(h) = o(h)~!. Therefore H = Cy" <
V,.(Fyi Ds). O
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Theorem 3.3. V,(Fax Dg) 22 Co%% x CyF.
Proof. N = {1+az+az+as+ai(z+2%)+asx?+azy+as(zvy+23y) +asx®y | a; €
3 2

For} and H = {1 +aZmi+aijy|a € For}. Clearly NN H = 1. We will
i=1 5=0
show that NH = {nh|n € N, h € h} is a group.

Let n = 1+ ag + az + as + a1(x + 2%) + asx? + azy + as(xy + 23y) + asz’y € N

3 2
and h =1+ az zt 4+ aZ:rjy € H where a;, o € For. Therefore
i=1 §=0

ot (h)a(n)o(h) = a(h)o(n)o(h)

GG &)
e )

where A = circ(1, a, a, @), B = circ(a, a, v, 0), C' = cire(l +ag + a3 +as, a1, a2,a1),
D = circ(as, aq, a5,a4) E = cire(1+ ag + ag + as, a1 + 61,a2,a1 + 61) F = circ(az +
82, a4, a5 + 02,a4), 61 = a(a+ 1)(az + as) and 6 = a?(az + as).

Clearly h™'nh € N. Thus H-'NH = N, so S and N permute, so (N, H) =
NH. Now |[NH| = 2% and |V, (F Dg)| = 2%% by Theorem 2.5, therefore NH =
V. (For Dg) and Na NH = V, (Fox Dg). Therefore V, (Fox Dg) = N x H 2 C5°F 1 Cy*.

(Il
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