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Abstract. The concept of a pair of curves, called as Bertrand partner curves,

was introduced by Bertrand in 1850. Bertrand partner curves have been stud-

ied widely in the literature from past to present. In this study, we take into
account of the concept of Bertrand partner trajectories according to Positional

Adapted Frame (PAF) for the particles moving in 3-dimensional Euclidean

space. Some characterizations are given for these trajectories with the aid of
the PAF elements. Then, we obtain some special cases of these trajectories.

Moreover, we provide a numerical example.

1. Introduction

The theory of curves is one of the extensive fields of study for especially differ-
ential geometry, and in the existing literature, a great number of studies have been
done because of the fact that this topic is attached to the attention of a great deal
of researchers. This theory investigates the geometric property of the plane and
space curves by means of calculus methods. The moving frames can be seen most
important structures in analyzing the calculus of curves.

Until today, many authors have been used the moving frames to investigate many
special curves. For example spherical curves, Mannheim curve couple, Bertrand
curve couple, involute-evolute curve couple are discussed by using the moving
frames. One of these moving frames called as Positional Adapted Frame (PAF)

was introduced by Özen and Tosun in 2021. The authors defined this moving
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frame for the trajectories having non-vanishing angular momentum in Euclidean 3-
space [15]. There can be found some other studies [11,16,19] which are performed
by considering this frame.

Bertrand curve couple is one of the most popular special type curve couples.
The principal normal line of one of these partner curves coincides with the principal
normal line of the other partner curve at the corresponding points of these curves.
This definition was given by French mathematician Joseph Louis François Bertrand
in 1850 [1]. In this study, Bertrand also characterized this curve with respect to
its curvature and torsion. By following the steps similar to those of Bertrand, this
topic was expanded to different moving frames. For example, the studies [21], [14]
and [7] expanded this topic to the type-2 Bishop frame, Darboux frame and q-
frame, respectively. Also, many mathematicians presented various studies about
the concept of Bertrand curve couple with different perspectives. Some of them
can be found in [3, 10, 12, 17, 20]. In this study, we will consider this topic with
respect to the Positional Adapted Frame.

This study is organized as follows. In Section 2, we review some required in-
formation to understand the ensuing section. In Section 3, we deal with Bertrand
partner trajectories according to Positional Adapted Frame in 3-dimensional Eu-
clidean space. We call these trajectories as Bertrand partner P-trajectories. We
examine the relationships between the PAF elements of the aforesaid partners. Also,
we give the relations between the Serret-Frenet basis vectors of Bertrand partner
P-trajectories. Moreover, we get the necessary conditions in terms of the PAF cur-
vatures of other to be an osculating curve for one of these partners. Lastly, we
provide a numerical example so that the readers can visualize the Bertrand partner
P-trajectories.

2. Basic Concepts

In this section, we have reviewed some required and fundamental concepts to
disambiguate the ensuing section of the paper.

In Euclidean 3-space E3, let U = (u1, u2, u3),V = (v1, v2, v3) ∈ R3 be given.
The standard dot product of these vectors and the norm of U are given as
⟨U ,V ⟩ = u1v1 + u2v2 + u3v3 and ∥U∥ =

√
⟨U ,U⟩, respectively. A differen-

tiable curve α = α (s) : I ⊂ R → E3 is called as a unit speed curve if
∥∥dα
ds

∥∥ = 1
holds for each s ∈ I. In that case, s is called as arc-length parameter of the curve
α. If the derivative of a differentiable curve never vanishes along this curve, it is
said to be a regular curve. Any regular curve always has a parameterization such
that it will be a unit speed curve [18]. Note that the symbol prime “′” will be used
to indicate the differentiation according to the arc-length parameter s in the rest
of the paper.

Let us take into consideration a point particle P of a constant mass moves on
a unit speed regular curve α = α(s). The base vectors of the Serret-Frenet frame
{T (s) ,N (s) ,B (s)} of α are defined by the equations T (s) = α′(s),
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N (s) = α′′(s)
∥α′′(s)∥ , B (s) = T(s) ∧ N(s). The base vectors T (s) , N (s) and B (s)

are called as unit tangent vector, principal normal vector and binormal vector, re-
spectively. The Serret-Frenet derivative formulas are expressed as in the following:T′(s)

N′(s)
B′(s)

 =

 0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0

 T(s)
N(s)
B(s)

 (1)

where κ (s) = ∥T ′ (s)∥ is the curvature and τ (s) = −⟨B ′ (s) ,N (s)⟩ is the torsion
[18]. We must emphasize that the curvature κ never vanishes for the curves we will
consider in this paper.

On the other hand, it is well known that the vector product of the position
vector x = ⟨α (s) , T (s)⟩T (s) + ⟨α (s) , N (s)⟩N (s) + ⟨α (s) , B (s)⟩B (s) and the
linear momentum vector p (t) = m

(
ds
dt

)
T (s) of the particle P yields the angular

momentum vector of P about the origin as HO = m ⟨α (s) , B (s)⟩
(
ds
dt

)
N (s) −

m ⟨α (s) , N (s)⟩
(
ds
dt

)
B (s). Here m and t denote the constant mass of P and the

time [4,9]. Let this vector not equal to zero vector during the motion of P . Making
this supposition assures that the coefficient functions ⟨α(s),N(s)⟩ and ⟨α(s),B(s)⟩
of the position vector x do not equal to zero at the same time. Then, one can easily
say that the tangent line of α = α(s) does not pass through the origin along the
trajectory of P . Take into account of the vector whose initial point is the foot of
the perpendicular (from origin to instantaneous rectifying plane Sp {T(s),B(s)})
and endpoint is the foot of the perpendicular (from origin to instantaneous oscu-
lating plane Sp {T(s),N(s)}). The unit vector in direction of the equivalent of the
aforementioned vector at the point α (s) determines the PAF basis vector Y(s).
The other PAF basis vector M(s) is obtained by the vector product Y(s) ∧T (s).
Consequently, the vectors

T(s) = T(s),

M(s) =
⟨α(s),B(s)⟩√

⟨α(s),N(s)⟩2 + ⟨α(s),B(s)⟩2
N(s) +

⟨α(s),N(s)⟩√
⟨α(s),N(s)⟩2 + ⟨α(s),B(s)⟩2

B(s),

Y(s) =
⟨−α(s),N(s)⟩√

⟨α(s),N(s)⟩2 + ⟨α(s),B(s)⟩2
N(s) +

⟨α(s),B(s)⟩√
⟨α(s),N(s)⟩2 + ⟨α(s),B(s)⟩2

B(s),

form the Positional Adapted Frame {T(s),M(s),Y(s)} (see [15] for more details
on PAF).

The relation between the Serret-Frenet frame and PAF is as in the following:T (s)
M(s)
Y(s)

 =

1 0 0
0 cosΩ(s) − sinΩ(s)
0 sinΩ(s) cosΩ(s)

T(s)
N(s)
B(s)

 (2)

where Ω(s) is the angle between the vector B(s) and the vector Y(s) which is
positively oriented from the vector B(s) to vector Y(s). On the other hand, the
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derivative formulas of PAF are presented as follows [15]:T′(s)
M′(s)
Y′(s)

 =

 0 k1(s) k2(s)
−k1(s) 0 k3(s)
−k2(s) −k3(s) 0

 T(s)
M(s)
Y(s)

 (3)

where

k1(s) = κ(s) cosΩ(s),

k2(s) = κ(s) sinΩ(s),

k3(s) = τ(s)− Ω′(s).

Here, the rotation angle Ω(s) is determined by means of the following equation:

Ω(s) =



arctan
(
− ⟨α(s),N(s)⟩

⟨α(s),B(s)⟩

)
if ⟨α(s), B(s)⟩ > 0,

arctan
(
− ⟨α(s),N(s)⟩

⟨α(s),B(s)⟩

)
+ π if ⟨α(s), B(s)⟩ < 0,

−π
2 if ⟨α(s), B(s)⟩ = 0 , ⟨α(s), N(s)⟩ > 0,

π
2 if ⟨α(s), B(s)⟩ = 0 , ⟨α(s), N(s)⟩ < 0.

The elements of the set {T(s),M(s),Y(s), k1(s), k2(s), k3(s)} are called as PAF
apparatuses of α = α (s) [15].

Note that PAF is a generic adapted moving frame just like Bishop frame [2],
Darboux frame [6], B-Darboux frame [8] etc. Generic adapted moving frames are
obtained from Serret-Frenet frame by a rotation (see [5] for more details on generic
adapted moving frame). Since the analytical approach is used to determine the
rotation angle in PAF, the rotation angle can be easily determined, while in many
other moving frames, the determination of the angle is based on integral calcula-
tions. These calculations often cause difficulties for researchers. Also, PAF enables
the researchers to study the kinematics of a moving particle and the differential
geometry of this particle at the same time. Moreover, PAF contains information
about the position vector of the moving particle. When viewed from this aspect, it
is a useful tool for the researchers studying on kinematics and inverse kinematics.

Now we give the definition of the osculating curve in 3-dimensional Euclidean
space since we will discuss this topic in the next section. A curve β = β(s) is called
as osculating curve if its position vector always lies in its osculating plane. One can
find more details on this topic in [13].

Theorem 1. [15] Let α = α(s) be the unit speed parameterization of the trajectory.
Then, α is an osculating curve if and only if k1 = 0.

More details can be found in the studies [11, 15, 16, 19] for Positional Adapted
Frame (PAF).
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3. Bertrand Partner P-Trajectories

In this section, we introduce the Bertrand partner P-trajectories and give some
characterizations of them. Furthermore, we provide an example in order to illustrate
this topic.

Definition 1. Let Q and Q̆ be the moving point particles of constant masses in the
Euclidean 3-space. Show the unit speed parameterization of the trajectories of Q and
Q̆ with α = α (s) and ᾰ = ᾰ (s̆), respectively. Let the PAF apparatus of the trajecto-

ries α and ᾰ be represented by {T, M, Y, k1, k2, k3} and
{
T̆, M̆, Y̆, k̆1, k̆2, k̆3

}
,

respectively. If the PAF base vector M coincides with the PAF base vector M̆ at
the corresponding points of the trajectories α and ᾰ, in this case α is said to be
a Bertrand partner P-trajectory of ᾰ. Moreover, the pair {α, ᾰ} is called as a
Bertrand P-pair.

Figure 1. Bertrand partner P-trajectories

According to the definition of Bertrand P-pair, we get the following matrix equa-
tion T

M
Y

 =

cosϕ 0 − sinϕ
0 1 0

sinϕ 0 cosϕ

 T̆

M̆

Y̆

 (4)

where ϕ is the angle between the tangent vectors T and T̆.

Theorem 2. Let {α = α (s) , ᾰ = ᾰ (s̆)} be any Bertrand P-pair in E3. In that
case, the distance between the corresponding points of α and ᾰ is constant.
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Proof. By the definition of Bertrand P-trajectories, we can write:

α (s) = ᾰ (s̆) + ψ (s̆) M̆ (s̆) (5)

where ψ is a real valued smooth function of s̆ (see Figure 1). By taking the derivative
of the equation (5) with respect to s̆ and considering the PAF derivative formulas
(3), we get:

T
ds

ds̆
=
(
1− ψk̆1

)
T̆+ ψ′M̆+ ψk̆3Y̆. (6)

Since T, T̆ and Y̆ are orthogonal to M̆, and also M̆ is a unit vector, we have ψ′ = 0
with the help of the inner product. Therefore, ψ is a non-zero constant and the
equation (6) becomes:

T
ds

ds̆
=
(
1− ψk̆1

)
T̆+ ψk̆3Y̆. (7)

In the light of these results, the distance between the corresponding points of the
trajectories can be given as:

d (α (s) , ᾰ (s̆)) = ∥α (s)− ᾰ (s̆)∥ =
∥∥∥ψM̆∥∥∥ =| ψ | .

Therefore, we can say that the distance between each corresponding points of α
and ᾰ is constant. □

Theorem 3. Let {α = α (s) , ᾰ = ᾰ (s̆)} be any Bertrand P-pair in E3. Then, the
equation

d

ds
(cosϕ) = k2

〈
Y, T̆

〉
+ k̆2

ds̆

ds

〈
T, Y̆

〉
is satisfied.

Proof. Since ϕ is the angle between the tangent vectors T and T̆, one can easily

write
〈
T, T̆

〉
= ∥T∥

∥∥∥T̆∥∥∥ cosϕ = cosϕ. Let us differentiate this equation with

respect to s. Thus, we get:

d

ds
(cosϕ) =

d

ds

〈
T, T̆

〉
=

〈
k1M+ k2Y, T̆

〉
+

〈
T, (k̆1M̆+ k̆2Y̆)

ds̆

ds

〉
.

This equation gives us the desired result. □

Corollary 1. The angles between the tangent vectors at the corresponding points
of a Bertrand P-pair is generally not constant.
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Theorem 4. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then, the
following relationsT

M
Y

 =


(
1− ψk̆1

)
ds̆
ds 0 ψk̆3

ds̆
ds

0 1 0

−ψk̆3 ds̆ds 0
(
1− ψk̆1

)
ds̆
ds


 T̆

M̆

Y̆

 (8)

are satisfied between the PAF vectors of α and ᾰ.

Proof. Suppose that {α, ᾰ} is a Bertrand P-pair in E3. By using the equations (4)
and (7), we get:

cosϕ
ds

ds̆
T̆− sinϕ

ds

ds̆
Y̆ =

(
1− ψk̆1

)
T̆+ ψk̆3Y̆.

The last equation gives us the following:
cosϕ =

(
1− ψk̆1

) ds̆
ds
,

sinϕ = −ψk̆3
ds̆

ds
.

(9)

If we substitute the equation (9) in the equation (4), we obtain the desired result.
□

Corollary 2. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then, we
have:

tanϕ =
−ψk̆3
1− ψk̆1

(10)

where ϕ is the angle between T and T̆.

Corollary 3. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then,∫
cosϕds+ ψ

∫
k̆1ds̆ = s̆+ c1

where c1 denotes the integration constant.

Corollary 4. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then, the
equality ∫

sinϕds+ ψ

∫
k̆3ds̆ = 0

holds.

Theorem 5. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3 and their

Serret-Frenet apparatuses be {T, N, B, κ, τ} and
{
T̆, N̆, B̆, κ̆, τ̆

}
, respectively.
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Then, the relations between the Serret-Frenet vectors of this pair are given as:

T̆ =
(
1− ψk̆1

) ds̆
ds

T− ψk̆3 sinΩ
ds̆

ds
N− ψk̆3 cosΩ

ds̆

ds
B,

N̆ =ψk̆3 sin Ω̆
ds̆

ds
T+

(
cos Ω̆ cosΩ +

(
1− ψk̆1

)
sin Ω̆ sinΩ

ds̆

ds

)
N

+

(
− cos Ω̆ sinΩ +

(
1− ψk̆1

)
sin Ω̆ cosΩ

ds̆

ds

)
B,

B̆ =ψk̆3 cos Ω̆
ds̆

ds
T+

(
− sin Ω̆ cosΩ +

(
1− ψk̆1

)
cos Ω̆ sinΩ

ds̆

ds

)
N

+

(
sin Ω̆ sinΩ +

(
1− ψk̆1

)
cos Ω̆ cosΩ

ds̆

ds

)
B,

where Ω is the angle between the vectors B and Y and also, Ω̆ is the angle between
the vectors B̆ and Y̆.

Proof. Using the equation (2), we can write:T
M
Y

 =

1 0 0
0 cosΩ − sinΩ
0 sinΩ cosΩ

T
N
B

 (11)

and also T̆

N̆

B̆

 =

1 0 0

0 cos Ω̆ sin Ω̆

0 − sin Ω̆ cos Ω̆

 T̆

M̆

Y̆

 . (12)

On the other hand, by using the equation (8), we get: T̆

M̆

Y̆

 =


(
1− ψk̆1

)
ds̆
ds 0 −ψk̆3 ds̆ds

0 1 0

ψk̆3
ds̆
ds 0

(
1− ψk̆1

)
ds̆
ds


T
M
Y

 . (13)

If the equation (13) is substituted into the equation (12), then

T̆

N̆

B̆

 =


(
1− ψk̆1

)
ds̆
ds 0 −ψk̆3 ds̆ds

ψk̆3 sin Ω̆
ds̆
ds cos Ω̆

(
1− ψk̆1

)
sin Ω̆ds̆

ds

ψk̆3 cos Ω̆
ds̆
ds − sin Ω̆

(
1− ψk̆1

)
cos Ω̆ds̆

ds


T
M
Y

 (14)

is found. By using the equation (11) in the equation (14), we complete the proof. □

Theorem 6. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then, the
following relations
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(1) k1 =
k̆1 − ψk̆1

2
− ψk̆3

2

1− 2ψk̆1 + ψ2
(
k̆1

2
+ k̆3

2
),

(2) k̆1 =
k1 − ηk21 − ηk23

1− 2ηk1 + η2 (k21 + k23)
,

are satisfied between k1, k3, k̆1 and k̆3. Here η is a constant satisfying | η |=| ψ |.

Proof. (1) Assume that {α, ᾰ} is a Bertrand P-pair in E3. Via the equation
(9) and the equality cos2ϕ+ sin2ϕ = 1, we get:(

ds̆

ds

)2((
1− ψk̆1

)2
+ ψ2k̆3

2
)

= 1.

Hence, we have:(
ds

ds̆

)2

= 1− 2ψk̆1 + ψ2
(
k̆1

2
+ k̆3

2
)
. (15)

On the other hand, if we differentiate the equation (7) with respect to s̆
and use the PAF derivative formulas, we obtain:

d2s

ds̆2
T+ k1

(
ds

ds̆

)2

M+ k2

(
ds

ds̆

)2

Y =
(
−ψk̆1

′
− ψk̆2k̆3

)
T̆

+
(
k̆1

(
1− ψk̆1

)
− ψk̆3

2
)
M̆

+
(
k̆2

(
1− ψk̆1

)
+ ψk̆3

′)
Y̆.

(16)

By taking into consideration the equation (16) and utilizing the definition
of Bertrand P-pair, we get:

k1

(
ds

ds̆

)2

=
(
1− ψk̆1

)
k̆1 − ψk̆3

2
. (17)

From the equations (15) and (17), one can easily see the desired result.
(2) According to the definition of the Bertrand P-pair, we can write:

ᾰ (s̆) = α (s) + ηM (s)

where η is a constant satisfying | η |=| ψ | (see Figure 1). Let us take the
derivative of this equation with respect to s twice. In that case, we obtain:

T̆
ds̆

ds
= (1− ηk1)T+ ηk3Y (18)

and

d2s̆

ds2
T̆+ k̆1

(
ds̆

ds

)2

M̆+ k̆2

(
ds̆

ds

)2

Y̆ =
(
−ηk′1 − ηk2k3

)
T

+
(
k1 (1− ηk1)− ηk23

)
M

+
(
k2 (1− ηk1) + ηk′3

)
Y.

(19)
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On the other hand, we can write T̆ = cosϕT+sinϕY by the equation (4).
Then, by using the equation (18), we find:

cosϕ
ds̆

ds
T+ sinϕ

ds̆

ds
Y = (1− ηk1)T+ ηk3Y.

Hence, we get the equations cosϕ
ds̆

ds
= 1 − ηk1 and sinϕ

ds̆

ds
= ηk3. These

equations give us the equation:(
ds̆

ds

)2

= 1− 2ηk1 + η2
(
k21 + k23

)
. (20)

Moreover, by taking the inner product of the vectors at the right and left
sides of the equation (19) with the vector M, we have:

k̆1

(
ds̆

ds

)2

= k1 − ηk21 − ηk23. (21)

Therefore, we obtain the desired result by using the equation (20).
□

Thanks to the Theorem 1 and Theorem 6, we can attain the following corollaries.

Corollary 5. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in Euclidean 3-space

E3. If k̆1 = k̆3 = 0, then k1 = 0.

Corollary 6. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in Euclidean 3-space

E3. If k1 = k3 = 0, then k̆1 = 0.

Corollary 7. Let {α = α (s) , ᾰ = ᾰ (s̆)} be a Bertrand P-pair in E3. Then, the
following mathematical expressions hold:

(1) α is an osculating curve if and only if k̆1−ψk̆1
2−ψk̆3

2

1−2ψk̆1+ψ2
(
k̆1

2
+k̆3

2
) = 0,

(2) ᾰ is an osculating curve if and only if
k1−ηk21−ηk

2
3

1−2ηk1+η2(k21+k23)
= 0.

Example 1. In the Euclidean 3-space, suppose that a point particle Q moves on
the trajectory

α : (0, π/2) → E3

s 7→ α(s) =

(
8

17
cos 2s,

12

17
− sin 2s,−

15

17
cos 2s

)
.

(22)

By straightforward calculations, we get the following Serret-Frenet apparatus:
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T(s) =

(
− 8

17
sin 2s,− cos s,

15

17
sin 2s

)
N(s) =

(
− 8

17
cos 2s, sin 2s,

15

17
cos 2s

)
B(s) =

(
−15

17
, 0,− 8

17

) and

{
κ(s) = 1

τ(s) = 0.

Since ⟨α(s),B(s)⟩ = 0 and ⟨α(s),N(s)⟩ = −1+
12

17
sin 2s < 0, we get Ω =

π

2
. Then,

the elements of PAF are found as:

T(s) =

(
− 8

17
sin 2s,− cos 2s,

15

17
sin 2s

)
M(s) =

(
15

17
, 0,

8

17

)
Y(s) =

(
− 8

17
cos 2s, sin 2s,

15

17
cos 2s

) and


k1(s) = 0

k2(s) = 1

k3(s) = 0.

Therefore, Bertrand partner P-trajectory of α can be given as:

ᾰ(s) =

(
8

17
cos 2s+ η

15

17
,
12

17
− sin 2s,−

15

17
cos 2s+ η

8

17

)
(23)

by means of the equality ᾰ(s) = α(s) + ηM(s).

Figure 2. The trajectories α and ᾰ given in (22) and (23)
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In the Figure 2, the trajectories α = α(s) (blue) and ᾰ = ᾰ(s) (red) can be seen.
Here we take η = 0.1.

On the other hand, by using the Theorem 6 and Corollary 7, we get k̆1 = 0. So,
we can conclude that the trajectory ᾰ is an osculating curve. It should be noted
that the Figure 2 is drawn by utilizing the website Wolfram Mathematica (Wolfram
Cloud).
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