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ABSTRACT

In the paper the conditions are obtained providing existence and
uniqueness of the regular solution of the boundary problem for class
of the second order homogeneous operator-differential equation
with singular coefficients. High term of the equation contains the
normal operator the spectrum of which is contained in the certain
sectors. Further, it is proved the theorem of internal compactness of
space of regular solutions of the considered problem.

Bir Homojen Siir-Deger Probleminin i¢ Kompakthg Uzerine

Anahtar Kelimeler
Normal operator
discontinuous coefficients
regular solvability
Hilbert space

OZET

Makalede ikinci mertebe katsayilar1 singiiler (tekil) olan homojen
operator diferansiyel denklemler smifi i¢in bir siir deger
probleminde regiiler (diizglin) c¢oziimlerin varligr ve tekligini
garanti eden kosullar bulunmustur. Denklemin yiiksek terimi, spektri
belli bir sektdrde olan normal operator icermektedir. Daha sonra, ele
alman problemin regiiler ¢oziimleri uzaymin i¢ kompakt oldugu
kanitlanmustir.
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1 INTRODUCTION conditions

) 1) A is normal, with quite continuous inverse
We consider the boundary problem for -1 o o
homogeneous operator-differential equation in A operator, spectrum of which is contained in

separable Hilbert space H a comner sector,

"y fu  du SgZ{/I:‘arg/I‘Sg},OS8<7r/2;

W-i_’dt)ﬁu—i_’%df—i_’%dt—k%uzo’ O 2) Operators Bj = Aj A_j (j = 0,1,2,) are
_ bounded in H .
U(O) P 2) Denote by LZ(R+; H) a Hilbert space of the
where @ € H 3/ 27 U(t) EWZZ(R+; H ) , vector-functions f(t) with values from H |
P (t) i< the form of nmoiarllslurable and integrable by square-law with
2 , /2
a, te (0,1), +00 !

)= _ 2

P ﬁz,te(l;oo), HfHLz(&;H) - Hf(t)H dt
0

moreover & >0, #>0, operator coefficients
A and Aj (j = 0,1,2) satisfy the following

Further we introduce the space e.g. [1]

1/ 2

2 . _ ol A2 . |2 2 2

W2(R,;H)={u(t):u”, A L o =| Ju +HA uH
27 Ly(R:H) L (R;H)
[3]. When the equation is non homogeneous

Then from the trace theorem it results that boundary problem (1),(2) is investigated [4] and

0 Ivability of the equation (1) on all axis it is
W2(R,;H;{0 { ‘u eW2(R,;H),u(0)= @%deredm [5].

2 Determination of the reguler solution

Definition. If for any @ € H / there exists the
302 First we shall consider the problem

vector-function U(t) which satisfies (1), and

boundary condition (2) in the sense

2
Pu——(;Tg+p(t)A2u=O, G

lim[u® - ¢ 5, =0
t—+0

also the estimation takes place U(O): @ . “)
Let's seek the regular solution of the problem (3),

ull 2. .. <const , (4) in the form
H ”Wz(&,m |l s ) .

—d ol ‘
then U(t) is called a regular solution of the uo(t): € C, +¢€ C,, te(O,l),

A(1-
problem (1),(2), and the problem (1),(2) is called eV, | te(1;0),
regular solvable.
We shall note that when the equations are not where C;,C,,C3 - are unknown elements from

homogeneous  and AY) = 1, o= ,B =1 this H 3/ From the condition (4) and inclusion
problem is  investigated in  [2], when

A:A*ZCE,C>O, at Ab=1,a¢,8 in uo(t)eWZZ(R+;H) it is obtained the
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following system of the equations relatively C;,C, C, Q

and 03 . C= C2 95 = O .
C3

As we have shown AO(A) that it is

O

¢, +e ¢, =g,
e ¢, +¢,=¢;,

. H 3 HxHxH (see . [4]), therefore, we
—aPe ¢, + aAc, = —SAc,,

shall unequivocally define C;,C, and C5. They

or . .
belong H 3/z,as (XS H 3/2.ItlsobV10us,

—aA _ that
c,+e“c,+0-¢c; =9, a

—-aA _
e Cl 1‘ C2 - C3 - O: Huo(t)HW22(R+,H) S ConStH¢H 3/ 2°
—ae™” C, +aC, + ,803 = 09 Now we consider the boundary problem (1),(2).

or in an operational For this purpose we take

AO(A)C — (Z, ut)=39(1)+ Uo(t).

Then we get the following equation

where
E e 0
Af(A=|-e E -E |
—ae™™ oF pJE
q2 d2
I poaam AT A S -
d U, (1) 2 d’ Uo(t) du, (t) —
g TPOAOF AT AT ALDZ0,
9(0)=0.
As
d 2
;to(t)+ PO A (1) =0,
q2 d2
‘9(0 POA’Y(L) + A, ‘9(0 Ald‘g(t) +AID =91
9(0)=0 ,

where
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d?u, () B
dt?

du,(t) _

gt)=—~A ot

A A,y (D).

As operators Aj A~ (j = 0,2) are bounded

d*u
Hg(t)HLZ(RJr;H) <[A dtzo .
il A d -
+HA1A 1” % ;H) +HA2A ZHHAZUOHLQ(RPH).

2

Applying , the theorem of intermediate derivatives, [1] we have
Hg(t)HLZ(R+;H) = ConStHUO HWZQ(F2+;H)S constH(pH 3/2

Thus, we have reduced a boundary problem _ -j i . .
(1),(2) to the non homogeneous boundary Bj - AJA (J - 0’1) satisfy condition 2)
problem with a zero boundary condition. Thus , moreover

following theorem is valid.

where numbers C j (8 o ,B ) are defined as
Theorem 1. Let the operator A satisfies the

condition 1), but operators
I, 0<e<rm/4,
e )=l
o min(a?; f%) m, /4L e <m /2.
c(sa; )= 1. , 0<e<rm/2,
2cosemin(a; )

(1, 0<e<r /4,

max(«; )
C,(&;0; ) T min(@ B |, 1 lA<s <z 2
’ J2cose’ - .

\

Then boundary problem (1), (2) is regularly solvable.
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3 MAIN RESULT

Now we shall study one property of
homogeneous regular solutions. Let numbers

a,a, bl R b be such, that

0<a<al<b1<b<oo,

Denote by N (P) the space of regular solutions
of the boundary problem (1), (2). It is obvious,

that  N(P)- linear full subspace in
W2 (R,;H). Really, if U (t)—>u(t) in
W, (R;H)

and P(d/dt)u, (t) =0 (u, (t) € N(P)).

|P(didit)u(t) —u, )] <consu(t) —u, t)|—0.

Then HP(d/dt)U(t)H =0, ie.
P(d/dtJu(t) = 0, hence u(t) € N(P).

It is obvious, that N(P) =W, (R, ;H).
Definition 2. If a, al,b],b are such, as
0<a<a <b <b<owm,

M >0
ulueN(P),

compact on norm

the set
\

SMJ is

UHW21 ((ab);H)

HUHWZI((al,bl);H)WE: say speak, that space of

regular solutions of the problem (1), (2) is
internally compact.

_d’p(t)u(t)

d*p(tu) ,

We note, that definition of internal compactness
for the first time has entered P.D.Laks [6]. At
different situations of interior compactness of
solutions the considered works [7, 8]. Following
P.D.Laks's [6] work, we have entered concept of
interior compactness of the solutions of the
homogeneous equations.

Theorem 2. A condition of the theorem 1 let
satisfied. Then the space of regular solutions of a
problem (1), (2) is internally compact.

Proof. Let 0<a<a1<b,<b<oo and

scalar function (D(t) € CSO (a,b) , 1s such, that

1, te(a,b),
t —
oV {O, t>b,t<a.

Then it is obvious, that for vector functions
0
¢(t)u(t)eW22(R+;H;0) and U(t)=0

aat<aandt>Dh.

As we have proved, that at performance
of conditions of the theorem the following
inequality takes place:

Pladtoul, . = constigul s e

0
For all U€W22(R+;H;O) (see [4], the

theorem 2).

From here we have:

dou)

0 + p(Opt) Au(t) + A,

> COnSt“(ﬂu“WZZ(R+;H) '

dt

> A

" Ap(Du(t)

L, (R, :H)
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d*p(tuc) ,
dt?

d’p(Hu()
dt?

P(d/dt Jp(t)u(t) = - + PPt A’u(t) + A,

de(Ou(t)
dt

d’ (p(t) u(ty— 2 92® du® ¢(t)d2u(t)+

dt dt dt?

+ A+ Aput) = -

co(t)

+ p()pt) Au(t) + Ao[

uO+ , do(t) du®) _ d’ut) (t)J

dt dt dt?

N A{dcﬁ(t) du(t)

(t)+ —ﬁﬁ(t)j + Ap(u(t) =

d? u(t) du(t)

—(pa)(— 1O | pyauct)+ 4D 4 A A2u<t)]

d? dpt) . ,de(t)du(t) d? (D(t) de(t) du(t) d(D(t)
{ e V70w +A’[ O+ o }A (t)]

As (D(t) =0att>h ,t<a and U(t) - the regular decision,

P(d/dt)u(t) = — dt(t)+ (t)Azu(t)+A0d “(t) Ald“(t) AU =0
and
d2o(t de(t) du(t
[Pl/dtluc),_ ;H)—H P2 %%
d? (p(t) , do(t) du(®) de(t)
+Ab[ u(t) + j+A1 u(t) >
dt  dt dt -

> constHgoquvzz (RH) CO”StHC"“M((a;m;H) .

> constpul,, 2ty = constHuHWZz (Ga iy M)

Thus,



289

Erciyes Universitesi Fen Bilimleri Enstitiisti Dergisi 26 (3): 283-290 (2010)

d’ d7e®) | de(t) du(t)
R oo

<

+A0[d 20 1) 42920 du(t)) INLL OIS

dt dt dt

L, (R, :H)

du®

< constHu(t)HL2 (ay) T CONSt it

n COnStHAbU(t)HLZ((a;b);H) *
L, ((asb);H)

duct
dt

+ const + constHAu(t)HLz () S

L, ((asb);H)

du®

< const] |
dt

+ HAY)HHUHLz((a;b);H) +

‘UHL2 ((a;b);H)
L, ((asb);H)

du(t)

+[Al

+HAIA_IHHAUHLZ«a;b);H) = ConStHuHWzl(@;b);H) =M
|_ ((a;b);H)

Hence, for anyone 0 < a < q, < b] < b we have:

) < constHule <M.

HUHWZZ((a1 ((a;b);H

AsUeN (P) , the set iJ | HU‘MZQ ((a15b1);H ), ueN (P)} is limited. From quite continuity of the

operator A_l follows, that the space W2 ((al s bl) H )1s enclosed in space W ((al s bl ); H )

compactly, i.e.

sz((alabl);H)szl((alabl);H)

compactly. Hence, N (P) - compact set of century Wzl ((al R bl ); H ) Thus, we have proved internal

compactness of decisions of a problem (1), (2). The theorem is proved.
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