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Keywords Abstract
Fractional derivative This work focuses on presenting a reliable method, called fractional homotopy pertur-
in Caputo sence, bation transform method (FHPTM) to solve nonlinear Naviers Stoks equations with the
Laplace transform, Caputo type fractional derivatives. The (FHPTM) is a combination of Laplace transform
FHPTM, and homotopy perturbation method (He -Laplace method). He’s polynomial is used to

simplify the nonlinearity which arise in our considered equation. Furthermore, three

ier k - . ..
Navier Stokes equa numerical examples are presented, it is supported by graphs and tables to compare solu-

tlo.ns’ tions with little computational effort, which confirms the effectiveness and accuracy of
Mittag Leffler func- the current method.
tion.

1. Introduction

The origins of the theory of derivative and integrals of non-integer order go back to the end of the 17" century,
when Isaac Newton and Gottfried Wihelm Leibniz developed the foundations of differential and integral calculus.
The merit of the first conference is attributed to B. Ross who organized it at the University of New Aven in June
1974 and the conference was intitled “Fractional calculus and its applications”. For the first study, another credit
is given to KB. Oldham and J. Spanier [1] who published a book in 1974. Fractional calculus has spread widely
in recent years. Actually, concrete applications, for example, measuring memory with the order of fractional
derivative [2]. There are several definitions of a fractional derivative of order o [3]. The fractional derivative
also appears in many fields such as, viscoelasticity [4], magnetohydrodynamic [5], mechanics [6], and other
applications [7-10]. Because of many phenomenon in our reality are manifested by differential equations, the
focus is on finding exact or approximate solutions to these equations in several methods, such as the tanh method
[11], finite difference method [12], Runge—Kutta method [13], etc. Many authors have focused on studying the
solutions of fractional partial differential equations (FPDEs) using various methods combined with the Laplace
transform. Among these are the homotopy perturbation transform method [14—19], it provides solutions in the
form of an infinite series, and the resulting series can converge to a solution in closed form if the exact solution
exists. The Navier-Stokes (NS) equation is one of the most important equations. This equation describes many
physical things such as ocean currents and fluid flow in tubes [20]. Several procedures have been presented to solve
(NS) equation with fractional order, by discrete Adomian decomposition method [21], in [22] by FRDTM, [23]
using a new homotopy perturbation transform method, modified Laplace decomposition method in [24], authors
of [25], by Adomian decomposition method, the homotopy analysis method in [26], He’s variational iteration
method in [27], etc. The main objective of this work is to apply the fractional homotopy perturbation transform
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method (FHPTM)), to build analytical and approximate solutions for the fractional Navier-Stokes equation (FNS)
for an incompressible fluid flow, including the fractional derivative in the sense of Caputo, with 0 < o < 1, as
follows [21,22].
U +UU; +VUy + WU, = po(Us +Uny +Uz) = 5 Pxs
V& + UV +VVy + WV, = po(Vex + Vi + Vi) = 5 P (1)
W+ UW,+ VW +WW, = po(Wex + Wiy + W) = 2 ps,

where (U,V,W), t, p, denote the fluid vector at the point (x;7;z), time and the pressure, respectively, p is the
density, po denotes the kinematic viscosity of the flow.

2. Basic procedure of (FHPTM)

This section describes the implementation of (FHPTM) [14—-19], we consider a general (FPDEs) with initial
conditions of the form

DIW¥(x,t) + R¥(x,t) + N¥(x,t) = @(x,t), m—1<a<m, meN ()

OFW¥(x,0)
dtk
where @ is the source term, N represents the general nonlinear differential operator and R is the linear differential,
and D*W¥(x,t) denotes the Caputo fractional derivative of order & of function W which is defined as

=X (x,0),k=0,1,2,....m—1,

\P(") (x t) a=n
o _ " ’
D™ (1) = { ﬁfé(t — ) g (x r)dt, n—1 < o <n, neN. 3)

I['(.) indicates the Gamma function define by,

F(z):/omtz‘le"dt, Re(z) > 0. 4)

The properties of fractional calculus theory due to Liouville and Laplace transform can be found [1,6-9] . Oper-
ating the Laplace transform (denoted throughout this paper by .Zand its inverse transformation by .Z~!) on both
sides of Eq.(2), gives

LD (x,1)]+ ZL[RY (x,1)] + L [N¥(x,1)] = L]o(x,1)]. (5)

By using the formula (6) bellow
ZL[D%F¥(x,1)] = s*L[¥(x,1)] —mi s“FIe® (6 0), m—1<a<m, (6)
k=0
in the above Eq.(5), we have
s* L (x,1)] — mi:l 5@kl (x,0) + Z[R¥(x,t)| + LIN¥(x,1)] = ZL[p(x,1)], @)
k=0

simplify more
no gk (x,0) 1 1 1
2] =Y 20 L ] - L LR 0] - LN ®)

Operating . ~! on the above equation Eq. (8), we get

W(x,1) = dlx,t)— 2 | .,zﬂ[RlIf(x,t)Hslaz[Nlp(x,t)] , ©)

0

where ®(x,7) represents the term arising from the source term and the prescribed initial conditions. Now, by
(HPM) technique [28,29]

+o0

Y(x,t) =Y p"¥a(x,1), (10)
n=0
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and .
x,1) =Y p"Hu(P), (11
n=0
where p € (0, 1) is an embedding parameter and H,, is the He’s polynomials shown below see [30,31]
H, (¥ T_la"N+°° 'y =0,1,2,3 12
l’l( 05" l’l)_;apn I;O(p i) 07I’l— g Ly &y dy e ( )
p:

Substituting the values of W(x,7) and N'¥(x,¢) in Eq. (9) we get

fp”‘Pn(x,t)ZCI’( 1)—pZL" { [ (Zp >+N<fp”‘l‘ xt))” (13)
n=0 n=0

we obtain the following recurrence relation by equating the terms with identical powers in p.

P’ Wolx,r) = P(x,1),
1

P W () = 27! [Saf[R‘Pn(x 1)] —|—Hn(‘P)] ,n>0.

(FHPTM) describes the solution of infinite series

~+oo
1))=Y Wi(xu). (14)
n=0

3. Numerical results and discussion

Now, we present three examples to illustrate the method and its accuracy.
Example 1: Consider 2-dimensional (FNS) equation with 0 < o <1 [22]:

UF+UUx+VUy = po (U +Upy) + 4,

VE+UV+VVy = po (Ve +Viy) — 4, ()
along with the following initial conditions
U(x,n,0) = —sin(x+n), V(x,n,0) =sin(x+1n). (16)
Operating . on the above in Egs. (15), we get
LD (x,n,0)] + L[UU A+ VU] = ZL[po (Uxx +Uny) +4l, 17
LDV (x,n,0)]+ ZUVi+VVn] = ZL]po (Vex + Vin) — 4.
Now, by using the formula (6) for m = 1, in the above Eqgs. (17), we have
S LU (x,n,0)] =% 10U (x,1,0) + LUV + VU] = ZL[po (Unc + Unn) + 4],
SELY (x,1,0)] — 5%V (x,1,0) + L]UVe +VVi] = 2[00 (Ve + Vipn) — . (18)
We find more detailed
LU, 0)] = |2t | L LU0+ VU + & Z]po(V2U),
LV (0] = [P | L LUV VY] + L po(VV) 4
where V2 = ‘9 2. Thus, we apply .#~!, to the above Egs. (19), we get
U(x,n, t)]:—sm(x+17)+ra+l 1{ [ [UU+ VU] —Zpo( (VU ]]}, 20)

V(x,n,t) =sin(x+n)— a-‘:l l{sa [ZL[UVe+V V] = Z[po(VIV)]] },
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by, substituting (10) and (11) in (20), we find

L5 Un = —sinat 1)+ sy~ {3 [ZIH(U.V)) = 2P L5 U]}
E1% Vs = sinx-+ 1) — s — p 2 o [ZIKAUV)] - ZIpo(V LT V)]
where H,(U,V), and K,,(U,V) are He’s polynomials that represent nonlinear term UU, 4+ VU, and UV, +VVp,
respectively, the first terms for H, and K,, are given by
Hy = UpUpx + VoUon
Hy = UpUs, + Ui Up, +VoUry +VilUoy
Hy = UpUs, + Ui Uy, + UsUoy + VoUsy + ViUny + VaUoy

2D

Similarly
Ko = UpVox + VoVon
Ky = UyVix + Ui Vox +VoVing + ViVon
Ky = UpVox + Ui Vi + UaVox +VoVan + ViVip + VaVoy

Comparing the coefficient of like powers of p, in (21) we have
o

0. o qt

p ‘Uo(xan’t) - Sl”(x+n)+r(a+1>a
Vo(x,m,t) = sin(x+ )—L
olx, M, - n F((X—{—l)’

1

P =~ { [L[Ho) — Z[po(VU)] }

2p0la

C(a+1)

—1 1 2
Ve = -2 {121k - 2] |
Zp()l‘a

C(a+1)

SOC

= sin(x+n)

= —sin(x+1n)

P i) = -2 {1 L) — Z[po(VU))] }

stx
(2p0)%*
rRa+1)’

v = 2 { 2K - Zlpo(TW]) |

(2po)*r
Fa+1)’

= —sin(x+mn)

= sm(x—i—’n)

Pt =~z (2 - 2] |,

(200

FBa+1)’

—1 1 2
W) = 2| (21Kl - Zlp(Pw) |
(2po)*r>*

rGa+1)’

= sin(x+n)

= —sin(x+ n)
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The solution of Egs. (15,16) is given by

- © (=2por*)* qt”

Ulen,t) = _s’”(x+n),§)r(ka+1)+r(a+1)

qt

INa+1)
: © (=2por®)* gt”

Veno = szn(x+n),§)r(ka+l)_l"(a+l)
gt

C(a+1)

o

= — sin(x+ n)Ea,l (—2pol‘a) +

= sin(x+1n)Eq1(—2pot%*) —
For oc = 1 and g = 0, the exact solution of Egs. (15,16) reduces to
U()C, n’t) = _Sin(x+ T’)872pot’ V(X, 7%’) = Sin(x+ n)eprot.

The fourth approximate solution is

. 2p0t*  4pr2® 8po1*
- _ I- N
% ”"(Hn)( MotD) TRetl) TGatD))

4. Tables and Figures

Table 1: Numerical results for Example 1 when py = 0.5, for various values of «.

a=0.75 a=075 =09 a=09 o=1 a=1
(x,m) t ExactU Uy ExactV Ya U, Ya U Y

(0.1,0.3) 0.1 -0.3524 -0.3225 0.3524 0.3225  -0.3420 0.3420 -0.3524 0.3524
0.2 -0.3188 -0.2848  0.3188 0.2848  -0.3059 0.3059 -0.3188 0.3188

0.3 -0.2885 -0.2556  0.2885 0.2556  -0.2754 0.2754 -0.2884 0.2884

04 -0.2610 -0.2310 0.2610 0.2310  -0.2487 0.2487 -0.2607 0.2607

0.5 -0.2362 -0.2089  0.2362 0.2089  -0.2248 0.2248 -0.2353 0.2353

(0.5,0.4) 0.1 -0.7088 -0.6487  0.7088 0.6487 -0.6878 0.6878 -0.7088 0.7088
0.2 -0.6413 -0.5729 0.6413 0.5729  -0.6153 0.6153 -0.6413 0.6413

0.3 -0.5803 -0.5142  0.5803 0.5142  -0.5540 0.5540 -0.5801 0.5801

04 -0.5251 -0.4646  0.5251 0.4646  -0.5003 0.5003 -0.5243 0.5243

0.5 -04751 -0.4203 0.4751 0.4203  -0.4521 04521 -0.4733 0.4733

Exact g Apl

Figure 1: The exact U and % for Example 1. whent =0.5, a =1, pp = 0.5, and ¢ = 0.
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Table 2: Absolute error in Example 1, when pg = 1, for various values of «.

oa=0.75 a=09 a=1

(n) ¢ U=V |U-%| |U-7%
(0.1,0.3) 0.1 0.0499 0.0181  0.000025
0.2 0.0529 0.0203  0.000384

0.3 0.0567 0.0209  0.001874

04 0.0709 0.0249  0.005711

0.5 0.1004 0.0359  0.013453

(0.5,0.4) 0.1 0.1004 0.0365  0.000050
0.2 0.1065 0.0408  0.000773

0.3 0.1140 0.0420  0.003769

0.4 0.1425 0.0502 0.011485

0.5 0.2019 0.0723  0.027061

gy

Figure 2: The exact V and ¥ for Example 1. whent =0.5, o« =1, pg = 0.5, and ¢ = 0.

Apl g Ay

Figure 3: 7%/, and ¥, for Example 1., whent = 0.5, « = 0.8, py = 0.5, and g = 0.

Example 2: Consider 2-dimensional (FNS) Eq. (15) subject to the following initial conditions [22]:
U(x,n,0) = -, V(x,n,0) =™, (22)

as shown in Example 1, we have

50 Un ==+ il = p 2 G [Z1H] = Lo (VE,5 U]} 03
Z,TEOP”Vn = e — % _pgil {%a [g[Kn] _g[pO(VZZ;joPnVn)H } .
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Then, we get
qt®
pO:U()(xanat) = —€x+n—|—r(a+l),
qt”
Vo(x,m,t) = eHTI_m7
2p0la
pliUI(x,n,1) = —€x+nma
2p0ttx
V 1) = =
l(xana) € F((X—I—l)’
(2p0)’>
pz:Uz(x,n,t) = exmma
2p0)2t206
V- t — x+77(7
2<x7n7 ) F(ZOH—I)’
(2po)*r**
P33U3(xa77af) = —ex+nma
2p0)3t3a
% 1) = e (2P0)177
3<x7n7 ) € F(3(X+1)7
The solution of Eqgs.(15,22) is given by
R 2 1)k t%
tOC
- - ”"Ea,1(2pofa) + ﬁ
Ry 2p0t qr®
1% 1) = e
tOC
= €x+nEa7] (Zp()l‘a) — ﬁ

For o =1 and g = 0O, the exact solution of Egs. (15,22) reduces to
U(xn,1) = ="V (x,m,1) = TR
Example 3: Consider 3-dimensional (FNS) equation [22]:

Uta+UUx+VUn +WU; = po (Uxx+Unn +U),
WE+UW, +VWy +WW, = pg (W +Wyp + W),

along with the following initial conditions
U(x,0,2,0) = —0.5x+ 10 +2,V(x,1,2,0) =x—0.57 +2,W(x,0,2,0) = x+1 —0.5z.
Operating . on both sides of Egs.(24), we get

LD (x,1,2,1)] + LUV, +VUy +WU.] = Z[po (Ux + Uyn +Uz)],
LDV (x,1,2,1)]+ LUV +VVy + WW,] = Z[po (Vi + Vi + Vi),
ZLDW (x,n,z,t)| + LUW, +VWy + WW,] = Z[po (Wyx + Wiy + W)

Using the formula (6) for m = 1, in the above Eqs.(26), and applying .#~!, we have

U(x,n,2,t) = —05x+n+z— L & [LUUAVU, + WU,] - ZL[po(V*U)]] },
V(xn,z6) =x—05n+z- 2L {5 [Z] UV FVVy + WV, — po (V2] },
W(x,n,z,t) =x+1—052— L {5 [LUW+VWy + WW.] — Z[po(V*W)]] },
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where V2 = )% + % + %. Assume that with homotopy perturbation method, we get

Zn ()P —0-5X+7?+Z—P$_l{s%[ H] «i”[Po(V Zj,_ ()P”U ]}7
Z,, op"v =x—05n+z-pZ ' {& [éfK} éf[po(v Z,, S0PV, AIE (28)
Zn Oann:x+n_o'5z_p3_l{SLﬂ[ ]_"g[ ( n Op ]}7

where H,, K, and J, are He’s polynomials that represent nonlinear term UU, +VUy + WU, UV, +VVy +WV,;
and UW, + VW, + WW, respectively, and we have a few terms of H,,, K, and J, which are given by

Hy = UpUpy + VoUon +WoUop,
Hy = UpUix + U Upx +VoU1y + ViUoy + WoUy;, + W1 Uy,
Hy = UgUpy + Uy Uy + U Unx + VoUsy +V1Uiy +VaUoy + WoUz, + W Uy, + Wh Uy,

And

Ko = UpVox + VoVon +WoVo,
Ky = UygVix + Ui Vox +VoVig + ViVon + WoViz + WiV,
K> = UgVax + U Vig + UaVox +VoVan +ViVig +VaVon +WoVa, + Wi Vi +WaVy,

Similarly

Jo = UpWox + VoWon + WoWo,
J1 = UpWix + Ui Wor + VoWin + ViWon + WoWi, + W Wo,
Jo = UpWox + Ui Wiy + Ua Wo + oWy + ViWig + VaWon + WoWo, + WiWy + Wa W,

Then, we get

p :UO(x7n7t) = _0-5x+n+27
Vo(x,n,t) x—0.5n+2z,
W()(x,n,t) x+mn—0.5z,

plU(xmt) = —27! {sa [-Z[Ho) — Z[po(V*Uy)]] } :
Vi = —z”{l{fmm—szW%m},

Wit = -2 {12l - 2w |
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p*: Ua(x,1m,1)

VZ(x’n’t)

Wz(xﬂ%t)

P’ Us(x,m,1)

Vs(xﬂ%f)

W3(x>777t)

1

—1
o {sa
2(2.25)1%¢
T2o+1) "

_gl{ ! [X[Kl]—f[Po(Vle)ﬂ}a

5%
2(2.25)1%*
T2o+1) "

_g—‘{ : [,%[Jl]—f[Po(VZWl)H}’

5%
2(2.25)%¢
r2a+1)

|

(2.25)?
r(3a+1)

_g—l{l

(2.25)2
r(3a+1)

_3—1{1

(2.25)?
r(3a+1)

0,

1

s

[l - Zlpn(V0)] |

(

[#lie] — Zlpa( P}

( +4) ne3?,

L] — Z[po(VPW)] } ,

(

I(20+1)
Z(a+1)

+4> xt3%,

r(2o+1)
Z(o+1)

r(2o+1)
I(o+1)

+4> %,

The solution of Egs. (24,25) in series form is given by

L(H] — 2 [po(V0)] }

)

2.25xt%  2(2.25)1%¢ (2.25)> (T(2a+1) ;
U t) = — — 4 ) xt?% 4.
(e, 1,2,1) T Tatl) TRa+1) P TGat+h \Patn )T
225Nt 2(2.25)%¢ (2.25)2 [TQa+1) 3
v ) = Vo— — 4)ne%+---
(e, 1,2,1) T Ta+1) TRa+ D) P TRatr) \ (a1 T )M T
2.25721%  2(2.25)1%¢ (2.25)2 (TQa+1) 3
w ) = W— - 4 ) z°%+---.
(x,1,2,2) Tt TRatrD) " TRatr D \arn) T7)& T
Why o =1, as in [22]
Ux,n,2,t) = (—0.5x+n4z—2.25x)(1 4225 +2.25%*+2.25%5 +...)
~ —0.5x+n+z—2.25x
B 1—2.25¢2
V(e,n,z,t) = (x—0.51+z—22501)(1+2.25+2.25%*+2.25%5 +...)
~ x—0.51n+z-2.25n«¢
B 1—2.25¢2 ’
W(x,m,z,t) = (x4+1n—0.5z—2.25z)(142.25>+2.25%* +2.25%° 4 ...)

x+n—0.5z—2.25z¢

5. Conclusions

1—2.25¢2

In this paper, (FHPTM) has been successfully and easily applied to obtain approximate solutions for fractional
multi-dimensional Navier-Stokes equation. Through the three examples of the studied model and through tables
110
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[1-2] and figures [1-3], it can be seen that this method is effective and accurate for different values of time, space
and fractional order.
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