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ABSTRACT

We study hedonic coalition formation games that consist of a finite set of agents and a list of
agents’ preferences such that each agent’s preferences depend only on the members of her coalition. An
outcome of a hedonic coalition formation game is a partition (i.e., coalition structure) of the finite set
of agents. We study the existence of partitions that are both internally stable and Pareto optimal. We
construct an algorithm that terminates for each given hedonic coalition formation game such that the
outcome of the algorithm is internally stable and Pareto optimal. We also show that if the outcome of
the algorithm is the partition that consists of singleton coalitions then it is also core stable and if it is

the partition that contains only the grand coalition then it is also both core stable and Nash stable.

Keywords: Coalition Formation, Core Stability, Hedonic Games, Internal Stability, Nash Stability,

Pareto Optimality.
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HEDONIK KOALISYON OLUSUM OYUNLARINDA iCSEL KARARLILIK VE PARETO
VERIMLILIK

OZET

Bu makalede hedonik koalisyon olusum oyunlari ¢alisilmistir. Bir hedonik koalisyon olusum
oyunu sonlu sayida bireyler kiimesi ile bu bireylerin tercih listesinden olusur oyle ki her bireyin tercihi
kendisinin iiyesi olabilecegi biitiin koalisyonlarin bir siralamasidir. Bir hedonik koalisyon olusum
oyununun ¢iktisi sonlu bireyler kiimesinin bir partisyonudur (koalisyon yapisidir). Bu makalede i¢sel
kararli ve Pareto verimli partisyonlarin varligini arastirtyoruz. Bir algoritma tammliyoruz dyle ki bu
algoritma verilen her hedonik koalisyon olusum oyunu i¢in duruyor ve durdugu zaman i¢sel kararli ve
Pareto optimal bir partisyonu ¢ikti olarak veriyor. Ayrica, bu algoritmanin ¢iktist tekil koalisyonlardan

olusan partisyon ise bunun ayni zamanda ¢ekirdek kararli oldugunu, eger ¢ikti sadece biiyiik koalisyonu
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iceren partisyon ise bunun ayni zamanda hem c¢ekirdek kararli hem de Nash kararli oldugunu

gosteriyoruz.

Anahtar Kelimeler: Koalisyon Olusumu, Cekirdek Kararlilik, Hedonik Oyun, I¢sel Kararlilik, Nash
Kararlilik, Pareto Verimlilik.

JEL Kodlari: C71, C78, D71.

1. INTRODUCTION

We see many instances of coalition formation in our daily lives: college students form study or
project groups among themselves in a course, faculty members in a department form research groups,
people form charities and clubs, and politicians form new parties or alliances to win elections. Most of

these coalition formation instances can be modeled as a hedonic coalition formation game.

A hedonic coalition formation game (in brief, a hedonic game) consists of a finite set of agents
and a list of agents’ preferences such that each agent has preferences over all coalitions each of which
contains her. That is, each agent’s preferences depend only on the identity of members of her coalition.
This hedonic aspect of preferences was firstly introduced by Dréze and Greenberg (1980) and the formal
model of hedonic coalition formation games was introduced by Banerjee, Konishi and Sonmez (2001)
and Bogomolnaia and Jackson (2002). Hedonic coalition formation games are also called as simple
coalition formation problems or coalition formation problems without externalities. Examples are the
formation of clubs and organizations, provision of public goods in local communities, and forming
research groups. Moreover, marriage problems and roommate problems (Gale and Shapley, 1962; Roth
and Sotomayor, 1990) are special hedonic coalition formation games at which a coalition consists of at

most two agents.

An outcome of a hedonic game is a partition, i.e., a collection of pairwise disjoint coalitions such
that their union is equal to the set of agents. Some stability and efficiency properties of partitions are
studied in the literature.> Mostly studied stability concepts are Nash stability and core stability, and the

efficiency concept is Pareto optimality.

Given a partition for a hedonic game, an agent Nash blocks this partition if it is beneficial for her
to move another coalition of the partition, i.e., she leaves her current coalition and joins another coalition
of the partition or to the empty set and by this movement she is better off. A partition for a hedonic game
is Nash stable if it is not Nash blocked by any agent.2 Note that Nash stability is based on an individual

deviation among the coalitions of a given partition.

! See Sung and Dimitrov (2007) for the taxonomy of some stability concepts.

2 Weaker versions of Nash stability are individual stability, contractual Nash stability, and contractual individual stability.

For more information about these stability notions, we refer interested reader to Bogomolnaia and Jackson (2002), Sung and
Dimitrov (2007), Papai (2007), and Suksompong (2015).
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A partition for a hedonic game is core stable if there is no coalition such that each agent in this
coalition prefers it to her current coalition under the partition. If such a coalition exists we then say that
this coalition blocks the partition.® Note that core stability is based on a coalitional deviation such that
each agent in the blocking coalition leaves her current coalition and then they form a new coalition. So,
the coordination of agents who are in different coalitions are needed for a blocking coalition. However,
such a coordination can be impossible for some cases. Then, for those cases internal stability is an
appropriate stability notion.*

A coalition is internally stable if no group of agents within the coalition be better off by leaving
the coalition and forming a new coalition on their own. A partition for a hedonic game is internally
stable if each coalition in the partition is internally stable. Note that internal stability requires the
coordination of agents who are in the same coalition, hence internal stability is an appropriate stability
notion when coordination among coalitions is not possible. So, internal stability is a weaker stability
notion than core stability, that is, a core stable partition is internally stable but an internally stable
partition may not be core stable. We also note that each hedonic game has an internally stable partition,
the partition that consists of singleton coalitions is internally stable. The concepts of the internally stable
coalition and internally stable partition were first introduced by Dimitrov, Borm, Hendrickx and Sung
(2006) and Alcalde and Romero-Medina (2006). Dimitrov et al. (2006) proved the existence of core
stable partitions in hedonic games satisfying the appreciation of friends or aversion of enemies properties
by using the concepts of the internally stable coalition and internally stable partition®. Alcalde and
Romero-Medina (2006) proved the existence of core stable partitions in the set of hedonic games that
satisfy the intersection responsiveness property by using the concept of the internally stable coalition®.
Liu, Tang and Fang (2014) adopted the concept of internal stability to the concepts of matching and
exchange. Schlueter and Goldsmith (2020) investigated the relationship between the concepts of internal
stability and Nash stability in different domains of hedonic games. Ozbilen (2022) analyzed the relation
between internal stability and other stability concepts and introduced an algorithm that brings all

internally stable partitions in the domain of all hedonic games.

3 The existence of core stable or Nash stable partitions is not guaranteed in general. The existence of such partitions is
guaranteed under some conditions. For conditions guaranteeing the existence of a core stable partition, see Banerjee et al.
(2001), Bogomolnaia and Jackson (2002), Cechlarova and Romero-Medina (2001), Burani and Zwicker (2003), Alcalde and
Revilla (2004), Alcalde and Romero-Medina (2006), Dimitrov, Borm, Hendrickx and Sung (2006), and Suzuki and Sung
(2010). For conditions guaranteeing the existence of a unique core stable partition, see Papai (2004) and Inal (2019). For a
necessary and sufficient condition guaranteeing the existence of a core stable partition, see lehlé (2007). For conditions
guaranteeing the existence of a Nash stable partition, see Bogomolnaia and Jackson (2002), Burani and Zwicker (2003),
Dimitrov and Sung (2004), Dimitrov and Sung (2006), Papai (2007), and Suksompong (2015).

4 There are studies related to stability concepts that are stronger or weaker than core stability or Nash stability. We refer the
reader to Hajdukova (2006), Karakaya (2011), Aziz and Brandl (2012), Aziz and Savani (2016), and Ozbilen (2019) for more
detailed analysis and discussions.

5 For conditions of appreciation of friends and aversion to enemies we refer to Dimitrov and Sung (2004) and Dimitrov et al.
(2006).

6 For the intersection responsiveness property, see Alcalde and Romero-Medina (2006).
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A partition for a hedonic game is Pareto optimal if there is no other partition at which all agents
are weakly better off and some agents are strictly better off, i.e., it is impossible to make some agents
strictly better off without hurting other agents. Bogomolnaia and Jackson (2002) showed that a Pareto
optimal partition always exists for each hedonic game, and Aziz, Brandt and Harrenstein (2013) studied
the computation and verification of the existence of Pareto optimal partitions in several sub-domains of
hedonic games. Internal stability and Pareto optimality are independent of each other, i.e., an internally
stable partition may not be Pareto optimal and a Pareto optimal partition may not be internally stable.

In this paper, we focus on internal stability and Pareto optimality of a partition. We construct an
algorithm that terminates for each hedonic game and the outcome of the algorithm is internally stable
and Pareto optimal (Theorem 1). Hence, an internally stable and Pareto optimal partition always exists.
We also analyze the outcome of the algorithm when it is the partition consisting of only singleton
coalitions and the partition consisting of the grand coalition in which all agents are together. If the
outcome is the partition that consists of only singleton coalitions then it is also core stable (Proposition
1), and if the outcome is the partition that consisting of the grand coalition then it is also core stable and

Nash stable (Proposition 2).

The rest of the paper is organized as follows. In Section 2, we present the hedonic coalition
formation model and provide formal definitions of stability concepts and of Pareto optimality. In Section
3, we introduce our algorithm and present our results. Section 4 is dedicated to the conclusion and further

discussions.

2. HEDONIC COALITION FORMATION MODEL

In this section, we introduce the hedonic coalition formation model and the stability concepts
(Nash stability, core stability, and internal stability), efficiency concept (Pareto optimality) and
voluntary participation (individual rationality) concept that we use throughout the paper.

Let N = {1,2, ..., n} be a finite set of agents with n > 2. A nonempty subset H of N is called a
coalition of N. For each agent i € N, let ¥ = {S € N|i € S} denote the set of all coalitions of N

containing agent i.

Each agent i € N has complete, transitive, and antisymmetric preferences >; over V.7 i.e., each
agent has strict preferences over all coalitions of N each of which contains her. For an agent i € N and
coalitions S,T € =V, S >; T means that agent i strictly prefers coalition S to coalition T, and S >; T

means that S >; T or S = T that agent i (weakly) prefers coalition S to coalition T. We note that since

7 A preference relation of agent i, >;, over IV satisfies completeness if for each S,T € ZN¥, S >; T or T =; S, it satisfies
transitivity if for each S,T,H € Zf", ifS>; Tand T >=; H, then S >; H, and it satisfies antisymmetry if for each S,T € E{",
S=;TandT =; Simply S =T.
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each agent i € N has strict preferences over IV, for each 5,7 € TN with S # T we have either S >; T

orT >; S.

A coalition S € N with i € S is acceptable for agent i if S >; {i} and it is unacceptable for agent
iif {i} >; S. For an agent i € N and her preferences >;, we denote her first-ranked (best) coalition by
r1(i, >;), the second-ranked (second-best) coalition by r, (i, >;), and in a similar way, the k*-ranked
coalition by n.(i,>;). For instance, for an agent i€N and S, T,HE Zﬁ",
[=;:S>; T >; H>; {i} >; ...]° means that agent i would first like to be a member of coalition S since
r (i, =;) = S, then agent i would like to be a member of coalition T (since r,(i,>;) = T) and then of

coalition H (since r3(i, =;) = H), etc.

For each i € N, let R;(ZN) denote the set of all strict preferences of agent i over =V, and RN =
[Tien R:i(EN) denote the set of all preference profiles of agents in N. A list of agents’ preferences >=

(=1, ...,=,) € RN is called a preference profile.

The hedonic aspect of preferences was firstly introduced by Dréze and Greenberg (1980) and the
formal model of hedonic coalition formation games was introduced by Banerjee, Konishi and Sénmez

(2001) and Bogomolnaia and Jackson (2002).
Definition 1 Hedonic Coalition Formation Game

A hedonic coalition formation game, or a hedonic game, consists of a finite set of agents N =

{1,2,...,n} and their preferences == (>4, ..., =,) € R" and is denoted by G = (N, >).

An outcome of a hedonic game is a partition (coalition structure), that is, it is a collection of

pairwise disjoint coalitions such that their union is equal to the set of agents.
Definition 2 Partition

A partition 7 for a hedonic game G = (N, >) isasetw = {Hq, H,, ..., Hx} (K < |N| is a positive
integer) such that (i) for each k € {1,...,K}, H, # @, (ii) UX_; H, = N, and (iii) for each k,l €
{1, ,K} With k * l, Hk )] Hl = @

For a partition = and an agent i € N, we let (i) denote the unique coalition in m that contains
agent i. The set of all partitions for a hedonic game G = (N, >) is denoted by IT1(N, >) (even though the

set of partitions is not related to the preference profile).

Since each agent in a hedonic game only cares about her own coalition, we extend an agent i’s

preferences >; over =¥ to over all partitions in a usual way (by using the same notation for preferences

8 We list only acceptable coalitions in an agent’s preferences, and *...” means that remaining unacceptable coalitions are ordered

in any way. Here, coalitions S, T, H, and {i} are acceptable for agent i and any other coalition is unacceptable.
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over coalitions and partitions): for each agent i € N and partitions 7, 7', we have = >; «’ if and only if
(i) =; 7' (D).

We now define some properties of a partition. We start with the classical voluntary participation
concept, namely the definition of individual rationality.

Definition 3 Individual Rationality

A partition m is individually rational (IR) for hedonic game G = (N, >) if for each i € N,
(i) >; {i}, i.e., each agent i finds her coalition (i) acceptable. Let IR(N, =) denote the set of all

individually rational partitions for the hedonic game G = (N, >).

We define a well-known efficiency condition Pareto optimality. A partition is Pareto optimal if
there is no other partition at which no agent is worse off and some agents are strictly better off.

Definition 4 Pareto Optimality

A partition r is Pareto optimal (PO) for hedonic game G = (N, >) if there does not exist another
partitionr’ € I1(N, >) suchthat foreach i € N, n’ >; m and for somej € N, ' >; m. If such a partition
7' exists then we say that 7’ Pareto dominates 7. Let PO(N, >) denote the set of all Pareto optimal

partitions for the hedonic game G = (N, >).

We now define Nash stability of a partition. As we noted in the Introduction that under Nash
blocking an agent is allowed to move among the coalitions of a given partition. The existence of a Nash
stable partition for hedonic coalition formation games under different conditions was firstly analyzed

by Bogomolnaia and Jackson (2002).
Definition 5 Nash Stability

We say that a partition r is Nash stable (NS) for hedonic game G = (N, >) if for each i € N and
each H € (m U {@}), m(i) >; H U {i}. If such an agent i € N exists then we say that agent i Nash blocks
m. Let NS(N, =) denote the set of all Nash stable partitions for the hedonic game G = (N, >).

We now define core stability for hedonic games. The existence of a core stable partition for
hedonic coalition formation games under different conditions was firstly analyzed by Banerjee, Konishi
and Sénmez (2001).

Definition 6 Core Stability

A partition mt is core stable (CS) for hedonic game G = (N, =) if there does not exist a coalition
H < N such that for each i € H, H >; m(i). If such a coalition H exists then we say that coalition H

blocks 7. Let CS(N, =) denote the set of all core stable partitions for the hedonic game ¢ = (N, >).

We note that for a coalition H to block a partition m, it requires the coordination of agents in H in
away that each agent i € H leaves her current coalition and then they form a new, self-standing coalition
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H. However, when there is impossibility or a restriction of communication and hence coordination
among the members of different coalitions, then core stability may not be an appropriate stability notion.
Hence, when the communication among coalitions of a partition is impossible, a weaker stability concept

than the core stability is appropriate to consider.

We now define internal stability for hedonic games which is a weaker stability notion than core
stability. The concepts of the internally stable coalition and internally stable partition were first
introduced by Dimitrov, Borm, Hendrickx and Sung (2006) and Alcalde and Romero-Medina (2006).

We say that a coalition H < N is internally stable for hedonic game G = (N, >) if there does not
exist a subset T of H such thatforalli € T, T >; H. If such a coalition T of H exists then we say that T
internally blocks H.

Definition 7 Internal Stability

A partition m is internally stable (IntS) for hedonic game G = (N, >) if each coalition H € m is
internally stable. Let IntS(N, =) denote the set of all internally stable partitions for hedonic game G =
(N, 2).

The relations between stability concepts and of Pareto optimality are given below, where ”="

indicates that if a partition satisfies the first notion then it also satisfies the second.

* CS = IntS = IR, core stability implies internal stability, and internal stability implies

individual rationality.

*CS # NS # CS, core stability and Nash stability are independent of each other, i.e., a core stable
partitions may not be Nash stable, and a Nash stable partition may not be core stable.

* CS = PO # CS, core stability implies Pareto optimality but the converse is not true.

« IntS # NS # IntS, internal stability and Nash stability are independent of each other.

« IntS # PO # IntS, internal stability and Pareto optimality are independent of each other.
* NS # PO # NS, Nash stability and Pareto optimality are independent of each other.

We note that for each hedonic game there exists an internally stable partition. Indeed, the partition
that contains all singleton coalitions is internally stable. So, for each hedonic game G = (N, =) we have
IntS(N, >) # @. We also know that there exists a Pareto optimal partition for each hedonic game, i.e.,
for each G = (N, =) we have PO(N, >) # @. These results together with the fact that internal stability
and Pareto optimality are independent of each other give rise to the question that does there exist a
partition which is both internally stable and Pareto optimal for each hedonic game. If the answer is yes,
then the question is how can we find such a partition. We will show that for each hedonic game there

exists a partition that is both internally stable and Pareto optimal. To do so, we will construct an
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algorithm that terminates for each hedonic game and produces a partition that is both internally stable

and Pareto optimal.

3. AN ALGORITHM

In this section, we define an algorithm that finds an internally stable and Pareto optimal partition
for a given hedonic game.

Let 0:{1,2,...,n} = N be an ordering of agents, and ©(N) denote the set of all orderings of
agents. For an ordering a, a(1) denote the first agent in the ordering, a(2) denote the second agent in
the ordering, and so on. For a subset of agents N € N, we define the restriction of o to N, o', as follows:
for each i,j € N, a5 (i) < ox(j) if and only if o(i) < a(j). For each k € N, o5 (k) denotes the k"
agent in the ordering o .

We now define a reduced game that will be used in the algorithm.

Definition 8 Reduced Game

Let G = (N, >) be a hedonic game and N € N. The reduced game of G = (N, >) to N equals

G = (N, %), where = is the restriction of > to N, ==>5 i.e.,
(i) for each i € N, =;€ ®;(Z¥) and
(i) foreach S,T € 5N, S, T & S =, T.

For each hedonic game G = (N, =) and an ordering of agents o, we define the following

algorithm:
Input. A hedonic game G = (N, >) and an ordering of agents o € O(N).

Step 1. Let G; = G, i.e,, N;:= N and > :=>. We consider the first agent (1) in the ordering
and her first-ranked (best) coalition r; (6(1), Z4(1)). If this coalition is internally stable, then we remove

it (this coalition will be part of final partition).

If 7, (o(1), Z4(1y) is not internally stable, we consider the second agent o(2) in the ordering and
her best coalition r; (a(2), Z4(2))- If this coalition is internally stable, then we remove it (this coalition

will be part of final partition).

If 7, (0(2), Z4(2)) is not internally stable, we consider the third agent o(3) in the ordering and
her best coalition. If this coalition is internally stable, then we remove it. If not, then we continue to
choose agents according to the ordering o and check the first-ranked coalitions of these agents.

Whenever the first-ranked coalition of an agent is internally stable, we remove it.

If none of the best coalition of any agent is internally stable we choose agent ¢(1) again and

consider now her second-ranked coalition 7, (a (1), Z4(1)). If this coalition is internally stable, we
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remove it. If not, we choose agents according to o and consider their second-ranked coalitions. That is,
we first check first-ranked coalitions of all agents, and then second-ranked coalitions of all agents, and
then third-ranked coalitions, and so on. In this process, when an internally stable coalition is seen, we

remove it (it will be a part of the final partition).

Let H; denote the internally stable coalition that is removed at the end of Step 1. Let N, = N;\H,
be the set of remaining agents and, if N, # @, we continue with Step 2. Otherwise, we stop.

Step 2. We consider G, = (N, =y,) and the ordering oy, i.e., we consider the reduced game
with remaining set of agents N, and their restricted preference profile >, and the restriction of o to

Ny, ay,.

We consider the first agent oy, (1) and her first-ranked coalition Tl(UNZ(l):EaNZ(l))- If this
coalition is internally stable, we remove it (this coalition will be part of the final partition). If it is not
internally stable, then we consider the second agent oy, (2) and her first-ranked coalition. If this
coalition is internally stable, then we remove it. Otherwise, we choose agents according to the ordering
oy, and check the first-ranked coalitions of these agents. Whenever the first-ranked coalition of an agent
is internally stable, we remove it. If none of the best coalition of any agent in N, is internally stable we
choose agent oy, (1) again and consider now her second-ranked coalition r,(ay, (1), zaNz(l)). If this
coalition is internally stable, we remove it. If not, we choose agents according to gy, and consider their
second-ranked coalitions. We first check the first-ranked coalitions of all agents in N,, then second-
ranked coalitions of all agents, then third-ranked coalitions, and so on. In this process, when an internally

stable coalition is seen, we remove it (it will be a part of the final partition).

Let H, denote the internally stable coalition that is removed at the end of Step 2. Let N3 = N,\H,
be the set of remaining agents and, if N3 # @, we continue with Step 3. Otherwise, we stop.

In general, at Step t we have the following:

Step t. We consider G; = (N, =y,) and the ordering oy, , i.€., we consider the reduced game with
remaining set of agents N, = N\ULZ} Hy, after Step t — 1 and their restricted preference profile > Ny»

and the restriction of o to N¢, gy, .

We choose agents according to ordering oy, and consider their first-ranked coalitions. Whenever
the first-ranked coalition of an agent is internally stable we remove it. If none of the first-ranked
coalitions of any agent in N, is internally stable, then we consider the second-ranked coalitions of agents,
and so on. When an internally stable coalition is detected in this process we remove it (it will be a part
of the final partition). Let H; denote the internally stable coalition that is removed at the end of Step ¢.
Let Ny q = N \H; be the set of remaining agents and, if N, # @, we continue with Step ¢t + 1.

Otherwise, we stop.
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Output. The algorithm terminates when the set of remaining agents is empty. When the algorithm
terminates at the end of Step t*, the output of the algorithm is the partition 7* that consists of the

coalitions that are removed at the end of each step in the algorithm, i.e., t* = {H, ..., Hy*}.
It is clear that the algorithm stops for each hedonic game and each ordering of agents.

We note that for a given hedonic game, we can find all internally stable and Pareto optimal
partitions by running the algorithm for all orderings of agents.

Now we proceed with an example to show how the algorithm we introduce works and we apply

our algorithm to the hedonic game below.

Example 1 Let G = (N, =) be a hedonic game with N = {1,2,3,4,5} and the preference profile

== (21,25, 23,24, 25) € RV is given below:
>=1:{1,2,3} >; {1,3} >, {1,5} >4 {1,3,5} >; {1,4,5} >; {1} > ..,
=,:{1,2} >, {1,2,3} >, {2,4,5} >, {2,5} >, {2} >, ..,
>2:{2,3} >3 {3,4,5} >3 {1,3} >3 {1,3,5} >3 {3}, >3 ...,
>4:{1,4,5} >, {1,2,4} >4 {3,4,5} >, {4} >4 ...,and
>::{1,3,5} >5 {1,5} >5 {3,4,5} >5 {2,5} >5 {1,4,5} >5 {4,5} >5 {5} >5 ..
We now apply the algorithm to this hedonic game.
Leto:{1,2,...,n} = N be an identity function, i.e., foreachi € N, o (i) = i.
Step 1. Let Ny: = N and >, : =>. We consider the hedonic game G; = (Ny, Zy,).

¢ We consider the first agent o(1) = 1 in the ordering of o. The first-ranked (best) coalition for
agent 1is {1,2,3}, i.e., 11 (0(1), Z4(1)) = 11 (1, =1) = {1,2,3}. Coalition {1,2,3} is not internally
stable since coalition {3} internally blocks it, i.e., {3} >3 {1,2,3}.

o \We consider the second agent o(2) = 2 in the ordering of a. The first-ranked (best) coalition
foragent 2 is {1,2}, that is, 71 (0(2), =4(2)) = 11(2, =) = {1,2}. Coalition {1,2} is not internally

stable because coalition {1} internally blocks it.

» We now consider the third agent 6(3) = 3, and r; (6(3), Z4(3)) = 11(3, =3) = {2,3}. Coalition

{2,3} is not internally stable because coalition {2} internally blocks it.

¢ We consider the fourth agent o (4) = 4, and the best coalition for agent 4 is {1,4,5} that is not

internally stable since coalition {1,5} internally blocks it.

¢ We consider the fifth agent a(5) = 5, and the best coalition for agent 5 is {1,3,5}. Coalition

{1,3,5} is not internally stable since coalition {1,3} internally blocks it.
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None of the best coalition of any agent is internally stable. We now consider second-ranked
coalitions of agents according to the ordering of . We choose agent ¢(1) = 1 again and consider
1,(0(1), Z5(1)) = 12(1,=1) = {1,3}. Coalition {1,3} is internally stable. We call {1,3} = H; and
remove it. Let N, = N;\H; = {2,4,5}. Since N, # @, we continue with Step 2.

Step 2. We consider G, = (N, =y,), Where N, = N;\H; = {2,4,5} and preferences >y, =

(52,24, =5) € RM2 are as follows:
{2455, {25} 5, {2} %, ..,
>4:{4} =, ...,and
=::{2,5} 5 {4,5} 5 {5} =5 ...

We consider the restriction of o to N, ay,. The first agent in the ordering of gy, is agent 2, i.e.,
oy, (1) = 2. The first-ranked coalition of agent 2 is {2,4,5}. The coalition {2,4,5} is not internally stable
since coalition {4} internally blocks it, i.e., {4} >, {2,4,5}. We consider the second agent oy, (2) = 4
and the first-ranked coalition for agent 4 is {4} which is internally stable. We call {4} = H, and remove
it. Let N3 = N,\H, = {2,5}. Since N5 # @, we continue with Step 3.

Step 3. We consider G; = (N3, >=y,), where N3 = N,\H, = {2,5} and preferences >y, =

(=,,=5) € RN are as follows:
=,:{2,5} 5, {2} %, ...,and
S::{2,5} 55 {5} 55 ...

We consider the restriction of o to N3, ay,. The first agent in the ordering of gy, is agent 2, i.e.,
oy, (1) = 2. The first-ranked coalition of agent 2 is {2,5}. The coalition {2,5} is internally stable. We
call {2,5} = H3 and remove it. Let N, = N3\H; = @. Since N, = @, we stop.

The output of the algorithm is n* = {H,, H,, H3} = {{1,3},{4},{2,5}}. The partition * is

internally stable and Pareto optimal.

We note that the partition 7z* is not core stable since the coalition {3,4,5} blocks it, that is, for
agent 3 we have {3,4,5} >; {1,3} = n*(3), for agent 4 we have {3,4,5} >, {4} = ©*(4), and for agent
5 we have {3,4,5} > {2,5} = n*(5).

We note that the partition * is not Nash stable since agent 2 Nash blocks 7™, i.e., agent 2 leaves
her coalition 7*(2) = {2,5} and joins coalition {1,2} € ©*, and {1,2,3} >, {2,5}.

We now introduce our main result that shows the existence of an internally stable and Pareto

optimal partition for each hedonic game.
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Theorem 1 For each hedonic coalition formation game G = (N,>) and each ordering
0:{1,2,...,n} = N of agents, the algorithm produces a partition that is both internally stable and Pareto
optimal. In particular, IntS(N,>) n PO(N, =) # @.

Proof. Let G = (N, =) be a hedonic game and o be an ordering of agents. Suppose that the

algorithm stops at Step t* and ©* = {H4, ..., H;+} is the partition obtained by the algorithm.

It is clear that every coalition in 7* is internally stable, otherwise they would not be chosen in the

algorithm. So, the partition 7™ is internally stable.

We now show that 7 is Pareto optimal. Suppose to the contrary that it is not Pareto optimal.
Then, there exists another partition 7 that Pareto dominates z*. Let N’ € N be the subset of agents such
that their coalitions are different at partitions 7w and 7z*, that is, N' = {i € N|z*(i) # m(i)}. Since agents
have strict preferences and 7 Pareto dominates 7*, we have that for each i € N', = >; *. This fact,

together with 7* is internally stable, implies that the partition 7 is also internally stable.

Let j € N’ be the agent such that for each i € (N'\{j}), o(j) < o(i). We now consider the
coalition *(j). Note that for each i € 7*(j) we have i € N'. The coalition 7*(j) was removed at the
end of some step of the algorithm and at that step agent j was chosen. However, since r is internally
stable and for agent j we have m(j) >; =*(j), the coalition m(j) would have been removed in the

algorithm and be a part of the partition z*, a contradiction. Hence, * is Pareto optimal.
Therefore, 7* € IntS(N,>) N PO(N, >), and IntS(N,=) N PO(N,>) # @. O

Next, we explore the properties of the partition brought by the algorithm when the partition
reflects no cooperation or full cooperation, i.e., we explore the properties of partitions that consists of

singleton coalitions or the grand coalition.

We show that if the algorithm produces the partition at which every coalition consists of a

singleton agent, then it is also core stable.

Proposition 1 For any hedonic game G = (N, =) and any ordering o: {1,2, ..., n} — N of agents,

if the algorithm produces the partition = = {{1},{2}, ..., {n}}, then & is core stable.

Proof. Let G = (N,>) be a hedonic game and o be an ordering of agents. Let w =
{{1},{2}, ..., {n}} be the outcome of the algorithm. By Theorem 1, m is internally stable and Pareto

optimal.

We will show that 7 is core stable. Suppose not. Then, there exists a blocking coalition H € N
for partition 7, i.e., for each i € H we have H >; m(i). We consider the partition 7z’ that results in when
coalition H blocks 7, i.e., for each i € H, ©'(i) = H, and for each j € (N\H), n'(j) = n(j) = {j}. So,
n' = {H,{{j}|j € (N\H)}}. We now have that for each i € H, =’ >; m, and for each j € (N\H),
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nr’ ~; m. This means that 7’ Pareto dominates 7, which is a contradiction. Hence, = = {{1},{2}, ..., {n}}

1S core stable. O

We show that if the algorithm produces the partition that contains only the grand coalition, then
it is also both core stable and Nash stable.

Proposition 2 For any hedonic game G = (N, =) and any ordering o: {1,2, ..., n} = N of agents,

if the algorithm produces the partition = = {{N}}, then m is core stable and Nash stable.

Proof. Let G = (N, >) be a hedonic game and o be an ordering of agents. Let = = {{N}} be the
outcome of the algorithm. By Theorem 1, i is internally stable and Pareto optimal.

We first show that m = {{N}} is core stable. Suppose not. Then, there exists a blocking coalition
H < N for m, i.e., for each i € H, H >; m(i). However, this implies that coalition H also internally
blocks 7, since T = {{N}}. This is in contradiction with that  is internally stable. Therefore, r is core

stable.

We now show that m = {{N}} is Nash stable. Suppose not. Then, there exist an agenti € N and a
coalition H € (m U {@}) such that H U {i} >; m(i). However, since m(i) = {N}, this implies that
{i} >; m(i), i.e., agent i also internally blocks , a contradiction. Therefore, the partition 7 is Nash

stable.o

4. CONCLUSION

We consider the model of hedonic coalition formation games that is used to model coalition
formation problems without externalities. A hedonic coalition formation game consists of a finite set of
agents and each agent has preferences over all coalitions containing her, i.e., each agent only cares about
the members of her coalition and does not care how other agents form coalitions. Some examples are
the production of local public goods, forming clubs, and so on. The outcome of a hedonic coalition
formation game is a partition. Nash stability and core stability of partitions have been studied widely in
the literature. Nash stability based on a single agent deviation and core stability based on a coalitional
deviation from a given partition. Core stability also requires coordination of agents who are at different
coalitions in the partition. When such a coordination is impossible then studying core stability is not an

appropriate issue.

In this study, we focus on internal stability as a stability notion and Pareto optimality as an
efficiency notion. Internal stability requires coordination of agents who are in the same coalition in a
given partition. So, it is a weaker stability notion than core stability, i.e., core stability implies internal
stability but internal stability does not imply core stability. We study the existence of internally stable
and Pareto optimal partition for hedonic coalition formation games. We construct an algorithm such that

it terminates in finite step for each hedonic game and show that the outcome of the algorithm is an
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internally stable and Pareto optimal partition. Moreover, we show that if the outcome of the algorithm
is the partition that contains only singleton coalitions then it is also core stable. In addition, we show
that if the outcome of the algorithm is the partition that contains only the grand coalition then it is also
both Nash stable and core stable. A further study is to focus on the uniqueness of internally stable and
Pareto optimal partition, that is, to determine conditions that guarantee a unique internally stable and
Pareto optimal partition.
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