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ABSTRACT. In this paper, we define hybrinomials related to hyper-Leonardo
numbers. We study some of their properties such as the recurrence relation
and summation formulas. In addition, we introduce hybrid hyper-Leonardo

numbers.

1. INTRODUCTION

Integer sequences are the subject of many studies which are shown in recent
literature [118]. The most famous integer sequence is called Fibonacci sequence
and is defined by the following recurrence relation (n > 1) [1]:

Foy1=F,+F,1 with Fy,=0, F =1

Leonardo sequence, which has similar properties to the Fibonacci sequence, is de-
fined by Catarino and Borges [5], as follows:

Le, =Le,_ 1+ Le,_o+1 (n>2),

with the initial conditions Ley = Le; = 1. Although commonly called “Leonardo
numbers” in the literature, Kiiriiz et al. [9] preferred to call them “Leonardo Pisano
numbers” and introduced Leonardo Pisano polynomials as

1, n=0,1
Len(x): 1’+2, n=2
2xLen 1 (x) — Lep—3(x), n>3.
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Hyper Leonardo numbers Legi) are defined as a generalization of the Leonardo
numbers by the formula

n
Leln) = ZLeg’”fl) with Le(® = Le,,, Le(()r) = Ley and Legr) =r+1,
s=0
where r is a positive integer [10]. The hyper-Leonardo numbers have the following
recurrence relation for n > 1 and r > 1 [10]:

Legf) = Lesgl + Legfl).

Hyper-Leonardo polynomials are defined as:
Le() (2) =) Lel ™V (w)
s=0

with the initial conditions Le! (z) = Ley, (z), Leér) (z) =1 and Legr) (x)=r+1
[11]. Note that, for = 1, hyper-Leonardo polynomials Leg) (z) give the hyper-

Leonardo numbers Lel”. Hyper-Leonardo polynomials have the following recur-

rence relation for n > 1 and r > 1 [L1]:
Lell) () = Ly (w) + Lell ™ (2). ()

For n > 3 and r > 1, there is also the recurrence relation for hyper-Leonardo
polynomials [11]:

r—1

_ (”jﬁ;z) (22— 1) (”jj;3> (z—2).

If n > 2 and r» > 1, then there is the summation formula for hyper-Leonardo
polynomials [|11]:

-1
Lel" (x) :2xLe£21 (x) — Le&rzg (z) + <n r >
(2)

ST Lely) (x) = Lel), () + (1 — 22) Ley, () + Len—a (w). (3)
s=0

In recent years, hybrid numbers have been the subject of research [12H19].
Ozdemir [19] introduced hybrid numbers, as a generalization of complex, hyper-
bolic and dual numbers, sets by:

K={a+bi+ce+dh:abc,decRi*>=—1,=0h?=1,ih=hi=c+i}.
Szynal-Liana and Wloch [12] defined the n-th Fibonacci hybrid number as
HFn = Fn + iFn+1 + EFn+2 + th+3.

Alp and Koger [18] defined hybrid-Leonardo numbers by using the Leonardo
numbers as:

HLe, = Le, + Ley+1% + Leyyo€e + Leyysh.
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The authors also obtained some identities for the hybrid-Leonardo numbers such
as [18]:

HLe,=HLe, 1+ HLe, 2o+ (1+i+e+h), (n>2),
HLe,=2HF,1 —(1+i+e+h), (n>0),
HLent1 =2HLe, — HLe,—2, (n>2).
Kiirtiz et al. [9] defined Leonardo Pisano hybrinomials, by using the Leonardo
Pisano polynomials, as follows:
Lelfl (z) = Le, (z) + iLeni1 (2) + €Lepys (2) + hLenis () .

The Leonardo Pisano hybrinomials have the following recurrence relation [9):

Lelf) (z) = 2z Lel!! (z) — Lel) (z).

n—1 n—3
Motivated by the above papers, we define hybrinomials related to hyper-Leonardo
numbers. We also define hybrid hyper-Leonardo numbers by using the newly de-
fined hybrinomials. Then, we investigate some of their properties such as the re-
currence relations and summation formulas.

2. MAIN RESULTS

Definition 1. Hybrinomials related to hyper-Leonardo numbers are defined as
LeH( () = Lel) (x) + Lell)y (x) i+ Lell )y (x) e + Lely Ly (x) b,

where Legf ) (x) are the ordinary hyper-Leonardo polynomials.

The first few hybrinomials related to the hyper-Leonardo numbers are
LeH" () =1+2i+e(z+4)+h(22%+5z+3),
LeHM (z) =2+4i(x+4)+e (222 + 50 +3) + h (42° + 1022 + 30 + 2)
LeH2(1) () =(z+4)+i(22% + 5z +3) + € (42° + 102% + 3z + 2)
+h (82* 4 202° + 622)
and
LeHY () =1+3i+e(z+7)+h (222 + 62+ 10),
LeH?® (z) =3+4i(x+7)+e (202 + 62 +10) + h (42 + 1222 + 9z + 12) ,
LeHS (z) = (x4 7) 4+ (222 4 62 + 10) + € (42® + 1222 + 92 + 12)
+h (82 + 242® + 1822 + 9z + 12) .
For x = 1, the hybrinomials defined in Definition [1| give the hybrid numbers in

the following definition:

Definition 2. The n-th hybrid hyper-Leonardo number LeHT(LT) is defined as
LeH() = Lel? +iLel) | + eLel”), + hLel").,,

where Legf) is the n-th hyper-Leonardo numbers.
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This table contains the values of the hybrid hyper-Leonardo numbers.

r=20 r=1 r=2 r=23
n=0 | 144+ 3ec+5h 1+ 26 + 5¢ 4 10h 1+ 3i + 8¢ + 18h 1+ 4i + 12¢ + 30h
n=1 | 14 3i+ 5¢+9h 2+ 55 4 10€ 4 19h 3+ 8i + 18¢ 4 37h 4+ 12 + 30¢ + 67h
n=2 | 3+ 5i+ 9¢ + 15h 5+ 10i + 19¢ + 34h 8 + 18i + 37¢ + T1h 12 + 30i + 67¢ + 138h
n=3 | 5+ 9i 4 15¢ +25h | 10 4 19¢ 4 34e + 59h | 18 4 37i + 7le + 130h | 30 + 674 + 138¢ + 268h
n=4 | 94 15 + 25¢ + 41h | 19 4 34i + 59¢ + 100h | 37 4 71i + 130e + 230k | 67 + 13814 4 268¢ + 498h

TABLE 1. The first few hybrid hyper-Leonardo numbers LeHr(f).

Theorem 1. Lerf) (z) has the recurrence relation for n > 1 and r > 1:

LeH" () = LeH" | (2) + LeH™V (). (4)

Proof. By using Definition [1| and the recurrence relation in equation , we have

LeHéQl (z) + LeH{ ™ (2)
_ (Leﬁjjl (@) +iLel? () + eLe"), (z) + hLe), (ac))
(r—1) . (r—1) (r—1) (r—1)
+(Len 7 (x) +iLle, 1’ (x)+eley, s (x)+ hle, 5 (x)

= Legzl () + Lelr ™ () +1 (Legf) (z) + Lesltll) (ac))

+e (Legl_?_ (x) + Leg:;) (x)) +h (Leg'_i (x) + LGELT'_,__ll) (:z:))
= Let!) (w) +iLe ), (x) + eLell), (x) + hLel Ly (x)
= LeH"” (z).

O

Corollary 1. The hybrid hyper-Leonardo numbers have the recurrence relation for
n>1andr>1:

LeH(") = LeH"| + LeH(™™ V.

Theorem 2. LeH,"” (z) has the summation formula:

Z LeH" (z) = LeH ™Y () — (iLeérH) (x) + eLeY“) () + hLeérH) (as)) .
s=0
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Proof. We use the induction method on n. Since,

LeHéTH) (x) — (iLeérH) (x)+ eLe:(lTH) () + hLegH) (x)

= Lel™ (@) +iLel™™ (2) + eLel Y (2) + hLel T (2)
- iLe((JTH) (x) + eLeYH) (z) + hLeéTH) (x)

= Le{ ™ (@) + i (Lel™ (@) = Lef ™V (@) + € (el ) (@) — Lef™ ()
+h (Legrﬂ) (z) — LeéT'H) (2)

= Leér) (x) + iLegr) (x) + eLeér) () + hLeér) (x)
= LeHéT) (z),

the result is true for n = 0. Assume that the result is true for n = k. Then,
k
Z LeH" (z) = LeH,gTH) (z) — (iLeéH_l) (x) + eLe({—H) (x) + hLegH) (x))
s=0

Now, we must show that the result is true for n = k+1. Considering the recurrence
relation in equation , we get

k+1

k
Z LeH) (z) = Z LeH") (2) + LeH,il)l (x)
s=0 s=0
= LeH"™ (2) - (z’LeéTH) (z) + eLel"™™ () + hLelY (:r))
+LeH), ()
= LeH,gfgl) (z) — (z’LeéTH) (z) + eLel"™™ () + hLe{TY (m)) :

|
Corollary 2. The hybrid hyper-Leonardo numbers have the summation formula:

- LeH( = LeH ) — (iLef ™ + eLel™ 4 hLey V)
s=0

Theorem 3. Forn > 3 and r > 1, the recurrence relation

LeH! (z) = 2xLeH,(LT_)1 (x) — LeH,(LT_)3 (x)

n+r—1 n+r—2
+<

n+r—3
_ 20 — 1) —
r—1 r—1 (22 )

| fn+r n+r—1 n+r—2
+i T_1>( r_1 >(2x1)( >(a:2)
n—l—r—i—l) n+r

+€ -

o ") -1y - =1 o g
+h (”jT%Q)(("j17">T1> (2x1§(’:”>> (x—2)

s true.
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Proof. Considering Definition [1] and equation (2)), the proof is clear.
[l

Corollary 3. Forn > 3 and r > 1, the hybrid hyper-Leonardo numbers have the
recurrence relation:

T r r —1 -2 _
Lerl) =2L6H,(l,)1—Lerlj3+ n—+r _(n+T n n+r—3
r—1 r—1 r—1
S fn+Tr n+r—1 n+r—2
+1 r—1>_ o + S )
i n+r+1 n+r n+r—1
‘ r—1 r—1 r—1

+r4+2 +r+1 +
+h n-—+r _(n+T L n+r
r—1 r—1 r—1
Theorem 4. If n > 2 and r > 1, then the summation formula

ST LeH (x) = LeH\), (x) + (1 — 22) LeH,, (x) + LeH, _» ()

s true.

Proof. By considering equation , we get

r

i LeH® (z) = Z (Le(S) () +iLel] | (@) + eLel?), (x) + hLel), (x ))
= Z Lel®) (z) +i Z Leif}rl )+e Z LenJr2

+h Z Len+3

= Lef{H () + (1 - 22) Ley, () + Len—s (2)
+1 LefH)2 () + (1 —2z) Lepy1 (z) + Lep—1 (x))
+e Leg_i)r:3 () + (1 — 2x) Leyy2 (z) + Ley, (x))
+h (Legj+>4 (2) + (1 — 22) Len s (z) + Lenti (m))
= LerQl () + (1 —2x) LeH,, (x) + LeH,_5 (x) .
(Il

Corollary 4. If n > 1 and r > 1, then there is the relation between the hybrid
hyper-Leonardo numbers and Fibonacci hybrid numbers:

ST LeH) = LeH\), — 2HF,.
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