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Abstract. Recently, Bakhet et al. [9] presented the Wright hypergeometric

matrix function 2R
(τ)
1 (A,B;C; z) and derived several properties. Abdalla [6]

has since applied fractional operators to this function. In this paper, with the
help of the generalized Pochhammer matrix symbol (A;B)n and the gener-

alized beta matrix function B(P,Q;X), we introduce and study an extended

form of the Wright hypergeometric matrix function, 2R
(τ)
1 ((A;A), B;C; z;X).

We establish several potentially useful results for this extended form, such as

integral representations and fractional derivatives. We also derive some prop-

erties of the corresponding incomplete extended Wright hypergeometric matrix
function.

1. Introduction

Let Cr×r be the vector space of r-square matrices with complex entries. A
square matrix P ∈ Cr×r is said to be positive stable if ℜ(λ) > 0 for all λ ∈ σ(P ),
where ℜ(λ) denotes the real part of a complex number λ and σ(P ) is the set of all
eigenvalues of P .

Let P and Q be positive stable matrices in Cr×r. The gamma matrix function
Γ(P ) and the beta matrix function B(P,Q) were defined by Jódar and Cortés [12]
as follows:

Γ(P ) =

∫ ∞

0

e−ttP−Idt, tP−I = exp((P − I) ln t)

and

B(P,Q) =

∫ 1

0

tP−I(1− t)Q−Idt, (1)
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respectively. The shifted factorial matrix function (P )n for P ∈ Cr×r, given by [13],
is

(P )n =

{
I, n = 0,
P (P + I) . . . (P + (n− 1)I), n ≥ 1.

Let P ∈ Cr×r, and suppose that

P + nI is invertible for all integers n, (2)

then the reciprocal gamma matrix function [12] is given by

Γ−1(P ) = (P )nΓ
−1(P + nI).

Over the past two decades, several generalizations of the well-known special ma-
trix functions have been studied by various authors (for example, [5], [7] and [10]).
In particular, in 2015, Abul-Dahab et al. [7] introduced a generalized Pochhammer
matrix symbol (A;B)n. Let A and B be positive stable matrices in Cr×r that
satisfy the condition (2). Then

(A;B)n =

 Γ−1(A)Γ(A+ nI,B)
(
B ̸= 0)

(A)n (B
.
= 0),

(3)

where 0 ∈ Cr×r is the zero matrix and Γ(A,B) is the generalized gamma matrix
function given by (see [7])

Γ(A,B) =

∫ ∞

0

tA−I e−(It+
B
t )dt,

so that the integral representation for the generalized Pochhammer matrix symbol
is

(A;B)n = Γ−1(A)

∫ ∞

0

tA+(n−1)I e−(It+
B
t )dt, (4)

where B and A + nI are positive stable for all n ≥ 0. Let A and B be positive
stable matrices in Cr×r that satisfy the condition (2). Then Γ(A,B) is invertible;
let its inverse be denoted by Γ−1(A,B).

Subsequently, in 2016, Abdalla and Bakhet [5] introduced the following extension
of the beta matrix function:

B(P,Q;X) =
∫ 1

0

tP−1(1− t)Q−1 exp

(
− X
t(1− t)

)
dt, (5)

where the matrices P , Q and X are positive stable and commutative matrices in
Cr×r satisfying the spectral condition (2).

The special case of (5) when X = 0 gives the beta matrix function B(P,Q)
defined in (1) (see also [13]), that is,

B(P,Q;0) = B(P,Q).
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Furthermore, under the given conditions we have the following identity (see [5]):

B(P,Q;X) = Γ(P,X)Γ(Q,X)Γ−1(P +Q,X).
In recent years, the generalized Pochhammer matrix symbol (A;B)n and the gen-
eralized beta matrix function B(P,Q;X) were used to introduce and investigate
several extensions of hypergeometric matrix functions (see, for example, [4], [14];
see also the recent paper [20]).

On the other hand, Bakhet et al. [9] presented the Wright Kummer hypergeo-

metric matrix function 1R
(τ)
1 and the Wright hypergeometric matrix function 2R

(τ)
1

as follows: let A, B and C be positive stable matrices in Cr×r satisfying the con-
dition (2). Then the Wright Kummer and Wright hypergeometric matrix functions
are defined as

1R
(τ)
1 (A;C; z) = Γ−1(A)Γ(C)

∞∑
n=0

Γ−1(C + τnI)Γ(A+ τnI)
zn

n!
,

and

2R
(τ)
1 (A,B;C; z) = Γ−1(B)Γ(C)

∞∑
n=0

(A)nΓ
−1(C + τnI)Γ(B + τnI)

zn

n!
,

where τ ∈ (0,∞). In [9], the integral representations, differential formulas and frac-
tional calculus of the Wright hypergeometric matrix function were studied. Fur-
thermore, the incomplete Wright hypergeometric matrix function was defined and
some of its properties were established. We remark in passing that the incomplete
extension of the Pochhammer matrix symbol, which was also considered by Bakhet
et al. [9], has also been used rather widely in the current literature on hypergeomet-
ric functions (see, for example, [2], [8], [18] and [19], and references therein). On the
other hand, very recently, the authors (see [1, 3, 11] ) introduced the extensions of
the (k; τ)-Gauss hypergeometric matrix function and obtained their various prop-
erties. Also, they used these functions to find the solutions of the generalization of
fractional kinetic equation.

The goal of this paper is to introduce an extended form of 2R
(τ)
1 (A,B;C; z),

which involves the Pochhammer matrix symbol (A;B)n defined by (3) and the
extended beta matrix function B(P,Q;X) given by (5). The remainder of the
paper is organized as follows. In Section 2, we define an extended form of the
Wright hypergeometric matrix function,

2R
(τ)
1 ((A;A), B;C; z;X),

and obtain some useful results such as integral representations. In Section 3, we
introduce the incomplete extended Wright hypergeometric matrix function with the
help of the incomplete extended beta matrix function By(P,Q;X), and investigate
some of its properties. In Section 4, we evaluate the Riemann–Liouville fractional
derivative of this extended hypergeometric function. In Section 5, we make con-
cluding remarks.
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2. Extended Wright Hypergeometric Matrix Function

In this section, we introduce the extended Wright hypergeometric matrix func-

tion (EWHMF) 2R
(τ)
1 ((A;A), B;C; z;X) in terms of the generalized beta matrix

function B(P,Q;X) defined by (5) and the generalized Pochhammer matrix symbol
(A;B)n defined by (3).

Suppose that A, A, B, C, C − B and X are positive stable matrices in Cr×r

satisfying the condition (2), and suppose that B, C and X commute with each other.
Then we introduce the EWHMF and the extended Wright Kummer hypergeometric
matrix function (EWKHMF) as follows:

2R
(τ)
1 ((A;A), B;C; z;X) = Γ

(
C

B,C −B

) ∞∑
n=0

(A;A)nB(B + τnI, C −B;X)
zn

n!
, (6)

1R
(τ)
1 (B;C; z;X) = Γ

(
C

B,C −B

) ∞∑
n=0

B(B + τnI, C −B;X)
zn

n!
, (7)

|z| < 1, τ ∈ (0,∞),

where Γ
(

C
B,C−B

)
= Γ(C)Γ−1(B)Γ−1(C −B).

Remark 1. In the particular case when A = X = 0, the definition (6) gives

the Wright hypergeometric matrix function 2R
(τ)
1 (A,B;C; z) studied in [9], and

the case with A = 0 and τ = 1 gives the extended Gauss hypergeometric matrix
function F (X)(A,B;C; z) given in [4]. Moreover, if we set A = X = 0 and τ = 1,
the unification given in (6) reduces to the familiar Gauss hypergeometric matrix
function 2F1(A,B;C; z) defined in [13]. On the other hand, if we consider X = 0
in the definition (7), we get the Wright Kummer hypergeometric matrix function
given in [9].

We start with the following theorem.

Theorem 1. Let A, A, B, C, C − B and X be positive stable matrices in Cr×r

satisfying the condition (2), and suppose that B, C and X commute with each other.

Then the EWHMF 2R
(τ)
1 ((A;A), B;C; z;X) can be given in integral form as follows:

2R
(τ)
1 ((A;A), B;C; z;X) = Γ

(
C

B,C −B,A

)∫ ∞

0

∫ 1

0

uA−Ie−(Iu+ A
u )tB−I

×(1− t)C−B−I exp

(
− X
t(1− t)

)
ezut

τ

dtdu.

Proof. Using the integral representations (4) and (5), we get

2R
(τ)
1 ((A;A), B;C; z;X) = Γ

(
C

B,C −B,A

)∫ ∞

0

∫ 1

0

uA−Ie−(Iu+ A
u )tB−I
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×(1− t)C−B−I exp

(
− X
t(1− t)

) ∞∑
n=0

(zutτ )n

n!
dtdu

= Γ

(
C

B,C −B,A

)∫ ∞

0

∫ 1

0

uA−Ie−(Iu+ A
u )tB−I

×(1− t)C−B−I exp

(
− X
t(1− t)

)
ezut

τ

dtdu.

This completes the proof. □

Theorem 2. Under the same conditions as Theorem 1, we have the following
relation:

2R
(τ)
1 ((A;A), B;C; z;X) = Γ−1(A)

∫ ∞

0

tA−Ie−(It+ A
t )1R

(τ)
1 (B;C; zt;X)dt.

Proof. Substituting the integral representation (4) into the definition (6), we have

2R
(τ)
1 ((A;A), B;C; z;X) = Γ

(
C

B,C −B,A

)∫ ∞

0

tA−Ie−(It+ A
t )

×
∞∑

n=0

B(B + τnI, C −B;X)
(zt)n

n!
dt.

Now, using the definition (7) gives the result. □

Theorem 3. Under the same conditions as Theorem 1, we have the following
integral representation for the EWHMF:

2R
(τ)
1 ((A;A), B;C; z;X) = Γ

(
C

B,C −B

)∫ 1

0

tB−I(1− t)C−B−I exp

(
− X
t(1− t)

)
×1F0[(A;A),−, ztτ ]dt.

Proof. Substituting the integral representation (5) into the definition (6), we get

2R
(τ)
1 ((A;A), B;C; z;X)

= Γ

(
C

B,C −B

)∫ 1

0

tB−I(1− t)C−B−I exp

(
− X
t(1− t)

) ∞∑
n=0

(A;A)n
(ztτ )n

n!
dt.

Since

1F0[(A;A),−, ztτ ] =

∞∑
n=0

(A;A)n
(ztτ )n

n!
,

the result follows. □
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3. Incomplete Extended Wright Hypergeometric Matrix Function

In this section, motivated by [21], we introduce the incomplete extended Wright
hypergeometric matrix function (IEWHMF) with the help of the incomplete ex-
tended beta matrix function defined in (8). Let B, C and X be positive stable
matrices in Cr×r satisfying the condition (2), and suppose B, C and X commute
with each other. The incomplete extended beta matrix function By(B,C;X) is
defined as follows:

By(B,C;X) :=
∫ y

0

tB−I(1− t)C−I exp

(
− X
t(1− t)

)
dt, 0 ≤ y < 1. (8)

Let B, C − B and X be positive stable matrices in Cr×r satisfying the condi-
tion (2), and suppose B, C and X commute with each other. Then we introduce

the incomplete extended beta matrix functions [B,C;X; y](τ)n and {B,C;X; y}(τ)n as

[B,C;X; y](τ)n = By(B + nτI, C −B;X),

and

{B,C;X; y}(τ)n = B1−y(C −B,B + nτI;X),
where 0 ≤ y < 1, respectively. It can be shown that

[B,C;X; y](τ)n + {B,C;X; y}(τ)n = B(B + nτI, C −B;X).

Suppose that A, A, B, C, C − B and X are positive stable matrices in Cr×r

satisfying the condition (2), and that B, C and X commute with each other. Then
we define the IEWHMFs as follows:

2R1((A;A); [B,C;X; y](τ)n ; z;X) = Γ

(
C

B,C −B

)
(9)

×
∞∑

n=0

(A;A)nBy(B + nτI, C −B;X)
zn

n!
,

and

2R1((A;A); {B,C;X; y}(τ)n ; z;X) = Γ

(
C

B,C −B

)
×

∞∑
n=0

(A;A)nB1−y(C −B,B + nτI;X)
zn

n!
.

It can be seen that the IEWHMFs satisfy the following relation:

2R
(τ)
1 ((A;A), B;C; z;X) = 2R1((A;A); [B,C;X; y](τ)n ; z;X)

+2R1((A;A); {B,C;X; y}(τ)n ; z;X).

Theorem 4. Let A, A, B, C, C − B and X be positive stable matrices in Cr×r

satisfying the condition (2), and suppose that B, C and X commute with each other.
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Then we have the following integral representation for 2R1((A;A); [B,C;X; y](τ)n ; z;X):

2R1((A;A); [B,C;X; y](τ)n ; z;X) = Γ

(
C

B,C −B,A

)
yB

×
∫ ∞

0

∫ 1

0

uA−Ie−(Iu+ A
u )vB−I(1− yv)C−B−I

× exp

(
− X
yv(1− yv)

)
euz(yv)

τ

dvdu.

Proof. From the definitions (3) and (8), straightforward calculations show that

2R1((A;A); [B,C;X; y](τ)n ; z;X) = Γ

(
C

B,C −B,A

)
yB

×
∫ ∞

0

∫ 1

0

uA−Ie−(Iu+ A
u )vB−I(1− yv)C−B−I

× exp

(
− X
yv(1− yv)

) ∞∑
n=0

(uz(yv)τ )n

n!
dvdu,

which proves the theorem. □

Theorem 5. Under the conditions given in Theorem 4, let |z(uy)τ | < 1. Then we
have the following integral representation:

2R1((A;A); [B,C;X; y](τ)n ; z;X) = Γ

(
C

B,C −B

)
yB

×
∫ 1

0

uB−I(1− uy)C−B−I exp

(
− X
uy(1− uy)

)
×1F0((A;A),−, z(uy)τ )du.

Proof. Using the integral representation (8) and applying similar calculations as in
Theorem 3 proves the theorem. □

Next, we give a derivative formula for the IEWHMF.

Theorem 6. Let 2R1((A;A); [B,C;X; y](τ)n ; z;X) be defined in (9). Then we have
the following derivative formula:

dn

dzn
(2R1((A;A); [B,C;X; y](τ)n ; z;X))

= Γ

(
C

B,C −B

)
Γ

(
C −B,B + τI

C + τI

)
Γ

(
C −B,B + 2τI

C + 2τI

)
. . .Γ

(
C −B,B + τnI

C + τnI

)
×(A)n 2R1((A+ nI;A); [B + τnI, C + τnI;X; y](τ)n ; z;X).

Proof. It is straightforward to obtain that

d

dz
(2R1((A;A); [B,C;X; y](τ)n ; z;X))
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= Γ

(
C

B,C −B

)
Γ

(
C −B,B + τI

C + τI

)
A

× 2R1((A+ I;A); [B + τI, C + τI;X; y](τ)n ; z;X).

Repeating this n times proves the result. □

4. Fractional Derivative

In this section, we study the extended Riemann–Liouville fractional derivative of
the EWHMF defined by (6). Let X be a positive stable matrix in Cr×r and µ ∈ C.
The extended Riemann–Liouville fractional derivative of order µ is given by [20]

Dµ,X
z f(z) =

1

Γ(−µ)

∫ z

0

f(t)(z − t)−µ−1 exp

(
− Xz2

t(z − t)

)
dt, (10)

(
ℜ(µ) < 0

)
.

The particular case X = p, p ∈ C1×1, such that ℜ(p) ≥ 0, gives the extended
Riemann–Liouville fractional derivative given in [16] (see also [17]). Moreover,
X = 0 yields the classical Riemann–Liouville fractional derivative operator Dµ

z (for
details, see [15]).

In [20], the authors presented the extended Riemann-Liouville fractional deriv-
ative of the function f(z) = zA.

Theorem 7. ( [20]) Let A be a positive stable matrix in Cr×r and ℜ(µ) < 0. Then

Dµ,X
z {zA} =

B(A+ I,−µI;X)
Γ(−µ)

zA−µI .

Proof. According the definition (10), it is clear that

Dµ,X
z {zA} =

1

Γ(−µ)

∫ z

0

tA(z − t)−µ−1 exp

(
− Xz2

t(z − t)

)
dt. (11)

Upon setting t = zu and dt = zdu in (11) gives

Dµ,X
z {zA} =

1

Γ(−µ)

∫ 1

0

(uz)A(z − uz)−µ−1 exp

(
− Xz2

uz(z − uz)

)
zdu

=
1

Γ(−µ)
zA−µI

∫ 1

0

uA(1− u)(−µ−1)I exp

(
− X
u(1− u)

)
du

=
B(A+ I,−µI;X)

Γ(−µ)
zA−µI ,

which completes the proof. □

We now prove the following theorem.



614 H. GEZER AND C. KAANOĞLU

Theorem 8. Let A, A and X be positive stable matrices in Cr×r satisfying the
condition (2) and let ℜ(µ) > ℜ(λ) > 0. Then for |zτ | < 1, the following relation
holds true for the EWHMF:

Dλ−µ,X
z

{
z(λ−1)I

1F0[(A;A); ; zτ ]
}
=

Γ(λ)

Γ(µ)
z(µ−1)I

2R
(τ)
1 ((A;A), λI;µI; zτ ;X).

Proof. According to the extended fractional derivative formula (10), we have

Dλ−µ,X
z

{
z(λ−1)I

1F0[(A;A); ; zτ ]
}

=
1

Γ(µ− λ)

∫ z

0

t(λ−1)I
1F0[(A;A); ; tτ ]

× (z − t)µ−λ−1 exp

(
− Xz2

t(z − t)

)
dt. (12)

Let t = zu in (12), then if we consider Theorem 3 we obtain the result asserted by
Theorem 8. □

Theorem 9. Suppose that A, A, B, C, C − B and X are positive stable matrices
in Cr×r satisfying the condition (2) and that B, C and X commute with each other.
Let ℜ(µ) < 0, then for |xzτ | < 1, we have

Dµ,X
z

{
zC−I

2R
(τ)
1 ((A;A), B;C;xzτ ;X)

}
= Γ

(
C,C −B − µI

C − µI,C −B,−µI

)
Γ

(
C −B,−µI;X
C −B − µI

)
× 2R

(τ)
1 ((A;A), B;C − µI;xzτ ;X)zC−µI−I , (13)

where Γ
(
C−B,−µI;X
C−B−µI

)
= Γ(C −B;X)Γ(−µI;X)Γ−1(C −B − µI;X).

Proof. Consider the definitions (6) and (10) and let the left-hand side of (13) be
denoted by D. Direct calculations yield that

D =
1

Γ(−µ)

∫ z

0

tC−I
2R

(τ)
1 ((A;A), B;C;xtτ ;X)(z − t)−µ−1 exp

(
− Xz2

t(z − t)

)
dt

= Γ

(
C

B,C −B

)
1

Γ(−µ)

∞∑
n=0

(A;A)nB(B + τnI, C −B;X)
xn

n!

×
∫ z

0

tτnI+C−I(z − t)−µ−1 exp

(
− Xz2

t(z − t)

)
dt.

Then we have

D = Γ

(
C

B,C −B

)
1

Γ(−µ)

∞∑
n=0

(A;A)nB(B + τnI, C −B;X)

× B(τnI + C,−µI;X)
(zτx)n

n!
zC−µI−I
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= Γ

(
C

B,C −B

)
1

Γ(−µ)
Γ(C −B;X)Γ(−µI;X)

×
∞∑

n=0

(A;A)nΓ(B + τnI;X)Γ−1(C + τnI − µI;X)
(zτx)n

n!
zC−µI−I

= Γ

(
C

B,C −B

)
Γ

(
C −B,−µI;X
C −B − µI

)
1

Γ(−µ)

×
∞∑

n=0

(A;A)nB(B + τnI, C −B − µI;X)
(zτx)n

n!
zC−µI−I

= Γ

(
C,C −B − µI

C − µI,C −B,−µI

)
Γ

(
C −B,−µI;X
C −B − µI

)
× Γ(C − µI)Γ−1(C −B − µI)Γ−1(B)

×
∞∑

n=0

(A;A)nB(B + τnI, C −B − µI;X)
(zτx)n

n!
zC−µI−I .

Thus the result follows by the definition (6) of the EWHMF. □

Theorem 10. Suppose that A, A, B, C, C − B, X1 and X2 are positive stable
matrices in Cr×r satisfying the condition (2) and that B, C and X1 commute with
each other. Let ℜ(µ) > ℜ(λ) > 0 and

∣∣ x
1−zτ2

∣∣ < 1, then we have

Dλ−µ,X2
z

{
z(λ−1)I(1− zτ2)−A

2R
(τ1)
1

(
(A;A), B;C;

x

1− zτ2
;X1

)}
= Γ−1(µI)Γ(λI)z(µ−1)IF

(τ1,τ2)
2 (A,B, λI;C, µI;x, zτ2 ;X1,X2;A),

where τ1, τ2 ∈ (0,∞) and F
(τ1,τ2)
2 (A,B,C;D,E;x, y;X1,X2;A) is a two-variable

function defined by

F
(τ1,τ2)
2 (A,B,C;D,E;x, y;X1,X2;A) (14)

= Γ

(
D,E

B,D −B,C,E − C

) ∞∑
m,n=0

(A;A)m(A+mI)n

× B(B + τ1mI,D −B;X1)B(C + τ2nI,E − C;X2)
xm

m!

yn

n!
.

Proof. Considering the definition (6) and Theorem 7, we get

Dλ−µ,X2
z

{
z(λ−1)I(1− zτ2)−A

2R
(τ1)
1

(
(A;A), B;C;

x

1− zτ2
;X1

)}
= Dλ−µ,X2

z {Γ
(

C

B,C −B

)
z(λ−1)I(1− zτ2)−A
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×
∞∑

m=0

(A;A)mB(B + τ1mI,C −B;X1)

(
x

1−zτ2

)m
m!

}

= Γ

(
C

B,C −B

) ∞∑
m,n=0

(A;A)m(A+mI)nB(B + τ1mI,C −B;X1)

×Dλ−µ,X2
z {zτ2nI+(λ−1)I} xm

n!m!

= Γ

(
C

B,C −B

)
z(µ−1)I

Γ(µ− λ)

∞∑
m,n=0

(A;A)m(A+mI)nB(B + τ1mI,C −B;X1)

× B(τ2nI + λI, (µ− λ)I;X2)
(zτ2)nxm

n!m!

= Γ−1(µI)Γ(λI)z(µ−1)IF
(τ1,τ2)
2 (A,B, λI;C, µI;x, zτ2 ;X1,X2;A).

□

Remark 2. Note that, when τ1, τ2 = 1, A = 0 and X1 = X2, the definition (14)
gives the extended Appell hypergeometric matrix function F2(A,B,C;D,E;x, y;X)
introduced in [20].

5. Concluding Remarks

In our investigation here, we have introduced and studied the EWHMF

2R
(τ)
1 ((A;A), B;C; z;X).

We have presented various potentially useful properties of this family of extended
hypergeometric matrix functions. Many of the results derived in this paper can be
shown to reduce to known or new results about functions previously defined in
the literature. For instance, in some particular cases, Theorems 8-10 yield new
fractional-derivative formulas for various known families of hypergeometric func-
tions.
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