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ABSTRACT. In this paper, the definitions of novel classes of generalized con-
nected sets (briefly, g-Ty-connected sets) and generalized disconnected sets
(briefly, g-%4-disconnected sets) in generalized topological spaces (briefly, ;-
spaces) are defined in terms of generalized sets (briefly, g-T4-sets) and, their
properties and characterizations with respect to set-theoretic relations are pre-
sented. The basic properties and characterizations of the notions of local,
pathwise, local pathwise and simple g-Tg-connectedness are also presented.
The study shows that local pathwise g-Tj-connectedness implies local g-Tg4-
connectedness, pathwise g-T4-connectedness implies g-Tg-connectedness, and
g-Tg-connectedness is a Jy-property. Diagrams establish the various relation-
ships amongst these types of g-T4-connectedness presented here and in the
literature, and a nice application supports the overall theory.

1. INTRODUCTION

Among the most important topological properties (briefly, .7-properties rela-
tive to ordinary topology, and J-properties relative to generalized topology), the
T -properties! called T-connectedness and g-T-connectedness in .7-spaces (ordinary
and generalized connectedness in ordinary topological spaces) and the J;-properties
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INotes to the reader: T = (22,7), Tg = (R, F) are topological spaces (briefly, .7-space and
Jy-space) with ordinary and generalized topologies .7 and . (briefly, topology and g-topology).
Subsets of T, Tq, respectively, are called T, Ty-sets; subsets of J, T, respectively, are called
T, Jy-open sets, and their complements are called .7, Jy-closed sets. Generalizations of T-sets,
7 -open and -closed sets, respectively, are called g-T-sets, g-7-open and g-.7-closed sets; gener-
alizations of Ty-sets, Jy-open and Jy-closed sets, respectively, are called g-Tg-sets, g-Fz-open and
g-J-closed sets. Connectedness in T with T, g-T-sets are called T, g-T-connectedness, respectively;
connectedness in Ty with Ty, g-Tg-sets are called Ty, g-Tg-connectedness, respectively.
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called Tg-connectedness and g-% -connectedness in Jg-spaces (ordinary and gen-
eralized connectedness in generalized topological spaces) are no doubt the most
important invariant properties [1, 2, 3]. Indeed, ¥-connectedness is an absolute
property of a T-set [1, 4, 5], and g-T-connectedness, T,4-connectedness and 0-%4-
connectedness, respectively, are absolute properties of a g-T-set, a Ty-set, and a
g-Tg-set [3, 6, 7, 8, 9, 10, 11]. Typical examples of g-T-connectedness in .7 -spaces
are ¢, 3, y-connectedness [12, 13, 14]; examples of Tj-connectedness in J;-spaces
are semi*«, s, gb-connectedness [2, 15, 16], whereas examples of g-T;-connectedness
in Jg-spaces are bT#, p-rgb, m p-connectedness [17, 18, 19], among others.

In the literature of Jy-spaces, the study of g-T ;-sets by various authors has pro-
duced some new classes of g-T -connectedness in Jj-spaces, similar in descriptions
to g-T-connectedness in J-spaces [17, 20, 21]. By using the #-modification gener-
alized topology and ~6-operator introduced by [22], [23] have extended the notion
of f-connectedness [24] to the setting of J-spaces and studied its J-properties
accordingly. Based on the work of [12], [20] have introduced a new type of g-T -
connectedness in Zg-spaces called hyperconnected and studied the Zj-properties
associated with it and its analogue in the generalized sense. In the same year, [25]
have introduced, studied and exemplified the notion of extremally u-disconnected
%—spaces, just to name a few.

In view of the above references, it would appear that, from every new type of
g-T4-set introduced in a Jj-space, there can be introduced a new type of g-T -
connectedness in the Jj-space. Having introduced a new class of g-T -sets and
studied from it some Z;-properties in a Jg-space [6, 7, 8, 9, 10], it seems, therefore,
reasonable to introduce a new type of g-T;-connectedness in the g-space and dis-
cuss its J-properties. In this paper, we attempt to make a contribution to such
a development by introducing a new theory, called Theory of g-%;-Connectedness,
in which it is presented a new generalized version of Ty-connectedness in terms of
the notion of g-T-set, discussing the fundamental properties and giving its charac-
terizations on this ground.

The paper is organised as follows: In SECT. 2, preliminary notions are described
in SECT. 2.1 and the main results of g-T ;-connectedness in a Jj-space are reported
in SECT. 3. In SECT. 4, the establishment of the relationships among various
types of g-Tj-connectedness are discussed in SECT. 4.1. To support the work, a
nice application of the concept of g-T -connectedness in a Jy-space is presented in
SECT. 4.2. Finally, SECT. 5 provides concluding remarks and future directions of
the notion of g-Tj-connectedness in a g-space.

2. THEORY

2.1. Preliminaries. Notations and notions not presented below are found in the

standard references [6, 7, 8, 9, 10]. Everywhere, .7, J;-spaces are designated

by the topological structures ¥ def (Q,.7) and T, def (Q, Fy), respectively, on

both of which no separation axioms are assumed unless otherwise mentioned [8,
10, 26, 27, 28]. The symbols I, I* C N° designate O-included and 0-excluded
finite index sets while 12, I*, C N° the corresponding infinite index sets [10]. By
(O, Hy) € Ty x 2Ty C P () x Z(Q) are meant a pair of Fg-open and F-
closed sets [10]. The operators intg, cly : &2 (A) — & (A) carrying any %y C T4
into its interior inty () and closure cly () are called g-interior and g-closure
operators [9]. The totality of all possible compositions of these g-operators forms
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def
the class % [Q] {opg o () = (opg)l, (-), 0Dy, ()) : (vp) € 19 x Ig} 9]
Then, .7y C T4 is called a g-T4-set if and only if there exist (0, %) € T3 x 7T,
and op, (-) € £, [Q] such that the following statement holds:

(2.1) ([ e F) N (< opy (Og)) V (F 2 —10pg ()]
The derived class g—V—S[Tg] = UEG{O,K} g-v-E [‘Zg] is called the class of all g-Tg-

sets of category v € I9 (briefly, g-v-T4-sets) [9, 10]. Accordingly, the class of all
g-T4-sets [10] are

Tl= J ¢v-S[T] = U erEEI= |J oEE

VEIg (V,E)GIgX{O,K} E€{O,K}
(2.2)

Notations and notions utilized in the theory of g-Ts-connectedness in Jg-spaces
are now presented. By 7 : Ty 0 — Ty xn is meant a (T4, Ty x)-map between
Tg-spaces Tgo = (Q, T50) and Ty = (X, T x). Amap mg : Tgo — Tgn is
called a g- (4,0, T4 »)-map if and only if, for every (O, #g.w) € g0 X 7Ty,

there exists (Oy,5, #g,0) € Tgx X 7T 5 such that:
(2.3) [Wg (ﬁg,w) - ODPyg (ﬁg,ﬂ)] \ [7"9 (%,w) 2 0Py (%70)]

It is said to be of category v if and only if 74 € g-v-M [T o; T4 ] where,

gv-M[Tg0;T ] {mg: (YO0, #4) (3040, H5.0,0Pg,, ()
(2.4) [(7g (ﬁw) C opg, (Og,0)) V (1g (Hgw) 2 ~0Dg, (Hg0))] }-
Let g-v-M [Tg.0: Tg.5] = Upe(ox) 9-v-Mp [Tg.0: Ta.x] where,
g-v-Mo [Tg.0;Tas] E {7 : (V0y0) (3040, 0Dy, ()
(75 (Og) € 0P, (Og,0)] }
g-v-My [To.0: Tas] < {7g : (VAL) (3Hg.0. 0P, ()
(2.5) (Mg (Hgw) 2 0Pg, (Ho0)] -

Then, if 7y € g-v-Mg [T4.0;Fy,x], it is called a g-v- (4,0, Ty, x)-open map; if
g € g-V-Mg [Tg.0; Ty 5], it is called a g-v- (4,0, Ty, n)-closed map. Accordingly,
the class of all g-T;-maps [10] are

oM [Ty0iTen] = |J o-M[Tg0;Tgs]

I/EIg

= U g-v-Mg [Tg,0; Tg 5]
(v,E)eI¢x{0,K}

U g-Mg [Tg,0; Tq,x]-
E€{O,K}

(2.6)

A map 7y : Ty 0 — Tyx is said to be g- (T4.0, %4 5)-continuous if and only if, for
every (Og.q, #3.0) € Tg5 X 7Ty 5, there exists (Oy o, Hg.0) € Tg0 X 7Tg.0 such
that the following statement holds:

(2.7) (15" (Og.0) S 0Dy (Og.0)] V [15 " (Hg0) 2 ~opg (Hgw)]-

g
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It is said to be of category v if and only if 7y € g-v-C [Ty o; T4 5] where,

g'V'C [Sg,s‘ﬁ SQ,E] déf {'/Tg : (Vﬁg,aa %,U) (Elﬁg,w; %,wa ODPyg ())
(2.8) (751 (Og.0) C 0Dy, (Og0)) V (75 ' (Hgo) 2 —0Dg, (How))] }-

Obviously, g-C [Tg.0;%g,x] = Uyero 9-v-C[Tg0;Tgx]. A map mg: Tgo — Ty »
is said to be g- (4,0, T4 5 )-irresolute if and only if, for every (0 o, #g,0) € Ty 5 %
~ Ty 5, there exists (O w, Hgw) € Tg.0 X 7Fy 0 such that the following statement
holds:

g (0Pg (Ga,0)) S 0Py (Gg)] V [mg " (m0Pg (H5,0)) 2 ~0Pg (Hg)]-
(2.9)
It is said to be a g- (%40, %, 5)-irresolute map of category v if and only if 74 €
g-v-1[%4.0; Ty n] where,

g1 [T0.0:Fas] © {ma: (YO0, Ho.0) (30g.0r Ky 0Py, ()

[(m3" (0Pg.0 (Fa0)) © 0Py, (Fa)) V (" (—0Pg, (Ho0)) 2
(2.10) —opg, (Hgw))] }-
Evidently, g-1[T50;%, 5] = Uuelg g-v-1[%g.0; %y x]. The classes Mo [T4,0;Fg,5]

and Mk [T 0;%g,5] denote the families of Tg-open and Ty-closed maps, respec-
tively, from Ty o into Ty 5, with M [Ty 0; % 5] = UEG{O’K} Mg [Z4,0;Fg,x]

Definition 2.1 (g-%,-Separation, g-T4-Connected). A g-Ty-separation of category
v of two nonempty Ty-sets Z4, 7y C T4 of a Ty-space Ty = (Q, Fy) is realised if and
only if there exists either a pair (%g,¢, %,¢) € g-v-O [‘Ig] X g—V—O[‘Ig} of nonempty
g-T4-open sets or a pair (V.60 Vg.c) € g-v-K [Tg] x g-v-K [‘Ig] of nonempty g-T -
closed sets such that:

(2.11) ( || % =2,0 yg> \/( || % =2,0U yg).
A=£,¢ A=E£,¢

Two nonempty Ty-sets Zy, Sy C Ty of a Fy-space Ty = (2, ) which are not
g-Tg-separated of category v are said to be g-Ty-connected of category v.

The definitions of classes of g-T3-connected and g-T4-separated sets of category
v follow.

Definition 2.2. Let .%; C T be a Ty-set in a Fy-space Ty = (2, 7). Then:

— 1. The T4-set Sy C Ty is said to be g-T4-connected of category v if and only
if it belongs to the following class of g-v-T4-connected sets:

g-Q [T &

(2.12) [ﬂ< || % :%)/\ﬂ( | ] “f/wzygﬂ}.

A=£,¢ A=£,¢

{70 To (1 hn o) e € 50-0[5,] x 0K [Ty
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—1I. The Ty-set S C Ty is said to be g-Ty-separated of category v if and only
if it belongs to the following class of g-v-Tj-separated sets:

def

gv-D[E,] & {yg Ty (B %r Yan)s_c, € 80-0[F,] x g-K[T,))

(213) (U % =) V(U =)}
A=€,¢ A=£,¢

The dependence of g-v-Q[T,] and g-v-D|[T,] on both g-v-O[T,] and g-v-K[T]
is immediate. Thus, to define the pairs (v-Q[%,4],v-D[%4]), (g-v-Q[Z], g-v-D[T]),
and (v-Q[%],v-D[Z]), respectively, it suffices to let them be dependent on the pairs
(I/—O [‘Ig],V—K [‘SQD, (g—V—O [‘I],g—V—K [‘I]), and (I/—O [‘Z],V—K [‘I]); the characters
of these classes are found in our previous works [9, 10]. The notations g-Q [¥4] and
g-D [T,] stand for g-Q[T,] = Uyefg g-v-Q [Ty and g-D[T,] = Uuefg g-v-Q [Ty,
respectively.

Remark 2.3. In defining the classes g-v-Q [T4] and g-v-D [T], it is clear that by the
statement (02/97,\, ”f/g,,\))\:&(: € g—u—O[‘Ig] x g-v-K [‘Ig] is meant a pair of nonempty
g-T4-open and g-T4-closed sets. Furthermore, by 2 € g-v-Q [T4] or € g-v-D [T]
is meant a g-Ty-connection of category v or a g-T4-separation of category v of the
Tg-space Ty = (2, Ty) is realised.

Definition 2.4. Let T, = (Q, J;) be a Jy-space. Then:

— 1. T4 is called a g—u—ﬂéw—space g—l/—fé@ def (Q, g—y—ﬂém) if and only if it is

g-T4-connected of category v.
—II. %4 is called a g—u—ﬂé‘m—space g—u—iém def (Q, g-y-ﬂém) if and only if it is
g-Tg-separated of category v.

In the sequel, by g-u-‘IéLC) def (Q,g—y—fém»), g-wiépc) def (Q,g-u-?épm),

g—V—TéLPQ df (Q, g—y—ﬂgLPQ), and g—u—TéSC) def (Q, g—u—ﬂésm), respectively,
are meant locally, pathwise, locally pathwise, and simply g-v-7 éc>—spaces. Finally,
by a g—y—géM—space g—SéA> = (Q,g—ﬁé‘”) is meant g—IéM = \/Uelg g—y—‘SéM =
(2 Voer gv-7M) = (2,67 M), where A € {C,LC, PC,LPC,SC, D}.

By omitting the subscript g in almost all symbols of the above descriptions, very
similar descriptions are obtained but in a 7 -space [10]. In the following sections,
the main results of the theory of g-%;-connectedness are presented.

3. MAIN RESULTS

If for all (%Q’A’%’)‘)AZE,C € g-0[Ty] x g-K[T,4] neither % ¢ U Y5 ¢ = Q nor
Uy c U Vge = Q is satisfied, then a Fg-space Ty = (2, Fy) is said to be g-Ty-
separated. Hence, the following theorem:

Theorem 3.1. Ifg—‘Z;m = (Q, g—yém) be a g—ﬁém -space, then there exists a pair
(%g,g, Yg.c) € 60 [‘Ig] x g-K [Ig] or a pair (Ug,c, Vge) € g—O[‘Zg] x g-K [‘Eg] such
that

(3.1) (U e U Vo0 = Q) V U U Ve = Q).
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Proof. Let g—‘Zém = (Q,g—ﬂém) be a g—ﬂém—space. Then, there exists a pair
(02/9”\’7/9’/\%:&( € g-0[T,] x g-K[T,] such that

(1 7o)V 7-0),

A=E£,¢ A=E£,¢
If %y e € g-O [‘Ig] then %y, = C(%gé) € g-0 [Tg] Ng-K [‘Ig], and if 75 ¢ € g-K [Tg]
then 7g.c = C(¥4,¢) € 9-O[T,4] Ng-K[T,]. Thus, if % € g-O[T4], it suffices to
set Vg = 0(%e), and if Y5 € g-K[T], it suffices to set %y = C(¥5¢). By
substitutions, it follows, then, that

(%6 W e =V [Uy.c Ve =9,

which was to be proved. ([l

Remark 3.2. Given (%4, %) C T4 and —opy, : & (2) — & (Q), the statement
(%5 N —0pg, (Fy)) U (opy, (#g) N ) = 0, when v = 0, may be called the
Hausdorff-Lennes Separation Condition in the Jy-space Ty = (2, Fy).

If a Jy-space T4 = (2, F,) is g-T4-connected, then either 0 (%)) = %, s0
that %\ € g—K[ig] or, C(¥4.2) = ¥4, so that ¥4\ € g—O[Tg], where (\,n) €
{(&,€),(¢,&)}. Therefore, T, is g-T4-connected if it has no nonempty proper g-Tg-
set Sy € g—O[Tg] Ng-K [Tg]. Hence, these theorems follow:

Theorem 3.3. If a Ty-space Ty = (Q, Ty) has a nonempty proper g-%4-open-closed
set Sy € g-0O[Ty] N g-K[Ty], then it is a g—ﬁém—space g—‘Iém = (Q,g—ﬁém):

(3.2) 3.7, € 0-0[T) N gK[T] = T = (2,6-7D)).

Proof. Let #y € g-O [‘Zg} Ng-K [Sg] be a nonempty proper g-%4-open-closed set in

T4 Then, there exists (%, ”//g)\))\:5 ¢ € g-0[%y] x g-K[T4] such that

[%9’6 2 yg = C(%,c)] v [E (7/9,6) = yg 2 ng‘

Consequently, the following relation holds:

< |_| Ug\ 2 Sg I Uy ¢ 2 (%) U %,c)
A=¢£,¢

\/(B (Fae) U¥pe 255 Utge 2 | | v)
A=£,¢

Since C(%y.c) U %y = Q, Sy U Uy c = Q2 and, consequently, Usec Zar =
observe that, % ¢ = .5 = 0 (%) because .7 € g-O[T4| Ng-K[T] is a nonempty
proper g-Tg-open-closed set in Ty. Since C(“//g)g) U7 =Qand S € g—O[Tg] N
o-K[T,], C (%) = S = V4. Therefore, 0 (74,6)U%ge = S3U ¢ = La=e.c Yo
By substitutions, it consequently follows that

(L, %= ) V(L 7 =0)

A=E£,¢ A=E£,¢
which was to be proved. [

The converse of the above theorem also holds as demonstrated below.
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Theorem 3.4. Ifg—‘Zém = (9, g—yém) be a g—ﬁém—space, then it has a nonempty
proper g-Tq4-open-closed set /3 € g-O [Tg} Ng-K [‘Ig] :

(3.3) 37, € g-0[%,| NgK[T,] = g3 = (2,0-7).

Proof. Let g—‘Ime = (Q,g—ﬂém) be a g-fém—space. Then, there exists a pair
(%B»A’%A)A=g,g € g-0[T,] x g-K[T,] such that

(L= )V(L 7o)

A=£,C A=£,¢
But | [\_¢ ¢ %, = § implies either % ¢ = C (%) or %, = C(%,s), and on
the other hand, | |,_. . 75,» = 2 implies either %5 ¢ = C (W) or Yge =C (Y-
Consequently, there exists a Tg-set #5 C Ty such that
(% 2 73 20(%. 0] v [C(Ye) 2 S5 2 Vo]

Hence, g-‘Iém has a nonempty proper g-¥4-open-closed set .#; € g-O [Sg] Ng-K [‘Ig} ;
this completes the proof of the theorem. ([l

Combined together, the above theorems establish the necessary and sufficient
conditions for a Jy-space Ty = (2, F;) to be g-Ty-separated and g-T4-connected,
and hence the following corollary.

Corollary 3.5. Let T; = (Q, ;) be a Ty-space. Then it is a g—ﬁém—space
g—Tém = (Q,g-fém) if and only if T4 has a nonempty proper g-Tq4-open-closed
set Sy € g-0[Tg] Ng-K[T,]:

(3.4) g—Tgm = (Q,g—?ém) — 3.7, € g-0[T,] Ng-K[T].

A g-Ty-separation is realised if the only g-Tg-sets in Ty which are both g-Tg-
open-closed sets are the improper Tg-sets (), @ C T;. The theorem follows.
Theorem 3.6. A J;-space Ty = (Q, Ty) is said to be a g—ﬂém -space g—Tém =
(Q, g—ﬁém) if the only g-T4-sets in Ty which are both g-T4-open-closed sets are the
improper T4-sets 0, Q C T,.

Proof. Let 5 € g—O[‘Ig] N g-K [‘Ig} be a g-Tg-set in Ty. Then, there exists
(%g, “//g) S g—O[‘Ig] x g-K [‘Ig] such that %; O .7y O 7. Consequently, C(%g) -
C(#) € C(7). Since (C(74),0(%,)) € g-O[T,] x g-K[Ty], it follows that,
C () € g-0[T,] Ng-K[T,]. Since S NC(H) =0, implying .73 UL (F) = Q, it
results, obviously, that,

(70, C(A) € 0,9)] Vv [(74.C(A)) € (2.0)].
This completes the proof of the theorem. ([l

The logical relationship between ¥j-connectedness and g-T4-connectedness is
contained in the following theorem.

Theorem 3.7. If T3 = (Q, Tg) be a g—fém—space g—fém = (Q,g—gé!c)), then it
is also a %w)-space ‘IE,Q = (Q, %<C>)..

B9 T =(0e70) = 1= (@.79)
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Proof. Let T4 = (R, 7;) be a %<D>—space ‘Zém = (Q, 99<D>). Then it has a
nonempty proper Tg-open-closed set .75 € O[T ] NK[T,] in Sém. Since O [ZT4] N
K [T, C g-0[T,] N g-K[T,), it follows that, .7, € g-O[T,] N g-K [T, in TH.
This proves that ‘IE,D> is also a g—fém—space g-‘Iém = (Q,g-ﬂém). In other
words, if Ty is a g—ﬁé,c)—space g—Sé@ = (Q,g—ﬂéq), then it is also a %w)—space
Té@ = (Q, %w)), and the proof is complete. O

By virtue of the above theorem, the following corollary follows.

Corollary 3.8. If T; = (2,.7;) be a %<D>-space Tém = (Q, %<D>), then it is also
a g-7 P -space g-T{") = (2, g-7 )

(3.6) T = (2,9-7P) = = (2, 7).
A Ty-set Sy C Ty of a Ty-space Ty = (Q, F;) is g-Tg-connected if and only if it
is g-T4-connected as a Jy-subspace. The theorem follows.

Theorem 3.9. If %y C Ty is a Ty-set of a Ty-subspace Tyr = (I, Tyr) of a
Ty-space Tq0 = (2, Ty.0), then Sy is g-T4 p-connected if and only if it is g-Ty -
connected:

(3.7) S €9Q[Tyr] &= S Q[T

Proof. — Necessity. Let .75 C Ty be a Ty-set of a Fy-subspace Tyr = (I, T4 1)
of a Jy-space Ty.q = (Q, J5,0) and suppose that 7, € g—Q[Tg’p]. Then, .7; ¢
g-D[Ty.r] and, hence, for all (%5, %4,») € g-0[Tyr]| x g-K[Tgr],

A=¢£,¢
(s A1 )
A=, A=,
But, Jyr x ~Fyr C Jga X 7T, and on the other hand, opgr g[F]

implies op, r (Og\) = F N opg o (Oga) = 0Py o (Og) and —op, (,%/ ) =TInN
0Py 0 (Hg ) = —0DPg (g ) for any (Oy, Hy) € Ty x =Ty r, where OPy .0 () e
Z [Q] Thus, for all (62/99\77/9)\)>;574 € g- O[ gﬁg] X g- K[‘Igygz}

(U oA A( - 2)

A=¢£,¢ A=¢,¢
Consequently, .75 ¢ g-D [QQ,Q] and, hence, 7 € g—Q[Tg,Q].

— Sufficiency. Conversely, suppose that ./ € g—Q[‘IE,Q]. This implies that

7 ¢ 6-D[Tgq]. Therefore, for all (%, Yg),_¢ . € 8-0[Ty.0] x -K[Tgal,

(el )
A=¢£,¢ A=¢£,¢

But the statement (%,x, %5.1),_ ¢ €

(g3 Var) s 5(690[9F]X9 [T

to opgr () = T Nopyqo(-) € Z[0.

(YQ,Y) C Tyr X T4 implies, evidently,
ar|, since opy 1 (-) € Z,[I'] is equivalent

Consequently, for all (%g7>\,7/g7>\))\:§< €
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g-0[Tgr] x o-K[Tyr],
(e { )
A=, A=,
Therefore, .75 ¢ g-D [‘Igr} and, thus, 7 € g—Q[‘Ig,r]. ]

There are some very fundamental J;-properties of g-T,-connected sets which
follow from the next theorem.

Theorem 3.10. If ./, < g—Q[Tg] be a g-Ty-connected set of a g—fém—space
g—iém = (Q,g—yém), then there exists (g, Vg,\) € ¢-0[T,] x g-K[T]
such that

(38) ( V (< %9) \/( V (%< m))-

A=£,C A=E¢

A=¢,¢

Proof. Let /3 € g—Q[Sg] be a g-T4-connected set in a g—ﬁém—space g-Tém =
(2,0-7P)). Then, for all (%, 7g,) € g-0[%,] x g-K[F,],

A=£5,Co
ﬁ( |_| 62/97/\—5”9>/\ﬁ( |_| Vg)\_yg)
A=£0,Co A=£5,Co
o0, A 0, )
A=€5,Co A=£5,Co
(0, )ALD )
A=£5,Co A=¢£5,Co

Since T4 is a g- f space g- ‘Z< ) = (Q,g-ﬂém), there exists, therefore, pairs
(%g,A,"f/g,)\)A:5 ¢ € g O[ ] X g- K[ ] such that

(L 2= V( -

A=£,C A=£,¢
= (A_|_£|yg(yg N,») = yg> \/ (A_|_£|7<(f5ﬂg NYn) = yg>
= (A}ég(ﬁﬂg C %,A)) \/Q{,C(&ﬂg C %,A)).

Since m/\zga,gg Uy, ﬂk:fa,ca Yg.x # 0 hold, and, moreover, T is a g_y;DLspace
g—‘IéD) = (Q, g—ﬂém), the proof at once follows. O

Equivalently stated, the following proposition states that, any T4-set which is
contained in a g-%4-connected set is also a g-%;-connected.

Proposition 1. Let %y, /3 C Ty be Tg-sets in a Ty-space Ty = (Q, F). If
S5 € g-Q [ig] and Z, satisfies

(3.9) [%g - ODPy (5/9)] v ['%)g - T 0Dg (yg)]»
then %4 € g-Q[T,].
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Proof. Let %y, Sy C Ty be Ty-sets in a Fy-space Ty, = (Q, Ty), where S €
g—Q[Tg}, and, by hypothesis, Z4 € g-D [Tg]. Since %y € g-D [Tg], there exists,
then, (%gx, Y1) € g-0[T,] x g-K[T] such that,

A:{,,,Cp
(1 V()
A=¢£,.C, A=E£5,Cp

Since S € g-Q [Tg], it must be contained in either of % ¢,, % ¢,, or in either of
Vs, Vo, Consequently,

(V cum)V( V <)

)‘:£p1<p n:fp’Cp
= ( \/ (Opg (%) C %g,(p«\))> \/< \/ (mopg (%8) € Y400, n)))
e n=Ep:Cp

where %y (pn) = 0Py (% x) and Y () = 0D, (V) for every pair (A7) €
{(&s,¢y) , (Cps€p)}- With no loss of generality, let it be supposed that

[Opg( a) € % P’A)] [ﬁ OPg () € AI/Q:(;W)]

holds for a (A, 1) € {(£,,Cp) , (Cp,&p)}- Then, since the relations Zy = | |,_, , %0 C
Us=x.y Zs.(p.0) and 0 =,y , V5.0 2 No=rry Ya.(p.0) hold, it follows that,

ODPyg (yg) N %gm

N

Uy (p ) N Uy < m Uy (p,0) = 0;

o=\,n
0Dy (F)NTgn C Yoo N Vax € ﬂ V.0 = 0.
o=A\,n
Therefore, op, (/) %g,n, = 0Py (F4)N¥gx = 0. On the other hand, since Z; C T
satisfies (%4 C op, ()] V [#g C ~0p, (F)], it results that,
Uy = RgO Uy =00y (So) Uy,
7/97)\ = %g n 7/9,)\ = T0pg (yg) ﬂ%g)\.
From these and op, () N %n, 0Py (F5) N Ygn = 0, it follows that, %,
Y. = 0, which contradict the hypothesis that %, € g-D [‘Ig]. a

The following proposition states that, if it be given a collection of g-4-connected
sets with non-void intersection, then g-Tj-connectedness is preserved under the
operation of union.

Proposition 2. Let {#, : v €I} C g-Q[T,] be a collection of n > 1 g-T4-
connected sets in a Jy-space Ty = (12, Fy). If ﬂyej* Faw # 0, then Uuel* g €

g—Q[Tg} in Ty:
(3.10) () (v €0Q[T]) #0 = ] Sou € 9-Q[T).

vely: vel:
Proof. Let {F, : v € I:} C g-Q[T,4] be a collection of n > 1 g-T4-connected
sets in a Jy-space Ty = (0, .7,), and suppose, by hypothesis, that UVGI* o €
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g-D[%,], where N, ;. Foo # 0. Since U, ¢/ S € 0-D[Tg], there exists, then,
(%g,k,%,A)A:§7C € g—O[Tg] x g-K [Tg] such that

( |_| Uy x = UueI;y&”) \/( |_| Yor = UVEI;‘Lyg,V)-

A=£,C A=€,¢
Since (\,cp« Lo # 0, there exists a unit Tyg-set {n} C T, satisfying {n} C
MNvers Law # 0. But, by hypothesis, [, c;. -7 € -D[T4]. Consequently,

(Y (emn(n 2.)))
V(V (treran ().

A=¢£,¢ velr

Clearly, for every v € I},

( \ (Law N Uy # @)) \/(A\/ (Faw N Vgr # @))

A=£,¢
= ( \/ (Fow C 02/97/\)) \/< \/ (Fow C ng))
A=, A=
Therefore,
(v (U (Y o).
A=E,¢ \welr A=E,¢ el

which contradicts the hypothesis that | J Faw € -D[T4]. d

velr

Stated differently, the following proposition states that, if every two-point T4-set
of a Ty-set is a Ty-subset of some g-T,-connected subset of the Ty-set, then the
T4-set is also a g-Tg-connected set.

Proposition 3. Let . C T4 be a Tg-set in a Fy-space Ty = (2, F;). If every two-
point Ty-set 2, C .7 satisfies the relation 24 C #; C 7, where %, € g—Q[‘Ig},
then .7 € g—Q[Tg}:

(3.11) P3N Sy D 2,N%, € 9-Q[Ty] = S, € 9-Q[T].

Proof. Let #y C Ty be a Ty-set in a Fy-space Ty = (2, F) and suppose that
every two-point Ty-set 2y C .7, satisfies the relation 24 C %, C ., where
Ky € g—Q[‘Ig], and by hypothesis, #; € g-D [‘Ig}. Then, there exists a pair
(02/&,\,%7,\%\:56@ € g-O [‘Ig] x g-K [‘Ig] such that

(0, - AV L o)

A=£5,Co A=£5,Co
Since g, n, Vg.x # 0 for every X € {&,,(,}, assume that

&y = ng%&fa :ng%vfa7
{C} = ggm%g,ca = Qg m%,{m gg = {g}U{C}
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In other words, 24 C Xy_¢ o % or 24 C Xy—¢ ¢, Yar- Since Zy € g-Q[T],
for all (Zx, Yg.2) € g-0[T,] x g-K[Ty],

/\:€p7<p
TN
)\:€p7<p /\meCp
= ﬁ( |_| (Qg ﬂ%m)\) = QG) /\_‘< |_| (‘Qg N 7/;39\) = Qg)
A=£,,Cp A=£5.Cp
= (25 = 24) N (25 = 2y),
which contradicts the hypothesis that .7 € g-D[T,]. O

A Fy-space is g-T4-connected if any two-point Ty-set can be enclosed in some
g-T4-connected set, and hence the following proposition.

Proposition 4. If any two-point Tg-set 2, C Ty can be enclosed in some g-Tg-
connected set .y € g-Q[%T,], then the Fy-space Ty = (Q, F;) is a g—ﬂéc)—space
g3 = (Q,g-7):

(V2 € Tp) (354 = S U2, € 0-Q[F,]) = ¢-39 = (2.9-7(7).
(3.12)
Proof. Let £ € T be fixed and, for every ¢ € Ty, let Q) C Ty be a two-

point g T g-connected set in a Jy-space Ty = (2, J;) containing &, ( € T4. Then,
qug ale, C) € g-Q[%,] and, by hypothesis, it is the entire Jg-space T,. Hence

Tyisag- 99 -space g—‘ZgC> = (Q,g—ﬂé@). O

The theorem given below states that, any pair of nonempty g-%,-sets which is
contained in some pair of g-T4-separated sets is also g-Tg-connected.

Theorem 3.11. Let Ty = (2, .9,) be a Fy-space. If (Sy.a,7y8) € §-D[Tq] x
g-D [Z4] be a pair of g-Ty-separated sets and (Zg,a,%q,8) € §-S[Tg] x g-S[T4] be
a pair of nonempty g-%4-sets satisfying the statement (Zg,a, %g.8) C (Lg.00L6.8);

)

then (Zg,a,%4,8) € 9-D [T4] x g-D [T4]:
(Far = RgnU Fg 2\ )s—ap € 8D [Tg] = (g ) y—0 s € 8D [Tq]-
(3.13)

Proof. Let (Sy.a,7,8) € 9-D[T, ] x g-D[T4] be a pair of g-Ty-separated sets
and let (Zg,a,%y.8) € 6-S[T4] X g-S[T4] be a pair of nonempty g-T4-sets satis-
tying (%Zg,a, %g.8) C (ﬂ ,Za.8) in a Fy-space Ty = (Q, J;). Then, there exists
(%g”\’%”\)A:&,cg € g- [ ] X g- [T ] buch that

(4% 0V m )

A=£6 (o n=a,B A=£o,Co n=a,f3
-0 V(0 )
A=£s,Co A=£6,Co

Uy=a.5 Lom = U=, ¢, %, is satisfied, then ﬂn 0p Zom C NMaze, ¢, %or = 0; if

Since (%ga,%g 5) € (Yga,yg 8)s MNy=ap Zan S Ny=apLan- 1 the relation
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Uy—a.s Zon = Usze, ¢, Yars then N, _, 5 Zgn € Na—¢, ¢, Yo = 0 holds. Hence,
there exists (%, Yg,0) € g-0[T4] x g-K[T] such that

A:‘fpvgp
(U %= U %) V( U %= U %),
/\:gvap n=a,B >‘:§p7<p n=a,B
This proves the theorem. [l

The basic relation between g-Ty-connectedness and g-T4-separateness follows:

Theorem 3.12. In order that a Ty-set Sy C Ty of a Ty-space Ty = (2, Ty) be
g-Tg-connected it is necessary and sufficient that there exists no (%g,a,%4,8) €
0-0[%Ty] x g-0[Tg] or (Fya,F4,8) € 0-K[Ty] x ¢-K[Tq] such that it be expressible
as

(3.14) ( || %40 = yg> \/( || o= yg).

o=a,f o=a,f

Proof. — Necessity. Let .73 C Ty be a Ty-set in the Jy-space Ty = (2, .7;) and let
there exists (Zgx, Y5\ x2a.5 € 9-0[%y] x g-K[T4] such that

( | ] %g:yg>\/( L] ywzyg).

o=a,f o=a,f
Since (‘%)9«\7'5”99\%:@,6 € g—O[Tg] X g—K[Tg], there exists (%BWAI/G)\))\:Q,;% €
g—O[‘Zg} x g-K [Tg] such that (%Q,A,ym,\)/\:a 5= (%Bv/\77/!37>\)>\:a 5 Consequently,
(1 7 AV 7)

A=a, A=a,B
This shows that (%Zg,x, %4 2)s0.5 € 8D [T4] x g-D[T,]. Hence, 7 € g-D[T,].

The condition of the theorem is, therefore, necessary.

— Sufficiency. Conversely, suppose that . € g-D [Tg], there exists, then, a pair
(%y 2 Yar) s—a 5 € 8-O[Tq] x g-K[T,] such that

( L] %’A:yg>\/( | | %,A:Yg)

A=a, A=a,B
But, (@/g)\, ”VQ,,\) € g-O [59] x g-K [Sg}. Therefore, it follows that there ex-
ists (%’g)\, 5”97,\%\:& 5 € g—O[‘Ig} x g-K [‘Ig] such that the relations expressible by
(%g,,\,ym)\))\:a 5= (@/g)\, ”I/g,,\))\:a 8 hold. Hence, the T4-set .7y C T is express-

A=,

ible as
( || %40 = yg> \/( || o= yg).
o=a,f o=a,f
The condition of the theorem is, therefore, sufficient. ([l

If 7 € g-O[T,], then g-Tg-open sets in .7 are clearly also in g-O[%], and
conversely. Likewise, if /5 € g-K [Tg], then g-%4-closed sets in .7 are clearly
also in € g-K [‘Ig}, and conversely. Hence, an immediate consequence of the above
theorem is the following corollary:
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Corollary 3.13. Let .7y € g-S[Tg] be a g-Tg-set in a Ty-space Ty = (Q, Ty).
Then:

-1 If S € g—O[‘Sg}, then in order that 7 € g—Q[‘Sg}, it is necessary and
sufficient that there exists no (g, #g,8) € 3-0[T4] x g-O[%4] such that
it be expressible as Sy = | |\_, s Zg -

-1 If S € g-K [Tg}, then in order that 7 € g—Q[‘Ig}, it is mecessary and
sufficient that there exists no (%o, %q,3) € 3-K[Tg| x g-K[T4] such that
it be expressible as Sy = | |\_, s Zg-

The following remark contains classifications of g-%4-connectedness with respect
to openness and closedness.

Remark 3.14. Suppose |_|U:a’ﬁ Hq,o = S5 hold, then it is no error to call 7 a
g-T4-connected open set if (Rg,a, Zq,5) € -O[T4] x g-0[T,], and a g-Ty-connected
closed set if (Rg,a, #g,8) € 0-K|[Tg] x g-K[Tg].

From the above corollary, it would appear that g-%j-connectedness depends on
the existence of certain g-%,-separated sets or, equivalently, on the existence of
certain disjoint g-T4-open, closed sets. As another simple ways of characterizing
g-T4-connectedness, the proposition follows.

Proposition 5. A J;-space T4 = (2, .F;) is a g-?ém—space g-‘Iém = (Q, g—ﬂém)
if and only if any one of the following statements holds:

2
~ L 3(HgaT4,8) € (G'D [‘IE] \ {[Z)}) : I_l)\:a,ﬁ Fax =
2
— 1. 3 (g0 Te,8) € (G'O[Tg] \ {@}) : |_|)\:a,,B Fax =1
2
~ 1L 3 (Far S8) € (0K[T \{0}) " Uicas Tar =2
Proof. — Necessity. Let g—fém = (Q,g—ﬂém) be a g—ﬂém—space. Then, there

exists S € (g—O[‘Ig] Ng-K [Tg}) \ {0,Q}. Consequently, there exists (%g,“//g) €
9-0[%y] x g-K[T4] such that

Uy 2 Sy 2y = B(%) CU(7) (7).
Therefore, 0 (#5) € (3-O[T4] Ng-K[Tg]) \ {0, }. Hence,

(72:C(#) € (@-D[Te] \ {0})” U (2-0[T,] \ {0})" U (9-K[To] \ {03)".

— Sufficiency. Conversely, suppose that
3(Sp.asa8) € (-D[T] \ {01) U (0-0[Fo] \ {0})" U (-K [T,) \ {0})",

such that @ = [ |,_, 575 Then if (Fq, S 5) € (8-D[Fg] \ {@})27 there exists
(%y 2 VaA) s s € 8-0[Tg] x ¢-K[Ty] such that,

(U 2= U 7)) V(U %= U %)

A=a,f8 A=a,8 A=a,8 A=a,B

= <|_| GZ/M:Q>\/< | | ”I/M:Q)

A=a,f8 A=,
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If (Fgor Lg.8) € (5-0[To] \ {0})7, there exists (Zg.a, .5) € 5-0[T4] X 5-O[T,]
such that the statement (. o, %.8) C (%g,a, %y,3) holds. Consequently, it follows
that Q = [_|/\:a)5 Far C [_|/\:a)5 Uy ». Hence, |_|,\:a,/3 Uy \ = Q.

If (Lgarap) € (6-K[T] \ {})?, then there exists (¥g.a, %55) € 0-K [Tq] x
g-K|[T4] such that the statement (S, %5.8) 2 (Y., %4,8) holds. Thus, it results
that () = ﬂA:a,B T 2 ﬂ)\zaﬁ V,x. Hence, |_|/\=a,5 Yo x = Q. These complete
the proof of the proposition. (I

The following lemma is a useful tool for the proof of the theorem following it.

Lemma 3.15. Let Ty = (Q,.7;) be a Ty-space, and let (Fy.a,S4) € 3-Q[T4] x
g—Q[‘Ig} be a pair of g-T4-connected sets in Ty. If there exists a unit Ty-set {£} C
Ty such that (\,_, 5 L5.0 = {&} then Uy,—o 5750 € 0-Q[T,] in Ty:

315)  Hg= () (Far€eQ[T]) = |J oo €0-Q[Tq]
o=a,f o=a,p

Proof. Let T3 = (R, 7)) be a Jy-space, let S = Uo:a,/a S0, and suppose
that there exists a unit Tg-set {{} C Ty such that {{} = ) Fg,0, Where
(Fg.0-La,8) € 3-Q[Tg] x 3-Q[T4], and assume that

(U, %= A) V(U 7ee =)

o=a, o=a,f

for some (%, Vg,2) € g-0[T,] x g-K[T]. Since {¢} C .7,

o=,

A=a,B
(V @cm)V(V w@ena)

meaning that, with respect to (%g,a,?/gﬁ) € g-0 [Tg] X g—O[Sg], either £ € %,
or { € U4y p; with respect to (7/9,&’ ”f/gﬁ) € g-K [Tg] x g-K [Sg}, either £ € %5, or
& € V4,5 Therefore, set

({8} € %.0) vV ({€} € Yha)-

Clearly, %5, V4,8 # 0; %8 C Ua:a,ﬁ Uy,o =g and, Vg3 C Ua:a,ﬁ Va0 =L
Therefore, for at least a o € {a, 8},

(%9”6’ NSso 7 (ZJ) v (%ﬁ NFoo 7 0)'
Choose a n € {a, 8}. Then, for every o € {a, 8},
(%30 N Ly © Ug.o) V (Yoo NV Tan € Ya0)-

Therefore, with respect to (%g’a,%g”g) € g-O [‘Ig] X g—O[‘Ig}7 Ug,o N S, and
Uy p N Syn are g-Tg-separated sets; with respect to (7/970”%”3) € g-K[‘IQ] X
0-K[Tg], Yg.a NIy and ¥ 3 NSy, are also g-Ty-separated sets. Consequently,

(i (U 7))V (e 7))

o=a,B o=a,B

= (U o170 = 2 V(U o700 =20

o=a,B o=a,f
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Therefore, (Sy,a,-%5,8) & 8-Q[Tq] x 9-Q[T4], contrary to hypothesis. Hence, it
follows that |J,_, 5750 must be g-Tg-connected in Ty, that is U,_, 5750 €

0-Q[Ty]. O
For the case of n > 1 g-T4-connected sets, the theorem follows.

Theorem 3.16. Let %1, Sy2, - ., Sgn € 8-Q [Tg] be n > 1 g-T4-connected sets
in Jy-space Ty = (Q, Ty). If, for every (o, B) € I}, x I}, there exists a unit Ty-set
{&} C Ty such that \,_, 5 La.0 = {£}, then Uyer- So.0 € 0-Q[Tg] in Ty:

3{¢} = N (Fao €9Q[T,]) = |J Haw € 0-Q[T,).

oc{a,B}CIx X1 oely
(3.16)

Proof. Let Ty = (£, F) be a Jy-space, let 7y = J, 1+ %4,0, and suppose that, for
every (a, 3) € I, x I, there exists a unit Ty-set {{} C Tg such that (,_, 5S40 =
{¢}, where 1, L2, -, L € -Q[T4] are n > 1 g-Tg-connected sets in Ty. If
(Ear€p) € Sy xSy be any pair of elements of .7, then there is a pair (S, 7,3) €
g—Q[Tg} X g—Q[‘Ig] of g-T4-connected sets such that (&q,83) € (Hy,a,7,8)- Set
Dg.(ap) = 16as8p} and Zy (a,8) = Uyeas Ta0s clearly, U,_, 370 # 0 by
hypothesis. Then, for every (a, 8) € I} x I, the relation 2, (4 ) € %4, (a,8) € s
holds. Since, for every (a, 8) € I x I}, there exists a unit Ty-set {£} C Ty such
that ,_, 55,0 = {£}, it follows that % (a.5) = Uy s a0 € 8-Q[Tg] in Ty
Since, for every (a, ) € I x I, 24 (a.5) € 74 is a two-point Ty-set satisfying the
relation 2y (o,8) € %y, (a,8) C 4, Where %y (a,p) € g—Q[Sg] in ¥4, it follows that
S = UUEJ-; Fa0 € 3-Q[Tg] in Ty. This proves the theorem. O

When a Jg-space Ty = (2, F;) is g-T-separated, it is natural that we should
attempt to obtain some information about the various g-%;-connected sets into
which it can be g-T -separated. The maximal g-T  -connected sets of the Tg-space
Ty = (Q, Fy) are particularly interesting.

Definition 3.17. If ( € ., C T is a point of a Ty-set in a Ty-space Ty = (2, Fp),
then

def
(317) 9-Cy, [() = {E € Fy: (3% € 0-Q[Te]) [(6,€) € Z5 € 7]}
is called the ”g-T -component of .; corresponding to ¢.”
According to this definition, a g-T -component is nonempty, g-%;-connected,

and is not a proper g-T;-set of any g-T ;-connected set of a J-space. The theorem
follows.

Theorem 3.18. For each point ( € Ty in a Jy-space Ty = (Q, Ty), the g-T,-
component g—CyB [C] of Sy corresponding to ¢ is the largest g-T -connected set in
%y which contains the point (:

(3.18) (V¢ € Tg) (B, € 0-Q[%,]) [#5 D 5-Cs, [C]].

Proof. Let (§,¢) € (Zq,c \ {C}) x Zg,c in a Ty-space Ty = (Q, T,), where %y €
g-Q[T,] is any g-T-connected set which contains ¢ € Ty, and € Zy . Clearly,
Dy e.0) = 16, ¢} € Hy¢ and, therefore, & € 9-Cy, [¢], implying Zg C 9-Cy, [€].
To prove the g-T -connectedness of g-C S [C], consider an arbitrary point n €
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9-C ., [C]. Since 24 (;.c) = {n.(} € g-C 5, [(], there exists a g-T;-connected %y, €

9-Q[Tg] such that 2; ,¢) = {n,(} € #y,n. Therefore, Zy,, C 9-Cy, [(] and,

consequently, g-C 5, [¢] = U, eq4.c,, () Zon- But, this is the union of the collection
g

{ %y m e g-Cy, (]} € g-Q[T,] of g-T -connected sets with a common point
( € Ty. Hence, g-Cy [(] € 0-Q[T]. O

In a Jg-space, g-T -components are g-T-closed sets, as demonstrated in the
following theorem.

Theorem 3.19. For each point ( € Ty in a Fy-space Ty = (Q, Fy), the g-T ;-
component g—Cyg [C] C Ty of Sy corresponding to ¢ is a g-T-closed set of Ty:

(3.19) (V¢ € T4) [0-Cy, [¢] € - K[T]]-

Proof. Let g—Cyg [¢] C %4 be the g-Tj-component of .y corresponding to ¢ € Ty.
Then, g-C [(] € g-Q[T,] is the largest g-T -connected set in Ty containing the
point ¢. Suppose that £ € —op, (g—Cyg [¢]). Since - 0pg (g—CyE []) € g-Q[%,]
is a g-T4-connected set, and g—Cyg [€] is the largest g-T -connected set in T4
which contains the point (, 24 ) = {&(} € ¢-Cy [(]. Hence, g-Cy [(] 2
—0p, (g—Cyg [¢]), meaning that 9-C, [¢] must be a g-Ty-closed set in Ty. This
proves the theorem. (I

A central fact about the g-Tj-components of a Jj-space is that, to each point
¢ € Ty in a J-space Ty = (2, J;) there corresponds a unique g-T;-component
g-Cy, [¢] of #;. This fact is contained in the following theorem.

Theorem 3.20. The class {g-Cyg [€]: Ce Tg} of g-%4-components of a Ty-space
Ty = (Q, Fy) forms a partition of Ty:

(3.20) {6Cs []: CeT} = | ] 0Cs [ =02
(€T,

Proof. Let {g—CyB [€]: ¢ € ‘Eg} be the class of g-T -components of a J-space
Ty = (2, 7). Clearly, @ = ez, 8-C, [(]. Let n € g-Cy [(]Ng-Cyy, [€]. Then,
since g-C, [(], 0-C o, [€] € 9-Q[Ty] and contain the point 5 € Ty, it follows that,
9-Cy [n 2 9-Cy [(] and g-Cy [n] 2 g-Cy [¢]. But g-Cy [(], 5-C, [¢] are
g-T-components and, hence, g-C 4 [(] = ¢-C5 [1] = g-C, [¢]. This shows that
distinct g-Tj-components are disjoint or, equivalently, g-Cy, [(] N g-Cy, [{] # 0
implies g-C 5, [¢] = g-C, [¢]. 0

By virtue of this theorem, it thus follows that, each ¢ € Ty belongs to a unique
g-Tg-component g-C [(] of .#;. The corollary follows.

Corollary 3.21. For each point ( € Ty in a Ty-space T4 = (Q, Fy), there corre-
sponds a unique g-<;-component g—Cyg [C] of Sy containing it:

(3.21) (V¢ € Ty) (A a-C, [¢] € 3-Q[T] ) [¢ € 5-C, [¢]]-

A Jy-space that is g-T -connected has at most one g-T;-component, as demon-
strated in the following proposition.
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Proposition 6. If T, = (Q,.7;) be a g—ﬂéc)—space g—‘Zé@ = (Q,g—ﬁé@), then it
has at most one g-T -component g-Cg, [(] = (2

(3.22) g3 = (2,9 7) = NgCq¢ =

Proof. Let Ty = (2, J3) be a g-ﬂé!c)—space g—Té@ =(Q, g—ﬂé@), and let it be sup-
posed that it has a € I3, g-T;-components g-Cq, [¢1], 9-Cq [C2], - - -, 8-Cq [Ca]. Then,
UMEI; 9-Cq [¢u] = Q because ﬂuelg 9-Cq [¢u] = 0. Hence, T, is g-T-separated,

which contradicts the fact that T is a g-ﬂém—space g-‘IéC> = (Q, g-ﬂéq). (]

The combination of an additional concept called path with the notion of g-% ;-
connectedness will bring forth a further refinement of g-%¥ -connectedness called
pathwise g-T;-connectedness.

Definition 3.22. A path from an initial point { € T, to a terminal point ¢ € T,
in a Jg-space Ty = (2, F) is a ([0, 1], T4)-continuous map g4 ¢ : [0,1] — T4 with
(¢a,c (0),0g.c (1)) = (£,¢). A Tygset .y C Ty of a Tyg-space Tg = (2, Ty) is said
to be pathwise g-Tj-connected if and only if, for every (&,¢) € Sy x Sy,

(3.23)(32 € 0-Q[Tg]) B : [0,1] — Fy) [ 2 24 2 im(%,q[o,u)]'

Evidently, im(‘z"gﬁnog]) signifies the image of the ([0,1],%4)-continuous map
©Yg.c : [0,1] — T4 from the initial point { = ¢g¢ (0) to the terminal point ¢ =
©g.¢c (1). The following theorem is an immediate consequence of the above definition.

Theorem 3.23. A subsetI' C Q of Q of a Ty-space Ty = (Q, T5,0), with the
absolute g-topology Ty + P (Q) — P (Q), is said to be pathwise g-T ;-connected
if and only if, with the relative g-topology Tyr : P (L) — Tgr = {0 NT : Oy €
%)Q}, the Jy-subspace Tyr = (I', Jyr) is pathwise g- ;-connected.

Proof. — Necessity. Let T30 = (2, J5.0) be a J;-space, and suppose that a subset

I' C Q of Q, with the absolute g-topology J5.o : & (Q) — £ (), is pathwise
g-T4-connected in Ty . Then, for every (§,() €' x I' CQ x Q,

(32w € 3-Q[Ty,0]) Fwac : 10,1] — Tgo) [ 2 2y 2 im(‘Pg,CHo,u)]'

Since 2., € g-Q[Tg.0] and g-Q[Tg.0] 2 g-Q[Ty r], it follows that 2, , = 24 ,NT
for every 2, € g-Q[Tyr]. Since {¢g (0),¢qc (1)} €T x T, it also follows that
ro2,,2 im(<pg,<‘[0’1}). Therefore, for every (£,() € ' x T,

(3241 € 0-Q[Tgr]) (Fpgc : [0,1] — T r) [T 2 245 2 im(<p974|[0,1])]'

Hence, with the relative g-topology g : 2 (I') — Tyr = {O,NT: Oy € Ty},
the Jy-subspace T4 r = (I', 74 r) is pathwise g-T -connected.

— Sufficiency. Conversely, suppose that, with the relative g-topology given by
Tgr: P (L) — Tgr ={0,NT: Oy € Tyq}, the Fy-subspace Tyr = (I, Ty r)
is pathwise g-T -connected. Then, for every (£,¢) € I' x T,

(325, € 0-Q[Tg,r]) (Bg,c : [0,1] — Fyr)[[ 2 2y, 2 im(%,q[o,u)]'

Since 24, € g-Q [Tg,p} and g—Q[‘Sgyp] C ¢g-Q [SQ,Q], it follows that a 2, €
g—Q[‘Zg@] exists such that 2., NI = £, ,. Furthermore, since 2, ., C I' and
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Pyw 2 2y, it follows that T' 2 2y, 2 im(pgc),)) Therefore, for every
(,0) e xI'CQxQ,

(3250 € 0-Q[Tg0]) (g : [0,1] — Ty ) [T 2 240 2 im(%,é‘no,l])]'

Hence, the subset I' C €, with the absolute g-topology J5q : & (Q) = & (), is
pathwise g-T -connected. ]

The relationship between the notions of g-T -connectedness and pathwise g-% -
connectedness follows.

Theorem 3.24. Let Sy C %, be a Ty-set in a Ty-space Ty = (0, Ty). If Sy is
pathwise g-Tj-connected, then Sy € g-Q [Tg].

Proof. Let 3 C Ty be an arbitrary pathwise g-T -connected set in a J-space
Ty = (2 F). If Sy =0, then S ¢ g—D[‘Sg} and, therefore, 7y € g—Q[‘Zg]
Suppose %y # (), consider any point § € .. Since . is pathwise g-T ;-connected,
for every ¢ € .7, there is a path g ¢ : [0,1] — . from the initial point £ € .7 to
the terminal point ¢ € ., and a g-Tj-connected set 2 (¢ ¢) € 8-Q [‘Zg], containing
¢, ¢ € S, such that 2y ¢ ¢) 2 im(‘Pg,C\[o,u)' Clearly, im(wg’cl[()?l]) € C[[0,1]; F,4]-
Moreover, .7 2 24 (¢.¢) 2 im((pg@l[&H) and, consequently, .7y 2 UCey’g Dy 6.0 2
UCEYE im(cpg7<‘[0’1]) = 7, since £ € ;. But, £ € im(5097<|[o,1]) for every ( € 7
and, hence, ﬂceyg im(gog,qm”) # (. Furthermore, im(‘»"9£|[0,1]) € g-Q [Tg] for
every ¢ € ./, and by the relation . = UCey’g im(gog,q[o 1]), it follows, then, that
s € 9-Q [Tg]. This proves the theorem. O

Thus, pathwise g-T -connectedness is a stronger form of g-% -connectedness.
For this reason, we stated that pathwise g-T -connectedness is a further refinement
of g-Tj-connected. An immediate consequence of such a statement is the following
proposition.

Proposition 7. If T; = (€2, 7;) be a pathwise g-T;-connected Fy-space, then it is
also g-T j-connected:

(3.24) IV = (Q,0-7Y) = ¢T7 = (2.9-7).

Proof. Let Ty = (2, 7;) be a J-space, and suppose it be g-T -separated. Then, T4
has a nonempty proper g-% -open-closed set .7y € g-O [T 0] N g-K [Ty o] There
exists, then, (&,¢) € S x 0(F). Let @g¢ : [0,1] — T, be a path from ¢ to
. —1 . -1 : -1
¢. Clearly, [0,1] D 1m(<pg’<|yg) for 0 € lm(‘pmqyg) and 1 ¢ 1m(<p97<‘yg), or for
0 ¢ im(ap;é‘yg) and 1 € im(cp;élyg). Since ¢q,c € C[[0,1];T4], it follows that
im(apgé‘y ) is both open and closed. But, this contradicts the fact that [0, 1] is
? g
connected. Hence, the F-space Ty = (2, Fy) is g-T ;-connected. O

Definition 3.25. Let ¢g.¢, @q.c @ [0,1] — T, be two paths in a F-space Ty =

(Q, 74) satisfying (%,C (0), Pg.c (1)) = (‘Pg& (0), pgc (1)) = (£,¢)- Then, ¢q¢ is
said to be "homotopic” to ¢g ¢, written ¢g.¢ ~ @q ¢, if there exists a ([0, 1]2 ,‘Ig)—
continuous map hg : [0, 1]2 — T, called a "homotopy” from ¢g ¢ to ¢4 ¢, written
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by @ Pg.c ~ g, satisfying,
hgAp) = (1—p)dgc(N)+ppgc(N) Ype {01},
(325)  by(Ap) = (1-NE+A YA€ {0,1).

The homotopy by : ¢g.¢c ~ @g,¢ is said to establish a g-Tg-homotopy from ¢4 ¢ to
©g,c in a g-Tg-connected set Z, € g-Q [T] if it belongs to the class:

aH[[0,1]%: 2] = {bg 1 (300.¢, 00+ [0,1] — Zg) [y : bg.c =~ 0g.c]}-
(3.26)

For any ¢g ¢, @g,¢c, Yg,c : [0,1] — Z4 € g-Q [T4], the statements by : ¢g.c >~ g ¢,

g Gg,c = g, implies by : g ¢ >~ dgc and, by 1 dg,c = wgc and by @g¢ 2 Yg ¢
implies by : ¢g,¢c =~ 9g,¢c hold, as shown in the following theorem.
Theorem 3.26. The g-T4-homotopy relation is an equivalence relation in the
collection of all paths in any g-Tq-connected set Xy € g-Q[Tq] of a Ty-space
Ty = (2, ).
Proof. — Reflexivity. Let ¢g¢ : [0,1] — %4 be any path, where %, € g Q[%,]
is any g-Tg-connected set in a Jy-space Ty, = (,.F;). Then the ([ > Ry
continuous map by : [0, 17 — Ry defined, for every (A, u) € [0, 1%, by f)g( )
¢g,¢c (A) is a g-Tg-homotopy from ¢g ¢ to ¢g.¢, and that defined, for every (A, u)
[0, 1]2, by bg ()\,u) = @g.¢c (1) is a g-Tyg-homotopy from ¢g ¢ to ¢4 . Hence, by
g—H[[O7 1]2 ;%g], and ~ is reflexive.

— Symmetry. Let by € g- H[[O 1]2 Z } be a g-Ty-homotopy by : ¢g.c =~ Ygc-
Then the ([0,1]*, %, )-continuous map b : [0,1]> — %, defined, for every (A, u) €
[0,1]27 by 69 (A i) = bg (A1 —p) is a g-T4-homotopy ﬁg D Qg 2 Pgc. Hence,
Gg € g—H[[O, 1]2 ;%’g], and ~ is symmetric.

~ Transitivity. Let hg.q, hgs € g—H[[O7 1]2 ;%’g] be g-T4-homotopies hg o : Pg,c >
©g,c and by g 1 @g.c = Vg ¢, respectively. Consider the ([07 1]2 7%g)—continuous map
by @ [0,1]° — %, defined, for every (A, ) € [0,1)%, by by (A, 1) = Bg.a (A, 7p2)

)-
e
S

1 1
if ue [O, 77] and by (A, 1) = bgg(A\nu—1) if p € {7771} where 7 € (1,00).

Clearly, by : ¢g,c =~ hg,¢. Hence, it follows that, by € g—H[[O, 1]2 ;%’g], and ~ is
transitive.

The concept of simply g-%,-connected J-space is defined below.

Definition 3.27. Let ¢g¢ : [0,1] — T4 be a path from { € T; to ( € Ty in a
Tg-space Ty = (2, T) with (pg.¢ (0), ¢4, (1)) = (£,¢). Then:

— L If @g¢ 1 [0,1] — {(}, then ¢g4 ¢ is called a ”constant path” at ¢ € Ty:

Gac () L eg (A for all A € [0,1].

— 1L If gt {0,1} — {C}, then ¢g ¢ is called a "closed path” at ( € Tg:
Gac (V) kg (\) for all A € [0,1]
- 1t If, for every )\ € [0,1], ¢g.c (A) =5 (N) and @g,¢c (A) = ¢4 (A), then ¢4 ¢ is
said to be ”contractable to the point ¢ € T4.”
A Jy-space Ty = (Q, T) is "simply g-T4-connected” if and only if, at each point
¢ € T4, any closed path £ : [0, 1] — T is contractable to .



THEORY OF g-T,-CONNECTEDNESS 21

The necessary and sufficient conditions for a pathwise g-Ty-connected J3-space
to be simply g-T4-connected are contained in the following theorem.

Theorem 3.28. Let T3 = (2, .7;) be a pathwise g-T4-connected Ty-space. Then,
Ty is simply g-Ty-connected if and only if, at each ¢ € T4, any closed path €, :
[0,1] — %4 at ¢ is g-Ty-homotopic to the constant path ¢y : [0,1] — T, at
(€ %y by g~y for each ¢ € Ty.

Proof. — Necessity. Let Ty = (2, F;) be a pathwise g-T,-connected J;-space, and
suppose it be simply g-Ty-connected. Since Ty is pathwise g-% -connected, for
every (£,() € Q x Q,

(32, € 9-Q[T,]) (Frpg,c : [0,1] — Fg)[22 2, 2 im(‘Pg,q[o,u)]'

If pg.c: {0,1} — {C}, then g ¢ is a closed path at ( € Tyg: @g ¢ (A) = €5 (X) for all
A € [0,1]. Since Ty is simply g-T4-connected, it follows that, at each point ¢ € Ty,
the closed path ¢4 : [0, 1] — T4 is contractable to ¢. Thus, at each { € T, the closed
path £ : [0,1] — T, at ¢ is g-T4-homotopic to the constant path ¢g : [0,1] = T4
at ( € Ty: by : &g > ¢g for each ( € T4. The condition of the theorem is, therefore,
necessary.

— Sufficiency. Conversely, suppose that, at every point ( € T, in a pathwise g-%4-
connected Jg-space Ty = (2, Fy), any closed path £, : [0,1] — T4 at ( is g-T4-
homotopic to the constant path ¢4 : [0,1] = Ty at ¢ € Tyt by : €5 ~ ¢g for every
¢ € T4. Then, there exists a path g4 ¢ : [0,1] — T satisfying ¢4 ¢ : {0,1} — {¢}
and, therefore, contractable to ¢ € T4. Thus, at each point ¢ € Ty, any closed path
£, : [0,1] — T, is contractable to (. The J;-space Ty = (2, Fy) is, then, simply
g-T4-connected. The condition of the theorem is, therefore, suflicient. O

The definition of local g-%-connectedness at a point £ € T4 in a Jy-space Ty =
(Q, F) is now given.
Definition 3.29. Let T; = (12, F;) be a J;-space. Then:

— 1. T4 is said to be "locally g-T4-connected at a point £ € T,” if and only if,
(3.27) (V2 € 6-0[%,]) (325 € 0-Q[Ty)) [€ € 24 € %,).

— II. T4 is said to be "locally pathwise g-Ty-connected” if and only if, given any
(&, Uy¢) € Ty x g-O[%T,], there exists (£, Zg¢) € Ty x g-Q [T4] such that
(¢, m) € 24 x 24, with ¢ # n, implies that,

(3.28) (3909@ :[0,1] — (59) [{C,n} < im(‘Pg,CHo,l]) CZycC %9,5]

The Jy-space Ty = (2, Fy) is said to be "locally g-T-connected” if and only if it
is locally g-T4-connected at every point £ € Tg.

As an immediate consequence of the above definition, it is shown below that
local pathwise g-% -connectedness implies locally g-% -connected.

Theorem 3.30. If T, = (Q, 7;) be a locally pathwise g-T-connected Ty-space,
then it is locally g-%;-connected:

320) @SR = (.0 7P = T4 = (05700
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Proof. Let Ty = (€2, 74) be a locally pathwise g-T -connected Jg-space. Then, for
any given (&, %g,e) € Tq % g-O [T4], there exists (£, Zy¢) € Ty x g-Q [T4] such that
((,8) € 2y x 2y, with ¢ # &, implies that,

(Fpa.c 1 [0,1] = F4) [{¢, €} < im(%,éuo,u) C 2ye C Uyl
Consequently, £ € im(<pg7q[0 1]) C Dy¢ C Uy and, therefore, £ € 2y C %, ¢
Hence, it follows that

(V%,, € 3-0[%y]) (32, € 0-Q[T]) [€ € Ly € Y]

The Jy-space Ty = (2, ) is therefore locally g-% ;-connected. O

In a locally g-Tg-connected Jg-space, a g-T -component is a g-Ty-set, as demon-
strated in the following theorem.
Theorem 3.31. If g—Cyg [C] be the g-T;-component of 7y corresponding to ¢ in a
locally g-T-connected Ty-space Ty = (Q, Ty), then g-C 5 [(] € g-O [T4]:

g-Cy [ € g7 = (29-7"Y) = g-C, [(] € g-0[g-T{].
(3.30)
Proof. Let g-C 5, [(] be the g-T -component of .7 corresponding to ¢ in a locally
g-%-connected Fy-space Ty = (2, 7). Then, local g-T -connectedness at ¢ € T,
implies
(V% € 9-01%,]) (325 € 0-Q[T4)) [C € 24 € %)

Consequently, g-C [(] = U,@ggyg 2, C U%ggyg ;. But, since every %, €
g-O [T4] satisfies %, C op,(0,) for some Oy € F, it follows that the rela-
tion g-C v [¢] € Ug,c, opy(Fy) = opg (Uﬁggyg 04) holds. Thus, 8-Cs, [(] €
g-0 [T, 0

The necessary and sufficient conditions for a J-space Ty = (Q, F;) to be locally
g-T-connected at a point £ € T is contained in the following theorem.

Theorem 3.32. A J-space Ty = (Q,T) is locally g-Fy-connected at a point
£ € %y if and only if,

(3.31) (Vﬁgf € 7) (324 € 5-Q [(zg]) [5 €25 C Opg(ﬁg,é)]'

Proof. — Necessity. Let it be assumed that the Jy-space T, = (2, ) is locally

g-T4-connected at § € Ty, and let Oy ¢ € J; be an arbitrary J;-open neighbour-
hood of £&. There exists, then, a Jy-open neighbourhood &y ¢ € F; of £ such that

e opg(ﬁg,g) - opg(ﬁg,g) and, for every {¢,n} C ﬁAg@

(32, cm € -QITe]) [{C. 0} S 2y, () € 0Py (Face)]-
Suppose 1 € é’g@ be the arbitrary point. Then, there exists a g-T4-connected
set Zg e € 9-Q[T,] satisfying {&,n} € Ly e € opg(ﬁgyg). Let 24 =

Uneég,g 2y e S 0Pg(Fy.¢). Since 2g¢ 2 Oy and Uneég,g g, en) € -Q[Tg), it

follows that 2, ¢ is a g-T4-connected neighbourhood of ¢ contained in opg(ﬁg,g).
The condition of the theorem is, therefore, necessary.
— Sufficiency. Conversely, suppose the following condition holds:

(VOqc € T4)(324.c € 0-Q[Z4]) [€ € Lge S 0py ()]
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Let Oy¢ € J be an arbitrary Jg-open neighbourhood of . Then, op, (@)
contains a g-Ty-connected neighbourhood 2y of £, Since 2y, € g-Q[T,], for
any {(,n} C Zy¢, there exists 2y ¢, € g-Q[T4] such that {{,n} T 2y -
But Z4¢ 2 24 ¢,y and, consequently, {(,n} € Zg ¢,n) C opg(ﬁgﬁg). Hence, the
Tg-space Ty = (Q, T) is locally g-T-connected at & € T;. The condition of the
theorem is, therefore, sufficient. O

The notion of g-T,-connectedness between any Jg-spaces Tq 0 = (2, J5,0) and
Tyw = (X, J,») and the relevant basic theorems are now discussed.

Theorem 3.33. Let T30 = (Q, F4a) and Tyx = (8, Tx) be Ty-spaces, let
o1, S92 o Fgm € g—S[Tg,A} be n > 1 mutually disjoint g-T4-sets in Tq 4,
where A € {Q,3}, and let my € g-B[Tg0;Tg 5] be a g- (Tg,0,%y,x)-bijective map
Ty : Tg0 — Lg5. Then

- L Ty (UaEI; Fya) = |—|a€I* Ty (yg a);
— II. ng(l_lael;; Yg’a) = aer g ( )
Proof. —1. Let Ty 0 = (R, J4.0) and Ty 5, = (X, T,) be Ty-spaces, let Sy 1, S 2,
o Sgn € g—S[‘Ig,Q], and let 7y € g-B[%T;0;%, 5] If € my (|_|ael* s, ), then,

since my € g-B[Tg0;Tq 5], there exists £ € | |,¢r- Fg,a such that, (C) =£e€
Locre “a,a- Consequently,

e A = V(0 QA

aElr aElr
= \/ (Ceﬂg(yg,a» = (€ |_| Ty (7,
aElx: Qe

Hence, 7y (| pers La.a) € Uaers Ta(a,a). Conversely, if it be assumed that ¢ €
LlaEI;‘L Tg(Zg.a) then,

V Cem(Ha) =V (710 € Fa)
€l a€l;
= 1,0 € | Hoa = C€mg(Uner: Toa)-
aclx
Hence, mq (l_lael;; yﬂﬂ) 2 uael;; Tg (yg;a)'
-1 If € e ng(l—lael;j 5”970[), where S5 1, Sy2, -, Fgn € -5 [Tg,g}, then,
€] Ze = V(1)< Ha)

€l acl;

=\ (e (Ha) = e | mpt (Fa).

a€lr acl?
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Hence, 75 (e Po.0) € Lacrs 5 ' (Za.a). Conversely, if it be supposed that
¢ e Llael;; ﬂgl(yg,a) then,

\/ (f € ng (yg,a)) = \/ (Wg (&) € yg,a)

aclx a€l;
= m(§) e |_| Zaa = £ € W;;l(l_'ael;;yg’a)'
aely
Hence, 75! (Lners %a0) 2 Uner: 75 (Fa.0)- O

The following theorem shows, among others, that g-T,-connectedness is a J;-
property.
Theorem 3.34. Let 1y : Ty 0 — Ty x be a g- (Tg,0,Tq,n)-continuous map and
let S50 C Ty be a Ty-set. If dom(ﬂgl‘%'w) is g-Tq4-connected in Ty, then
im(wgly,g u1) is g-T4-connected in Ty x:

(3.32) dom(ﬂg‘yg)w) €g-Q[%T.0] = im(ﬂ'g‘yg’w) €g-Q[%T5].
Proof. Let my € g-C[Tg,0; Ty 5], Sy = dom(mg, ) € g-Q[Ty0], and suppose

that im(7rg|5,EJ w) € g-D [Ty 5], that is, im(wg‘yg w) ¢ 9-Q[Tyx]. There exists,

therefore, (%E’A’%’A)A:EU o € g—O[‘Zg,g] x g-K [ng] such that,

(U =it D)V U o=, ) )

NG A=tq.Co
Set im(wg‘yg’w) = |_|)\=§M<w im(ﬂgl-%,(w‘x))’ where 75, 2 U>\=§w7Cw S (w,n) and,
for every (A, 1) € {(€5,8w) 5 (Coy Cu) s set
)] v [7/9«\ = im(ﬂg\y

g, (w,p)

)]

In other words, .74 (,,.¢,) € dom (’R'g‘y ) denotes the Ty-set of all £ € dom (ngf"g w)
for which g (¢) € im(mg ;. ), and Fg (g, S dom(mg,, ) denotes the

[y x = im(%uﬂ, ()

Tygset of all ¢ € dom(mg,, ) for which 7 (¢) € im(mg, ). Since the in-
equality im(wg‘y,g . M) # () holds for every X\ € {£,,(,}, and both the relations

Ua=e, e im(ﬂ%%,(w,x) = im(ﬂg‘yw) and (Ny_¢, ¢, im(ﬂ'glyg‘(w’”) = ) hold, it
follows that, 75 n) # 0 for every A € {&, ¢}, Unze, o, Lo = Lo and
Ma=eo.c, Tawr) = 0. Since 7y € g-C[Ty0: Ty 5], for any A € {&,(u}, there
exists, for every (ﬁg (o, ,\),:%/ (o, ,\)) € %g X ﬁ% o, ( a,(w, )\),%7(%)\)) € %79 X
—J4.0, wWith ﬁ (wW,A) %7(%)\) C y a,(w,\) and ﬁg7(U,A), %,(07,\) - im(ﬂ'g‘yg)(w,)\))

such that,
[0 (Og.i0n)) S 0Py (Fg )] V (15" (Hgion) 2 700y (Hg wn)]-

Since nA:EW,Cw im(wg‘yB " A)) (0 implies (,_ oo TolwN) = (0, it follows, evi-
dently, that,

( A (ﬁwﬂvﬂ):@)/\( M = (%,w,x)):@)

A=EwCw A=Eu Cw
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Therefore, the setting dOHl(Tl'glyg’w) = Uneeoc, dom(wglym(w‘k)) holds. It now
remains to prove that it is the case and the supposition that dom(ﬁglyg ) €
9-Q [T4,0] is a contradiction. Since dom(wg‘y,g w) € g-Q[%4,0] it follows that, for
all pair (%Q*A’%vA)/\:sw,Cw € g-O [TQVQ} x g-K [3979],

ﬁ< Uy ) = dom(ﬂglyg’w)> /\ﬁ(umcw
@ﬂ( N %,A@)/\{ N m@)

Yax = dom(”sﬂ,))
A=8w,Cw

A=8w,Cw A=£w,Cw
:>< N %,Hé@)/\( N %,Hé@).
A=6w,Cw A=£w,Cw

There exists, then, a unit Ty-set {n,} C dom(ﬂg‘yg w) such that,

( 1 %v@{%})/\( M %,A;{m}).

A=8w,Cw A=E8w,Cuw

Since {nu} C Usze, o, Tonwn) = Low and Ny—e, ¢, La.(w.r) = 0, it results that,

[dom(%\yg,w) D Sy D {M}] V [dom(ws\yg,w) D Sy () 2 {nw}]-

On the other hand, since 7y € g-C [Ty 0; T4 5], it follows that, for every unit Tq-set
{10} € Unee, e, im(ﬂgl%,@,x)) = im(wglygyw ,
\/ [dom(ﬂgwg,w) D g 27 ({1e})]-
A=E8u,Cuw

In particular, if 75" ({n,}) = {n.}, then {n,} = 74 ({n.}), leading to a contra-
diction. There exists, therefore, (%, ¥g,1) € g-0[Tg,0] x g-K[Tg,q] such
that,

A=Ew,Cw

( |_| %Q’A:dom(%yg,w»\/( |_| %,A:dom(%|yg,w)>'

A=£w,Cw A=Ew,Cw
This proves that the supposition dom (ngyg,w) € g-Q[%4,0] is a contradiction and,
hence, dom(ﬂ-glvyg,w) € g-D[Ty0) O
The following corollary is another way of saying that the g-Ty-connectivity of
T4,0 implies the g-T4-connectivity of Ty 5.

Corollary 3.35. Let 1y : T30 — Tgx be a g-(Tg4.0, %y x)-continuous map
and let Sy, C T50 be a Ty-set. If im(ﬁg‘yg w) is g-%q-separated in Ty x, then
dom(ﬁg‘yg ) s g-Tq-separated in Ty o

(3.33)  im(mg, ) € g-D[Tgx] = dom(mg, ) €D [Tyl

If the image of a g- (T4,0, Ty, 5 )-continuous map is g-Ty-connected, then it is also
T 4-connected, as proved in the following proposition.
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Proposition 8. Let 7y : T30 — Ty 5 be a g- (T4.0, Ty »)-continuous map and let
Fgw C Tg0 beaTy-set. If im(ﬂg‘ygyw) is g-T4-connected in T 5, then im(”ﬂ\fg,J
is T4-connected in Ty s:

(3.34) im(mg ., ) €8Q[Tyx] = im(mg, ) € Q[Tys].

Proof. Let my € g-C[Ty,0; %y 5], Sgw = dom(ﬁg‘yg w) € g-Q[%4,0] and, suppose
that im(ﬂgmg W) € D[%, 5], that is, irn(7rg|y,g w) ¢ Q[%Tyx]. There exists, then,

(%g,kvyg,)\))\zémga € O[Tg,z] X K[ng} such that,
< |_| Ky \ = irn(ﬂ'gyg’w)> \/( |_| T = im(ﬂ-glyg,u))'
A=€o (o A=£o,Co

Since im(ﬂ'glyw) € D[y 5], set im(wg‘yg)w) = r=e, ¢, im(wglyg,(w,k)) and, for
every A € {€. (o}, let

[%g,/\ = im(ﬂ-glﬁﬂg,(w.x))] Vv [5’97)\ = im(ﬂ-g\yg,(wm)]'

On the other hand, since 7y € g-C[T4.0; Ty 5], there exists, for any A € {&, (s},
(O Ho ) € oo X ~Tyq, satisfying Oy (o, 5, Hq ) C dom(mg ., ),
such that,

[Wg_l (Zg,1) C op, (ﬁg,(wyk))] v [77;3_1 (Z,2) 2 —opg (%,(wﬁ))]
= [m(Tap, ) € TaloPg (Gow )]V [n(mg s, )
2 me(m0pg (Hg.wm))]-

Since im(wglyg‘w) = Unze, ¢, im(ﬂ—g‘yg,(w,)\))j it is plain that mg(op, (Fgw)) =
Ls—e, ¢, ma(opq (Og.(wn))), and also § = Mi=c, ¢, To (—opg (Hg,(w,n)), implying
oDy (75.) = Lc, 0, To(0Pg (o). F 501 (Gpans Hp) € Ty
—~J4,0. But, clearly the relation (74 (opg (Og)), g (= opg (Hgw))) € g-0 [Tg,3] x
g-K[Ty,x] holds. Thus, im(wglyg,w) € D [%, 5] implies im(ﬂglﬂ’g,w) € g-D [Ty 5], or
equivalently, im(ﬂ'g‘yg)w) € g-Q[%y,x] implies im(wg‘y&w) € Q[%y,x]. This proves
the proposition. |

The following corollary is another way of saying that the g-Ty-connectivity of
T 4.0 implies the T4-connectivity of Ty 5.

Corollary 3.36. Letmy : Ty 0 — Ty 5 be ag-(Tg0,Tq,5)-continuous map and let
Fgw C g0 be a Ty-set. If im(?Tg‘yg w) is Tg-separated in Ty s, then im(ﬁg‘yg w)
is g-T4-separated in Ty s, then: '

(3.35)  im(mg,, ) €D[Tys] = im(rg, ) €¢-D[Tgal.

Theorem 3.37. Let 1y : Tgo — Tyx be a g- (Tg.0, %y x)-irresolute map and
let S50 C Ty be a Ty-set. If dom(ﬂglygw) is g-Tq4-connected in Ty, then

1m(7rg|ysw) is g-T4-connected in Ty x:

(3.36)  dom(mg,, )€ 8-Q[Tga] = im(my, )€ 0-Q[T,s].
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Proof. Let mg € g-1[Tg.0; %y 5] be a g- (Tg,0,Ty,x)-irresolute map my : Ty 0 —
Tg,xs let F o C Ty be a Ty-set, and suppose im(7rgl‘5,El u}) be g-T4-separated in
Tg,x. Since im(wg‘yg‘w) ¢ 9-Q [Ty 5], or equivalently im(WQWg w) € g-D [Ty 5], by
hypothesis, there exists (%,x, 7/99\)/\:5m<0 € g-0[%y 5] x g-K[Tg x| such that,

( |_| %B,A:im(%yg,w»\/( |_| %,A:im(%yg,w)>~

A=£5,Co A=£s,Co

On the other hand, since 7y € g-1[T4.0;Tq 5], there exists, for any X € {&,(},
(O ) Hawny) € Ton X 7Ty satistying Gy (u,2), Hg, ) C dom(mg ., ),
such that,

g (%) < 0Py (Ta,)] V [mg " (o) 2 ~opg (o)

Since both the relation 7y (||, e o Yy, 2) = Lo e n T o ' (%,,x) and the rela-

tion 75 (Lx—e, o, Yar) = Lrze, o, 75 (Yo.0)- Ev1dently, Unee, ., 7o (%) C
dom(ﬁg‘yg‘w) and also | Jy_¢ 7rg_1 (%,A) C dom(wg‘y,g w), and from which it fol-

lows that a g-T4-separation dom(ﬂglyw) = |_|)\=§07C6 dom(ﬂglygﬁ(m)) is realised in
Tg.0. Consequently, dom(wglyg W) € g-D [T4.0]. Therefore, im(ﬂglyg w) €D[%, 5]
implies dom(ﬁg\yg,w) € g-D [T 0], or equivalently, dom(%\yg,w) € g-Q[%g,0] im-
plies im(wgl 7, ) € Q[%4,n]. This proves proves the proposition. a

In actual fact, between any two such J-spaces T30 = (Q, J50) and Tyx =
(3, Z4.n), 8-T 4-connectedness, being a J-property, is preserved by a g- (Tg,0, Tg,5)-
homeomorphism 7y : Tg.0 = Ty 5.

Theorem 3.38. Let Ty 0 = (Q, Tg) and Ty = (X, Ty x) be Fy-spaces, and
let mg : Tg0 = Tgxn be a g- (Tg,0,Fq,n)-homeomorphism. If Ty o = (R, Tg.a) is
g-T4-connected, then Tz, = (X, Ty x) is also g-T;-connected:

T2 Tx: o030 =(2e70) = ¢34 = (2.0-7D).
(3.37)
Proof. Let T30 = (, J4,0) and Ty 5 = (£, T,5n) be Fy-spaces, let my : Ty o =

Tq,2 be a g- (T4.0, Ty 5)-homeomorphism, and suppose that Ty 5 is g-% g-separated.

There exists, then, (%Ea/\77/£l=>\)>\:§a ¢, € g-O [‘Igj] x g-K [‘Ig)g] such that,

( |_| Uy x = dom (7, 2)> \/< |_| Ygx = dom(m, 2)>
A=EeCo =0 Co
Clearly, dom(my Ty ‘Z) € g-D[%, x| and, with no loss of generality, consider the
Lo —,Cs dom( Tg ‘E ) so that, for every A € {&,,(,}, either

or Vg 7dom(

setting dom(

Uy ) = dom (! \z) Ty \z) T
Tg,n = Ty 0 and, for any (A0, L5,8) € 8-S [Tg,a] X g-S [Tg,als Trg_l(l—l)\:a,ﬁ 15”97,\) =

Tl w) =
Since mg € g-Hom [Ty 0; Ty 5],
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Una.s g " (Zan), where A € {Q, 3}, it results that,

( L ' (%) = | im(w;lzk))

)\:EU,CU )\250-7((7
\/( |_| ﬂ;l(%,A) = |_| im(ﬂgllgk))
A=¢£s,C0 A=£0,Co

where im(w;l‘z) ==e, ¢, im(ﬂ’glﬁl,\)' On the other hand, since m ' (%,») €

g-0[Tg.0] and 7, (Y5n) € 0-K[Tg 0] hold for every A € {&,(,}, there exist,
therefore, (%, Yan) € g-0[T4,0] x g-K[T,0] such that,

N=Ew,Cw
|_| Wg_l(%%)\) = |_| %97777
A=£s.Co N=Ew,Cw
|_| 771;1(7/9,%) = |_| Yam-
A=£o (o N=€w,Cw

By substitution, then, it follows that,

(U e L i)

N=8w,Cw A=£s,Co
V(U o= U miss)
N=8wCw A=E£o,Co

Since my € g-Hom [T40; T4 x] and 7' € g-Hom [Ty 5; Ty o], for each im(ﬂ';l‘zx),
there exists a unique dom(wglﬂn), with dOHl(Trng) = |_|n:§w’<w dom (ngn). Thus,
there exists (%, Yg,) € g-0[Fg0] x ¢-K[Ty 0] such that,

N=w,Cw
( |_| Uy = dom(”ﬂsz)) \/( |_| Yo = dom(%m))'
N=8w,Cw N=8w,Cw
Hence, T4 0 = (2, Z4.0) is g-T ;-separated. O

An immediate consequence of the above theorem is the following corollary.

Corollary 3.39. Let T30 = (2, T a) and Tys = (5, Tn) be Ty-spaces, and
let mg : Tg0 = Ty x be a g- (Tg,0,Fg,n)-homeomorphism. If Ty s = (X, Tyxn) is
g-%,-separated, then Ty = (Q, Ty.q) is also g-T-separated:

(338) Tgo 2 Tyx: o-Tin = (Qo-7\%) <« ¢T% = (8,6710).

)

For every p € I, let g-‘E<C> = (Qu,g-ﬁész) stand for the shortened form of

g7/"b
g—TéQ Q) = (Q#,g—ﬁém (©,)). In the following lemma, it is proved that the
Cartesian product of two g-7 éc>—spaces is also a g-7 é@-space.

Lemma 3.40. If g—‘Ié’Cg = (Qu,g—ﬁgﬁ), € {a, B}, be two g—yé(» -spaces, then

Xy=a,3 g—Té@ is also a g—ﬂém -space.



THEORY OF g-T-CONNECTEDNESS 29

Proof. Let g- ‘Eg L =(Q M,g—ﬂéﬁi), u € {a, B}, be two g—ﬂé@—spaces, and suppose
€= (£,8p) € X—a.p g—‘IéSz and ¢ = ((a,(p) € X,—a.p g—‘I;,ClZ be any two pairs of
points in X, _, 3 g—‘ZéﬁZ. Then,

[{€a} x 6T = g-TL ) A [0-T80 x {¢o) = 0T

g,

Consequently, {£,} X g- Tl 5 and g- $<C x {(g} are both g-T;-connected. But,

({€a} x ¢-TED) N (0-T50 x {¢s}) = {(€a. Ca)} £ 0.

Hence, ({fa} X 9“39,5) U (g—‘IéSi X {(ﬁ}) is g-%4-connected. Accordingly, &, ¢ €
Xy—ap 0 ‘Igcu belong to the same g-T -component. That is, £, ¢ € g-Cq[n] C
Xy=a,8 9 ‘Zg ,.» the g-% -component of 2 = X—a,p Q,, corresponding to the point
N € X,—apl T C But &, ¢ € X,_, Bg—iéclz were arbitrary. Hence the Carte-
sian product X,_,, 5 ¢- ié’ has one g-T-component g-Cq [1] = X,_, 52y, and is
therefore a g-.7 éc -space. |

More generally, the Cartesian product of g-7 éc>—spaces is also a g-7 éc) -space;
that is, g-T4-connectedness is a product invariant Jg-property. The theorem fol-
lows.

Theorem 3.41. If {g—‘I<C ( u,g—yé,cg) D op € I;;} be a collection of n > 1
g—yém -spaces, then Xcr: 9 5 () s also a 9—9(@ -space:

g1

(339) {oF) = (Qu.o-7)): peli} = ¢339 = X ¢339,
nely
Proof. Let {g—Téﬁf = (Q#,g—ﬂé,cg) NTNS I,*L} be a collection of n > 1 g—yé@
spaces, and let Xers g-T {C) he the Cartesian product of these g_yém_spaces.
Moreover, let ¢ = (Cl,(g,...,(n) € Xer 0 fg#, and let g-C 5, [(] C Xerr 0 T C
be the g-T -component of . C Xuers 9 Tg .. corresponding to ¢ € Xuer: 9 ‘I<C>
By hypothesis, let it be claimed that, for every £ = (£1,&2,...,&n) € Xuer: 9 Sg 1
¢ € —opy(g-C .y, [¢]) and, thus, £ € g-C, [(] since g-C o, [¢] 2 =op,(a-Cy, [¢]),
meaning that g-C, [(] must be a g-Tg-closed set in X, ;. g-T'<. For every

g,

(1,0 (1), Og.o()) € {1} x 12 xg- ﬂgcg, there exists I,(,) C I3, such that Oy ;) =
def

UVEI*( )6’970(,,#). Thus, the class f@[g—yg#] = {Ogopy : (Wopo(vp) €

1% % {u} x I } is a J-basis for g—9<c> : P Q) = Z (). Therefore, for any

£ € Ogo € o ygw there exists Oy 5, € Blo- 9<C)] with € € Oy o) C

Oq.0(n) € 9- ﬁéclz Now let
E= (6,6, &) €EHy = ( X g-z;?,z) x ( X ﬁg,w,u)).
HELN\ Ty peJnCI
Now the following relation holds,

fg=( X {@})x( X s—@éﬁi)ﬂ X Ty,

RELN\JTn WEJCI2 HEJ,CI
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and, hence, g-% -connected. Furthermore, ¢ € .5 and, consequently, it follows that
g-C e [¢] 2 . But, by the property of the intersection of Cartesian products,

Ry N Sy = ( X {Cu}) X ( X ﬁgﬁ(%#)) # 0.
ue[;\Jn HEJ"LCI:L

Therefore, Zy C X, crx 8- ‘If]lz
- 0pg (g—CyE [€]) € g-Cy, [¢]. Hence the Cartesian product Xuel* g- 3,' > has one

contains a point of g-C, [€]. Accordingly, & €

g-% ;-component g-Cq, [(] = X,ers Qu, and is therefore a g- 9 )_space. O

The concept of (T4,0; %4 5)-surjective map between any such Jy-spaces Ty =
(Q, Z40) and Ty 5, = (2, F,x) is now defined.

Definition 3.42 ((T4,0; T4 xn)-Surjective Map). A (T4, Ty x)-map 7g: Tgo —
T,.x is said to be surjective if and only if it belongs the following class:

(340) -5 [To.0: Tas] © {mg: (V¢ € Tyx) (3 € Tya) [mg (€) = (]}

If the domain of a g- (T4, Ty x)-irresolute surjective map is g-T4-connected,
then its codomain is also g-T4-connected, as demonstrated in the theorem below.

Theorem 3.43. Let T30 = (2, F40) and Tyx = (X, Tx) be Ty-spaces. If
g € 0-1[%5.0; %52l Ng-S[Tg,0;Fg.5] be a g- (Tg,0,T4,x)-irresolute surjective map
Ty : Tg0 = Ty 5 and Ty o is g-Ty-connected, then Ty 5 is also g-Ty-connected.

Proof. Let T3 0 = (Q, T5.0) and Ty » = (X, Fy,5) be Fy-spaces of which T 5 is as-
sumed to be g-T,-separated, and let mg : Tg.0 = Ty 5 be a g- (Tg,0, Ty, n)-irresolute

surjective map. Smce dom( ) € g-D [T 5], there exists (?/gg\, ”I/g,k)

LP A=tboto ©

9-0[Tg.0] x ¢-K[T4,0] such that,

< |_| Uy \ = |_| dom(”g_lmk))

A=£6,Co A=£o,Co
V(U oa= L dom(rgy)).
A=£s,Co A=£o,Co

where | |y_¢ . dom (7, 1|2 ) = dom( ;1‘2) € g-D[%, x| so that, for every A €

{¢5,¢o}, either %\ = dom(my IE ) or Ygx = dom(m, 1|z ). Since the relation

g € 9-1[Tg.0;Fg 5] holds, there exists (O, #gr) € Tg.0 X 7 Tga, n € {&, o}
with (X, 7) € {({s, &), (o Cw)}s such that,

[WETI (%GJ\) - ODPyg (ﬁgyﬁ)] v [ng (%J\) 2 T 0Dg (‘%/91?7)]
Evidently, dom(ﬂ'gm) un( Tq IE) and dom( Tq IZ)
dom( T, IZ) € g-D [T, 5], set 1m(7rg|Q) = |—|n:£m,<w 1m(7rg|9n) and dom( T 1‘2) =
UA:EU,CU dom(ﬂ-g_llzb\)7 and for any (Aa 77) € {(goagw) ’ (CU? <w>} set
[im(%mn) = dom(, 1|z ) = %y.»]

V[im(%mn) = dom(, 1|2 ) =Yl

= im(ﬂ'gm) Since im(ﬂ'glﬂ),
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Since 7y € g-S [T4.0; Tq,5], for every (A, 1) € {(&5,&0) » (G Cw) }s

< N dom (g, ) = (] im(ry ‘EA = () = =(Z))

N=Ew,Cw A=£6,Co A=£6,Co
\/( ﬂ dom(ﬂ-glgn> = ﬂ lm g |E>\ ﬂ 7T = Q)a
N=Ew,Cw A=£6,Co A=£6,Co

Thus, dom(wgm) = Uy=e. c. dom(wgmn). Since the relation 7y € g-1[Tg 0;Fgx]N
9-S [T4.0; Tg,5] holds, it follows that

|_| dom(ﬂglﬂn): I_I im(ﬂg_llzx)g |_| opy (Og.n)

N=€w,Cw A=£6,(o N=8w,Cw
ﬂ dom(ﬂgm,,) = m im( ;1|2A) 2 ﬂ —0pg (Hgn) -
N=8w,Cw A=£o,Co n=w,Cw

Thus, |,_¢, ¢, oPg (Ogn) = dom(ﬂgm) and (,_¢ ., 70Pg (Hgn) = 0. There
exists, then, (%97A7”//g’>\)>\=£ o, € g-O [TQVQ] X g—K[Sg,Q] such that,

( L] az/g,,,zdom(nm)>\/( ] %,n:dom(wm)).

N=8w,Cuw N=Ew,Cw

Thus, dom(ﬂgm) € g-D[% 0], or equivalently dom(wglﬂ) ¢ g-Q[%4,0] which con-
tradicts the assumption that dom(my ) € g-Q[Tg0]- Hence, Ty 5 must be g-Ty-
connected. O

Pathwise g-Ty-connectedness is also preserved under a g- (Tg4.q, T4 5 )-continuous
map, as proved below.

Theorem 3.44. Let 1y : Ty 0 — Ty s be a g- (Tg,0,Tq,n)-continuous map and
let 40, C%ya be aTy-set. If dom(wglyg ) is pathwise g-T4-connected in Ty o,

then im(ﬁg‘yg w) 18 also pathwise g-Ty-connected in Ty 5.

Proof. Let my € g-C[T30;Fg,5], g0 = dom(ﬂglyg,w) C %40 be pathwise g-T4-
connected in Ty, and suppose &, (» € im(wg‘yg,w). Then, there exist &,
Cw € T such that (g (&), 75 (Cw)) = (£5.¢s). But dom(wglyg’w) is path-
wise g-Tg-connected in Ty and, therefore, there exists a path ¢g¢ : [0,1] —
Tg,0 such that ¢g¢(0) = &, pg.c(1) = (o, and im(goqu[o,l]) - dom(wglygw)
Since 7y € g-C[Tq,0;Tg,x] and pg ¢ € C[[0,1];Tg.q], it follows that m5 0 g €
g-C HO: 1] §(zg,2]- Moreover, mgopg ¢ (0) = 7g (§u) = &0, Tgowg¢ (1) = g (C) = (o,
and im(wg o gpg,c) C im(wglyg'w). Hence, im(ﬂ'g‘ygyw) is pathwise g-T4-connected
in %y 5. [l

In the discussion section, categorical classifications of the concepts of g-% -
connectedness and g-T;-disconnectedness are presented. Thereafter, a nice ap-
plication is given and, finally, the work is terminated with a concluding remarks
section.
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4. DISCUSSION

4.1. Categorical Classifications. Having adopted a categorical approach in the
classifications of the Jj-properties in J-spaces, called g-% -connectedness and
g-T4-disconnectedness, the dual aims of the present section are, to establish the vari-

ous relations amongst the elements of the sequence < g—l/—iém = (Q7 g-v-7 éc>)>

of g—ﬂé@—spaces and the elements of the sequence <g—y—$<c> = (Q, g—z/—ﬂ(C) )>

ve I

ve 13
of g-7 (© _spaces, and to illustrate them through diagrams.

If a Jy-space Ty = (2, Fy) is g-v-Tg-separated, then Ty has a nonempty proper
g-v-%4-open-closed set .7 € g—V—O[Tg} N g-v-K [ig], where v € 1. But, for every
Tg-set Sy C T, the relation inty () C clgointy () C clgointgocly (L) 2
intg ocly () holds; for every Ty-set 4, C T4, the relation given by clg (F) 2
intg ocly () 2 intgoclyointgy () C clg ointy (F) holds. Consequently,

0Pg.0 (F5) C 0Py 1 () Copys (Fy) 20py0 (Fy) VT C Ty
—0Pg.0 (,5{3) 2 7 0pg 1 (yg) 2 0Py 3 (yg) C —0opg o (yg) VS C Ty

Therefore, if .7; C T4 is a nonempty proper g-T4-open-closed set then,
S5 € 9-0-0[Tg| Ng-0-K[T,] = 7 € ¢-1-0[T,] Ng-1-K[T,]
I
Sy €3-2-0[T| Ng-2K[T]| = S €9-3-0[F,] Ng-3-K[T,].

In other words, g-3-%4-separation implies g-1-T4-separation and the latter in turn
implies g-0-%4-separation. On the other hand, g-2-Tj-separation is implied by
g-3-%4-separation. Similar implications also hold for g-T-separateness in a .7 -space
T=(Q,7). For, if ¥ C T is a nonempty proper g-T-open-closed set then,

& € g-0-0[F] Ng-0-K[T] = ¥ €g1-0[T| Ng-1-K[T]
U
7 €g20[F] Ng-2K[T] = ¥ €g3-0[T] ng-3-K[F].

As above, g-3-%;-separation implies g-1-T;-separation and the latter in turn im-
plies g-0-Ty-separation. On the other hand, g-2-%-separation is implied by g-3-%4-
separation.

For visualization, a so-called categorical connectedness diagram, expressing the
various relations amongst g-T-connected and g-%4-connected spaces, is presented
in FIG. 7?7 and that, expressing the various relationships amongst g-%-connected
and g-T4-connected spaces, so-called categorical disconnectedness diagram, is pre-
sented in F1G. ?7. The categorical classifications of g—l/—TéLC) = (Q,g—u—géLQ),

g—wfépc) = (Q,g—v—ﬂépm), g—y—‘SéLP@ = (Q,g—v—géLPQ), and g—V—TéSQ =

(Q,g—l/—ﬂ ésc>) called, respectively, locally, pathwise, locally pathwise, and simply
g-v-7 é@—spaces can be diagrammed in an analogous manner. The following im-
plications concern the transformations of g-T-connected sets under some types of
g-T-maps.
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FIGURE 2. Relationships: g-T-separated and g-%4-separated spaces.

For every v € 1Y, if 7y € g-v-1[T50;F45] N g--S[Tg.0;Ty,x] holds, then
dom(wg‘yg) € g-v-Q [KQ’Q:I implies im(ngE) € g—V—Q[Tg,g], and hence the fol-
lowing implication:

(dom(wgly,g) € g-v-Q[Tg0]) A (g € gv-1[Tg.0; Ty x] N gv-S [Tg,0; Tq,5])
\
(4.1) im(wg‘yg) € g-Q[T, 5]
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For every v € IY, if my € g-v-C[Tg,0; Ty,x] holds, then dom(rg,, ) € g--Q[Ty.0]
implies im(ﬂgl 5@,) € g—V—Q[‘Ig,g], and hence the following implication:

(dom(wgly,g) € g-v-Q[Tg.0]) A (mg € g-v-C[Tg,0; Ty.5))
\
(4.2) im(mg) 5 ) € g-v-Q [Tos)-

In the following section a nice application comprising of some interesting cases is
discussed.

4.2. A Nice Application. Focusing on basic concepts from the point of view of
the theory of g-%4-connectedness, we shall now present a nice application compris-
ing of some interesting cases. Let ), = {fy cvel O*j} denote the underlying set,
conditioned by the parameter o € I, and consider the Jy-space Ty » = (R0, T4.0),
where F; » : P (05) — & () will be defined in the following cases.

— CASE I. Set ¢ = 1. Then, 0 = {51}, %’1 = {[Z),Ql} = {ﬁg,l7ﬁg,2}7
Tyl = {Ql,(l)} = {%’17%,2}, and, for every (u,v) € I3 x I it results that
oPg. (Og.u); 70D, (Hgu) € {ﬁg,l,%J,ﬁg’Q,%’Q} = {@,Ql}. Therefore, for
every v € I3, g—V—O[Tg,l] = g—l/—K[‘Igﬁl] = {@,Ql}. Thus, for every v € I,
there exists neither a pair (%,¢, %,c) € g-v-O [Tg’l} X g—V—O[Tg’l] of nonempty
g-T4-open sets nor a pair (¥g¢, %5¢) € g-v-K [Eg’l] x g-v-K [Tg’l} of nonempty
g-T4-closed sets such that:

(U o)V o)
A=¢£,C A=¢,C

Evidently, the Tg-sets (), Q1 C i are the only Ty-open-closed sets, and g-Cq, [&1] =
{61} = €y is the unique g-T -component in Ty;. Thus, the Jy-space Ty =
(Q,T1) is a g—ﬂg@—space g—Tff = (Ql,g—ﬂé?1>), and the latter in turn implies
that it is also a %w)—space Iffl) = (Ql, 9;?) Hence, every indiscrete Jg-space
which is g-Tg-connected is also Ty-connected. Furthermore, the underlying set
Qy = {& } being a 1-point set, it also follows that, every discrete J-space that has
at most one point is both Ty-connected and g-T4-connected.

— CASE 1. Set 0 = 2. Then, @, = {£,&}. Choose Jgo = {0,} =
{O41,042} so that, ~Ty o = {Q2,0} = {1, %52} Then, the collection of
Tg-open sets is O[Ty o] = {0, }, and K[Ty 2] = O[T42] stands for the collection
of Tg-closed sets. On the other hand, for every v € I, g-v-O[Ty2] = O[Ty2] U
{{&} {&}} = K[Tg2] U {{&} {&}} = g-v-K[T,2]. Clearly, there exists a pair
(Uye, Uyc) € gv-O[Tq2] % g-v-O[Tq 2] of nonempty g-T -open sets or a pair
(Ya.e> Yac) € g-v-K [Ty 2] X g-v-K[T 2] of nonempty g-T -closed sets such that:

(L= )V(U 7o)

A=, A=£,¢
This description is realised when either (%.¢, Zg,c) = ({&1},{&}) or (Y46, Yo.c) =
({&}.{&}). On the other hand, there exists neither a pair (%,¢, Zg,c) € O[Tg,2] x
O[T4,2] of nonempty Tg-open sets nor a pair (Y, %g.c) € K[Tg2] x K[Tq2]
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of nonempty Tg-closed sets such that the above statement holds. Thus, the J-
space Tgo = (2, Tg2) is a g—ﬂém—space g—‘If;?Q) = (Qg,g—yg?;) but not a %@)_
space Sé]?; = (Qg,ﬂgg)). Alternatively said, every g—féc>-space s a ,79<C>-
space but the converse need not be true in general. Moreover, the underlying
set Qp = {&,&} being a 2-point set, it follows that every discrete F-space
that has at least two points is g-Ty-separated. It is plain that every (%,,.%;) €
{({&} . {&.&3), ({&) . {&,&}) } is a pair of nonempty Tg-sets which are not
g-Tg-separated, for, {&1} = {&} N {&, &} = C({&)) = C{&)n{&,&)) # 0
and 5”9 = {1, &} is the only Ty-set satisfying 7 = {&} U {&}. Accordingly,
0-Q[Ty2] = {{&},{&}) and g- D [Tg2] = {{&,&}}. Observe in passing that,
Qo = |_|<_§1752 g-Cq, [¢]. Thus, if a Fy-space has more than one g-T4-component,

then it is a g—ﬂém—space.

— CaASE 11I. Set 0 > 2. Then, Q59 ={&: a €I} ,}. Let T30 : P (Qs2) —
Z (Q2s2) generate the elements of J 5o = {ﬁg,(aﬁ : (a,B) € 19 x Igo} and
~Tg>2 = {Hyg(a.p) =C(Og (ap)) + (o, B) € IS x I} as thus:

0 V(e B) e {0} x{0};
(4.3) ﬁg,(a,ﬂ) = {§a+u PpE Ig} V(a, B) € I3, Igo§

Qs V(a,B) € {1} x {o0}.
Clearly, Q55 C 4l is an oo-point set. Furthermore, it is easily verified that,
Ta>2(0) =0, Tg.52 (Og,(a,8)) € Oy (ap) for every (o, 8) € IS, x IY,, and, finally,
%,>2(U(aﬁ)gg@xl& Oy a,g)) = U(a,ﬁ)elgoxlgo Ty,>2 (ﬁg,(aﬁ)). Hence, it follows

that 5 52 ¢ & (Qs2) — & (52) is a g-topology on the oo-point set Q5. On
the other hand, it can be shown that, for every («, 8,v) € I, x I x I3,

Og(0,0) N Oy (,5) S g1 (Og,(0,0)) MOPg (T (a,8)) = {€a} € 8-Q[Tg,52] -

This implies that the J-space Ty 5o = (Qs2, T5,>2) is a g- 9<LC>—space g- Eg >2

(Q>2,g—ﬁgj>02>), and hence, it is also a g—ﬁé@—space g- Sé >)2 (Q>2, ﬁécgz)

Moreover, J;-properties relative to such Jy-spaces g-v- ‘Sé G = (Q, g-v-7 éLC>),
g—zx—@épc) = (Q,g—u—ﬂépm), g—y—‘ZéLP@ = (Q,g—z/—ﬂ;LPQ), and, also, g—wTéSC) =
(Q,g-y-? ésc>) called, respectively, locally, pathwise, locally pathwise, and simply

g-v-7 éc>—spaces can be discussed in an analogous manner by slight modifications
of some J-properties found in those cases. The next section provides concluding
remarks and future directions of the theory of g-%-connectedness discussed in the
preceding sections.

5. CONCLUSION

In this paper, a new theory called Theory of g-T4-Connectedness has been devel-
oped, the foundation of which was based on the theories of g-T4-sets and g-Tg-maps.
A careful perusal of the Mathematical developments of the earlier sections will show
that the proposed theory has, in its own rights, several advantages. The very first
advantage is that the theory holds equally well when (A, Z5 4) = (A, ), where
Ae {Q, E}, and other characteristics adapted on this basis, in which case it might
be called Theory of g-%-Connectedness.
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Hence, in a J-space the theoretical framework categorises such pairs of con-
cepts as g-Tg-connected open and g-Ty-connected closed, g-Tg-connected semi-
open and g-T4-connected semi-closed, g-%4-connected preopen and g-%4-connected
preclosed, and g-%4-connected semi-preopen and g-T4-connected semi-preclosed as
g-T4-connected of categories 0, 1, 2, and 3, respectively, and theorises the concepts
in a unified way; in a .7 -space it categorises such pairs of concepts as g-T-connected
open and g-T-connected closed, g-T-connected semi-open and g-%T-connected semi-
closed, g-T-connected preopen and g-%-connected preclosed, and g-T-connected
semi-preopen and g-T-connected semi-preclosed as g-T-connected of categories 0,
1, 2, and 3, respectively, and theorises the concepts in a unified way.

It is an interesting topic for future research to develop the theory of g-%g-
connectedness of mixed categories. More precisely, for some pair (v, u) € I3 x I3
such that v # p, to develop the theory of g-%T4-connectedness with respect to the
clements of the classes {(%,u, %) : (Ugw Uyp) € §-v-0[Tg] x g-p-O[T4] } and
{Wawr Ya) + (Vg Yau) € gv-K[Tg] x g-p-K[T4]} in a Jy-space Ty, as [31]
and [32] developed the theory of b-open and b-closed sets in a 7 -space T. Such a
theory is what we thought would certainly be worth considering, and the discussion
of this paper terminates here.
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