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1. Introduction

The variational iteration technique is one of the evaluation techniques that can be employed to many linear
and nonlinear problems and reduces the computational effort. Numerous authors have worked for years to
develop the method of variation iteration [1-3]. Starting from the Inokuti-Sekine-Mura technique as a start-
ing point [4], it has developed into a full-fledged theory thanks to the work of several academics, including
Wazwaz [5] and Moghimi [6]. The variational iteration technique [1-3, 5] is suitable for the treatment of a
large class of linear or nonlinear differential problems. It is a suitable computational method for applica-
tions in the sciences [7-10]. Gubes [11] performed the variational iteration method (VIM) to obtain Laplace
and Sumudu transforms. Xu and Lee [12] implemented the (VIM) for solving the boundary layer equations
of magnetohydrodynamic flow over a nonlinear stretched sheet. Wazwaz [13] also applied this method to
solve the linear and nonlinear ODE with variable coefficients. This method does not require much time
when applied on the computer. In recent years, Diiz et al. [14] have implemented the differential transfor-

mation technique to obtain Fourier transform of functions.

This paper is about a new calculation of Fourier transforms of functions using the variational iteration

method (VIM) with first order linear IVP,
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2.The Basic Definitions and Theorems
2.1. Variational Iteration Method

To provide the core concept of the technique, consider the following general nonlinear differential equation:
LIp(w)] + N[B(w)] =y (u) 2.1)

where N, L are the non-linear and linear operator respectively, and y (u) is a given continuous function.

The main advantage of this technique is that it creates a correction function for Equation (2.1), which can

be represented as follows.
By+1(w) = B, (w) +[0 Aw,s) [LB,(s) + NB, (s) —w(s)] ds 2.2)

Here, 3, is the 7" approximation solution, A is a General lagrange multiplier that may be ideally found

using variational theory and f3 ; is restricted variation.
The choice of the first approximation function B¢ (u) can affect the approximation positively or negatively.

As aresult, the exact solution to Equation (2.1) can be obtained by:

= lim g,

J—0

2.2. Fourier Transform and Dirac Delta Distribution

To begin our discussion of the new computation of Fourier transforms of functions, we represent the Fourier

transform of h(u) as [14, 15]

Flhw)] = hw)
2.3)
= [% h(we " du
and inverse Fourier transform is:
h(w = F'h(w)

= L [% hwe " dw
The integral in Equation (2.3) is convergent to the function of the w if the following condition is satisfied

f |h(uw)|du < co

The Fourier transform of exponential, polynomial and trigonometric functions are defined with the Dirac
delta function, we will now introduce you to some properties of the Dirac delta function, which play a big

role in Fourier transform.

Some properties of the dirac delta functions are as following: [14, 16, 17]

0, w#0

oo, w=0

i. 6(w) :{
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i. [ 6(wdw=1

iii. 6(bw) = ﬁ&w), b#0

iv. S(w?*-b% = ﬁ(@(w—b)+6(w+b)),b;ﬁ0

v. h(0) = [° h(wbé(w)du

There are a number of suitable functions that can estimate the delta function in the limiting process. One

of them is the family of Gaussian curves, which are

$(w,b) =

1 —w?
ez ,b>0 (2.4)
2nb

As b — 0" family of ¢p(w, b) functions satisfies exact the same properties of delta function. Thus,
o(w) = blir&gb(w, b) (2.5)
The Fourier Transform of delta function [1] is
Oo .
F16w)] :f S(we "™ldw=1
—00

and it’s inverse is
1 o .
F )= —f Le'™“du=35(w)
27 J-xo

The delta function is an even function: §(—w) = §(w) and instead of the above integral expression of the

delta function it is more usual to express :

1 [ _.
— e ""du=56w) (2.6)
27 J-xo

From the Fourier Integral Theorem :

h(w) %ffgofz(w)eiw”dw

= o [o (S h(we ™ dv)e dw
= o [ W) ([ e VWY dw)dy
From the previous equation and Equation (2.6), h(«) can be written as follows

h(u) =[ h(v)é(v—udv

3. Results Using VIM

In this study, we tried to find some elementary functions Fourier transform using VIM, this kind of work was

done using VIM and DTM for Laplace, Sumudu transforms and we were inspired by this work.

Theorem 3.1. Let w € C, h(u) is an analytic function, and consider the linear IVP given as:

B —iwp=ih(u),B0)=0 3.1)



Issa and Diiz/ JNRS / 11(3) (2022) 190-198 193

then the Fourier Transforms of % (u) is

—iwu u=A

g[h(u)]:Alim lim — lim g,

—00B——00 1 J—0oo

u=B

Proof.
B’ —iwp = ih(u) this ODE can be represented as follows

(ﬂe—iwu)l — ih(u)e—zwu

by integrate both sides concerning u from —oo to oo, we get the relationship between the Fourier Transform

and previous equation as follows

: u=A © .
lim lim [ﬁe”“’”] = if h(we '""““du
A—00B——00 u=B —00

that means :
—iwu u=A
= lim lim (3.2)
A—o0B——00 1

F[h(w)]

u=B

Besides, by creating the VIM formula of Equation (3.1) at A = —1, we will find the Fourier transform of h(u)

as:
ﬁﬁuwzﬁﬂm—ﬁ |8)(9) - iwp, (9) - ih(s)| ds 3.3)
B= JIH& B, 3.4)

We substitute § into Equation (3.2) to get

—iwu u=A
Fh(w)]= lim lim — lim ﬁ] (3.5)
A—00B——00 1 J—0o0 u=B
Now, we provide some examples to find Fourier Transforms of some functions using the VIM
Example 3.2. Suppose that i#(u) = 1 and by Theorem 3.1, then we get
u
ﬂﬁumzﬁﬂm—ﬁ |8)(9) - iwp, (5)-i] ds
Bo(u) =0.
We will now find some of §, ()
Brw) = iu
Polw) = iu+iBIL (3.6)
ﬁg(u) = lu_,’_lzl;/_'uz_‘_ljué#’
from Equations (3.4) and (3.6), we get
iwu
-1

J—0o0 w
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We substitute f into Equation (3.2) to get the Fourier Transform of 1

eiwu (eiwu_l)] u=A

FN] = lima_glimg . o[

w u=B
—iwu u=A
= limg—oolimp_._ [1—? ]
A—o0 B 0o iw u=B

= [® eTWidy

—00

by Equation (2.6), #[1] =276 (w).
Example 3.3. Suppose that /(u) = e”* and by Theorem 3.1, then we get

ﬁ]+1(u)=ﬁ](u)—f0 [ﬁ;(s)—iwﬁ](s)—iebs ds

Bo(u) =0.

We will now find some of §, (u)

Prw) = 4(e"-1)

Bow) = f(etv—1)+ (< - (3.8)

Batw) = §(eP—1)+ 5 (£ —u) + 2
from Equations (3.4) and (3.8), we get

i (ebu _ eiwu)

P=fmh == -
We substitute § into Equation (3.2) to get the Fourier Transform of ebu
_iwu [ ifebu_ piwu u=A
Flebtt] = limA_.oolimB—woo[eT(%)]u:B
e—i(ib+w)u_1) u=A (3.10)

= limyoolimp o[ L]
_ o0 _—i(ib+w)u
= [5.e du

by Equation (2.6) Z[e"*] =228 (ib+ w).
Example 3.4. Suppose that i(u) = u/ and by Theorem 3.1, then we get

u
ﬁ]+1(u)=ﬁ](u)—f0 [ﬁ;(s)—iwﬂ](s)—is] ds

Bo(u) =0.
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We will now find some of §, (u)

_ 1
prw) = uw”
— i+l i‘w J+2
B2 () GO % T oo U
(3.11)
= gl w2 Pw? 43
ﬁ?’(u) (J+1) u + (]+1)(j+2) (]+1)(]+2)(]+3)
— it o+l Pwj! Jj+2 Py J+3 ...
= w0l T g T
from Equations (3.4) and (3.11), we get
B = lim;, . p,
(3.12)
it iwx _q _iwu _ (ww? __ ((ww)!
w) T 1 2 7

We substitute 8 into Equation (3.2) to get the Fourier Transform of v/

~ ; ) ) ) =A
noo_ fwu (! iwu _q _ iwu _ Gww? _ AN
Flu] = hmAéoohmBé_oo[ ((iw)f"l ( 1 1 o i =B
=A
T . 2n [ (=0) —twu(w , Jx! Jlu gt “
= limg_.limp_._o i ( (e ( taeE Tt g (in”))]u:B
= 27il6YV(w)
1
2 —3Susg

Example 3.5. Suppose that h(u) = rect(u) = { @ and by Theorem 3.1, where rect(u) is Rect-

0, otherwise
angular Function, then we get

ﬁ]+1(u)=ﬁ](u)—f0 [ﬁ}(S)—iwﬁ](s)—irect(s) ds

Po(u) = 0. We will now find some of 5, (u)

prw = %
(3.13)
- iu g Pwi? 2wt | Bwtud
Palw) = G+ Baw) = a2 T T
from Equations (3.4) and (3.13), we get
eiwu_l
f=limp=—07oH— (3.14)

We substitute § into Equation (3.2) to get the Fourier Transform of rect(u)

e—iwu eiwu_l
i aw

—a .
u=> sin

u=

Flrect(u)]

1_e—iwu
- iaw

—_a =
u= 2 2

= sinc(%y
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The definition of sinc function in [18].

Example 3.6. Suppose that h(u) = cos(au) and by Theorem 3.1, then we get
u
B+1(w) =,3](u)—f [Brn(9) —iwp,(s)—icos(bs)] ds
0
The previous formula can be represented as:
" / : i ibs —ibs
By+1(w) = B, (u) —f [,B](s) —iwp;(s) - > (e +e )] ds
0

Bo(u) = 0. We will now find some of ; ()

1, . .
,Bl(u) — %(ezbu_e—lbu)
1
,Bz(u) — %(elbu e—lbu) %(elbu+e lbu)
Lo y (3.15)
— ib —ib b ~ib
ﬁ3(u) — (%‘i_ﬁ)(el u e 1 u) ﬁ(el u+e 1 Lt)
,34(11) — (i_i_ﬁ) (eibu_e—ibu)_’_(ﬂ_i_ﬁ) (eibu+e—ibu)
2b  2b° 2b%  2b*
from Equations (3.4) and (3.15) we get
B = lim;_.p,
eibu e—ibu (3.16)
T 20b-w) 2(b+w)
We substitute f into Equation (3.2) to get the Fourier Transform of cos(bu)
—iwu eibu e_ibu u=A
F b = limg— oo limp_—._o | & -
[cos(bu)] IMpg—ocolimp oo | — (Z(b—w) 2(b+w)) -
elu(b—w) e iulbtw) u=A4 3.17)
= limg_.olimp_._ - '
Ao INE °°[2i(b—w) 2ib+w) |

_ lfoo [e-iw=blu 4 gmitwrbiu] g
2 —o0

by Equation (2.6), #[cos(bu)] = n[6(w — b) + 6 (w + b)].

The main advantage of VIM when calculating Fourier transforms of functions is that it can expand the
convergence region for iterative solutions and reduce the size of the calculations. Besides, the solutions
obtained using VIM do not need much effort and time compared to DTM [14], as explained in the above

examples .
4. Conclusion

We have implemented the variational technique (VIM) to compute the Fourier transforms of functions dif-
ferently. Furthermore, the results have shown that the method we have presented is a comprehensive and

accurate scientific method that does not require much effort in determining Fourier transforms.
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