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Abstract

In this study, some estimates are obtained by means of the number of differences between the operator norm of the analytic functions of the
linear bounded Hilbert space operator and the numerical radius, and the difference numbers of the powers of the corresponding Hilbert space
operators. Firstly, these evaluations are made for the polynomial functions of the linear bounded Hilbert space operator. Later, this topic is
generalized for the analytical functions of the linear bounded Hilbert space operator. In the end, two general results are proved.
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1. Introduction

Let B(H) be the class of linear bounded operators in Hilbert space H. For A ∈ B(H), the numerical radius of A is defined by

ω(A) = sup
‖x‖=1

| 〈Ax,x〉 |,

where 〈·, ·〉 and ‖ · ‖ are the inner product and its corresponding norm on H, respectively. It is known that

ω(A) = sup
t∈R
‖Re(eitA)‖= sup

t∈R
‖Im(eitA)‖

(see, e.g. [13]). It is well-known that ω(A) defines a norm on B(H), which is equivalent to the usual operator norm ‖ ·‖. In fact, the following
inequalities hold for every A ∈ B(H) :

‖A‖
2
≤ ω(A)≤ ‖A‖. (1.1)

The following are well-known facts on the numerical radius:

If A2 = 0, then ω(A) =
‖A‖

2

and
if A is normal, then ω(A) = ‖A‖.

We refer the reader to [8], [9] for other basic facts and results on the numerical radius. Furthermore, developments of the numerical radius
inequalities (1.1) can be found in [2], [4], [5], [10], [11], [13] and references there in.
It is well known that for every two operators T,S ∈ B(H) is valid

ω(T +S)≤ ω(T )+ω(S) (1.2)

(see, e.g. [[7], page 2]). Let gapω (A) := ‖A‖−ω(A), A ∈ B(H) be the numerical type gap of the operator A.
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In [1], some numerical radius inequalities for Hilbert space operators are introduced. In [12], some generalizations and refinements
inequalities for the operator norm and numerical radius of the product and sum of Hilbert space operators are established.
The open problem posed by Demuth in 2015 and the works of Kittaneh and his researcher group in this area had an important effect on the
formation of the subject discussed in this study (see, [6], [10] and [11]).
This work is organized as follow: In Section 2, some important evaluations for the numerical type gap for polynomial functions of linear
bounded operator in Hilbert space via the numerical type gap of powers of given operator are given. In Section 3, this subject for analytic
functions of linear bounded Hilbert space operator is been generalized. Also, the obtained results are supported by an application. In Section
4, two general results are proved.

2. Gaps between operator norm and numerical radius for polynomial of operator

In this section, some important evaluations for the numerical type gap for polynomial functions of linear bounded operator in Hilbert space
via the numerical type gap of powers of given operator are given.

Let prove the following theorem.

Theorem 2.1. For any linear bounded operator A in any complex Hilbert space H and any n ∈ N, the following inequalities hold

n(gapω (A)−∆n(A))ω
n−1(A)≤ gapω (An)≤ n(gapω (A)+δn(A))‖A‖n−1,

where

∆n(A) = ‖An‖
1
n −‖A‖ ≤ 0,

δn(A) = ω(A)−ω
1
n (An)≥ 0, n≥ 1.

Proof. For any n≥ 1, from [[7], page 3] it is obtained that

gapω (An) = ‖An‖−ω(An)

= (‖An‖−ω
n(A))+(ωn(A)−ω(An))

≤ (‖A‖n−ω
n(A))+

(
ω

n(A)−
(

ω
1
n (An)

)n)
= (‖A‖−ω(A))

(
‖A‖n−1 +‖A‖n−2

ω(A)+ . . .+ω
n−1(A)

)
+
(

ω(A)−ω
1
n (An)

)(
ω

n−1(A)+ω
n−2(A)ω

1
n (An)+ . . .+ω

n−1
n (An)

)
≤ (‖A‖−ω(A))n‖A‖n−1 +

(
ω(A)−ω

1
n (An)

)
nω

n−1(A)

≤ n(gapω (A)+δn(A))‖A‖n−1,

where δn(A) = ω(A)−ω
1
n (An), n≥ 1.

On the other hand, from [[7], page 3] it is implies that

‖An‖−ω(An) ≥ ‖An‖−ω
n(A)

= (‖A‖n−ω
n(A))+(‖An‖−‖A‖n)

= (‖A‖−ω(A))
(
‖A‖n−1 +‖A‖n−2

ω(A)+ . . .+ω
n−1(A)

)
+
(
‖An‖

1
n −‖A‖

)(
‖An‖

n−1
n +‖An‖

n−2
n ‖A‖+ . . .+‖A‖n−1

)
≥ (‖A‖−ω(A))nω

n−1(A)+
(
‖An‖

1
n −‖A‖

)
n‖A‖n−1

≥ n(gapω (A)−∆n(A))ω
n−1(A),

where, ∆n(A) = ‖An‖
1
n −‖A‖ for each n≥ 1.

Theorem 2.2. For any A ∈ B(H) and polynomial

P(A) =
n

∑
k=0

akAk, ak ∈ C, 0≤ k ≤ n,

the following inequality holds

∣∣∣∣∣gapω (P(A))−
n

∑
k=0
|ak|gapω

(
Ak
)∣∣∣∣∣≤ 2 max

0≤k≤n−1
|ak|

n−1

∑
k=0
‖Ak‖.
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Proof. From [[7], page 2], we have

gapω (P(A)) = ‖P(A)‖−ω(P(A))

≥ ‖P(A)‖−
n

∑
k=0
|ak|ω(Ak)

≥

(
|an|‖An‖−

n−1

∑
k=0
|ak|‖Ak‖

)
−

n

∑
k=0
|ak|ω(Ak)

=
n

∑
k=0
|ak|‖Ak‖−

n

∑
k=0
|ak|ω(Ak)−2

n−1

∑
k=0
|ak|‖Ak‖

=

(
n

∑
k=0
|ak|
(
‖Ak‖−ω(Ak)

))
−2 max

0≤k≤n−1
|ak|

(
n−1

∑
k=0
‖Ak‖

)

=
n

∑
k=0
|ak|gapω (Ak)−2 max

0≤k≤n−1
|ak|

(
n−1

∑
k=0
‖Ak‖

)
.

On the other hand, using the result in [[7], page 2] we get

gapω (P(A)) = ‖P(A)‖−ω(P(A))

≤
n

∑
k=0
|ak|‖Ak‖−

(
ω ((an)(An))−ω

(
n−1

∑
k=0

akAk

))

≤
n

∑
k=0
|ak|‖Ak‖− |an|ω(An)+

n−1

∑
k=0
|ak|ω(Ak)

=
n

∑
k=0
|ak|
(
‖Ak‖−ω(Ak)

)
+2

n−1

∑
k=0
|ak|ω(Ak)

=
n

∑
k=0
|ak|gapω (Ak)+2 max

0≤k≤n−1
|ak|

n−1

∑
k=0
‖Ak‖.

3. Gaps between operator norm and numerical radius for analytic functions of operator

Firstly, note that one important property of the numerical radius.

Lemma 3.1. For any A,B ∈ B(H) the following inequality holds

|ω(A)−ω(B)| ≤ ω(A±B).

Proof. From the subaddivity of the numerical radius function, we have

ω(A) = ω(A∓B±B)≤ ω(A∓B)+ω(B),

i.e.,
ω(A)−ω(B)≤ ω(A∓B).

Similarly, we get
ω(B) = ω(B∓A±A)≤ ω(A∓B)+ω(A),

that is
−(ω(A)−ω(B))≤ ω(A∓B).

Consequently, it is established that
|ω(A)−ω(B)| ≤ ω(A±B).

Let A be a linear bounded operator in any complex Hilbert space H. The sets ρ(A) and σ(A) are resolvent and spectrum sets of the operator
A, respectively.
Suppose that f (·) is an analytic function defined in a neighbourhood of the spectrum σ(A) of the operator A. The family of all functions of
this type will be denoted by A = A (σ(A)) [3].

Definition 3.2 ([3], page 375). For f ∈A the operator f (A) ∈ B(H) it will be denoted by

f (A) =
−1
2πi

∮
Γ

f (z)Rz(A)dz,

where Γ⊂ dom( f ) is a closed contour, composed of finitely many restifable Jordan curves oriented to the positive direction and Rz(A) is a
resolvent operator of A in the point z ∈ ρ(A).
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Theorem 3.3. Let A be linear bounded operator in any complex Hilbert space H. Then, for f ∈A the following inequality holds

gapω ( f (A)) = lim
n→∞

gapω (Pn(A,a))

where, a ∈ ρ(A) and Pn(A,a) =
n
∑

k=0

f (k)(a)
k! (A−aI)k, n≥ 0.

Proof. For fixed point a ∈ ρ(A) and f ∈A ,

f (A) =
∞

∑
k=0

f (k)(a)
k!

(A−aI)k

is true [3]. Here, this series is converges on the norm of B(H) [3]. Denote by for any n = 0,1,2, . . .

Pn = Pn(A,a) =
n

∑
k=0

f (k)(a)
k!

(A−aI)k,

Qn = Qn(A,a) =
∞

∑
k=n+1

f (k)(a)
k!

(A−aI)k.

Then, from Lemma 3.1 for any n ∈ N, we have

0≤ gapω ( f (A)) = ‖ f (A)‖−ω( f (A))

= ‖Pn +Qn‖−ω(Pn +Qn)

≤ ‖Pn‖+‖Qn‖−ω(Pn +Qn)

= ‖Pn‖+‖Qn‖−ω(Pn)+(ω(Pn)−ω(Pn +Qn))

≤ (‖Pn‖−ω(Pn))+‖Qn‖+(ω(Qn)

= gapω (Pn)+‖Qn‖+ω(Qn).

Since the series
∞

∑
k=0

f (k)(a)
k! (A−aI)k is converges in norm of B(H) [3], then the sequences ‖Qn‖= ‖ f (A)−Pn‖ converges to zero as n→ ∞.

Hence from (1.1) it is implies that lim
n→∞

ω(Qn) = 0. From this and the last relation, it is obtained that

gapω ( f (A))≤ lim
n→∞

infgapω (Pn). (3.1)

On the other hand, by using the inequality (1.2) for any A ∈ B(H) we have

gapω ( f (A)) = ‖ f (A)‖−ω( f (A))

= ‖Pn +Qn‖−ω(Pn +Qn)

≥ |‖Pn‖−‖Qn‖|−ω(Pn +Qn)

≥ |‖Pn‖−‖Qn‖|− (ω(Pn)+ω(Qn))

≥ (‖Pn‖−‖Qn‖)− (ω(Pn)+ω(Qn))

= (‖Pn‖−ω(Pn))−‖Qn‖−ω(Qn)

= gapω (Pn)−‖Qn‖−ω(Qn).

Since lim
n→∞

ω(Qn) = 0 and (1.1), then from the last relation it is obtained that

lim
n→∞

supgapω (Pn)≤ gapω ( f (A)). (3.2)

Therefore, from (3.1) and (3.2) we have
gapω ( f (A)) = lim

n→∞
gapω (Pn).

4. Some general results on operator norm and numerical radius gaps

In this section, we prove two general results.

Theorem 4.1. For the operator A ∈ B(H), the following inequality holds

gapω (A)≤ 2 inf
t∈R
‖sintIm(eitA)‖+‖ImA‖

or
gapω (A)≤ inf

t∈R
‖Re(((1− sint)+ icost)A)+ iImA‖.
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Proof. For the operator A ∈ B(H), we get

gapω (A) = ‖A‖−ω(A)

= ‖A‖− sup
t∈R
‖Re(eitA)‖

= inf
t∈R

(
‖A‖−‖Re(eitA)‖

)
≤ inf

t∈R
‖A−Re(eitA)‖

= inf
t∈R
‖ReA+ iImA−Re((cost + isint)(ReA+ iImA))‖

= inf
t∈R
‖ReA+ iImA− (costReA− sintImA)‖

= inf
t∈R
‖((1− cost)ReA+ sintImA)+ iImA‖

= inf
t∈R
‖2sin(t/2)(sin(t/2)ReA+ cos(t/2)ImA)+ iImA‖

= inf
t∈R
‖2sin(t/2)Re

(
−ieit/2A

)
+ iImA‖

= inf
t∈R
‖2sin(t/2)Im

(
eit/2A

)
+ iImA‖.

Similarly, we have

gapω (A) = ‖A‖−ω(A)

= ‖A‖− sup
t∈R
‖Im(eitA)‖

= inf
t∈R

(
‖A‖−‖Im(eitA)‖

)
≤ inf

t∈R
‖A− Im(eitA)‖

= inf
t∈R
‖ReA+ iImA− Im((cost + isint)(ReA+ iImA))‖

= inf
t∈R
‖ReA+ iImA− costImA− sintReA‖

= inf
t∈R
‖(1− sint)ReA− costImA+ iImA‖

= inf
t∈R
‖Re(((1− sint)+ icost)A)+ iImA‖.

Theorem 4.2. For any A ∈ B(H), the following inequality holds

gapω (A)≤
1
2

inf
t∈R
‖
(

2− eit
)

A‖.

Proof. Using the results by Yamazaki [[13], page 84], we have

ω(A) = sup
t∈R
‖Re(eitA)‖= sup

t∈R
‖Im(eitA)‖.

Then, we get

2ω(A) = sup
t∈R
‖Re(eitA)‖+ sup

t∈R
‖iIm(eitA)‖

≥ sup
t∈R
‖Re(eitA)+ iIm(eitA)‖

= sup
t∈R
‖eitA‖.

Hence, one can easily check that

2gapω (A) = 2‖A‖−2ω(A)

≤ 2‖A‖− sup
t∈R
‖eitA‖

= inf
t∈R

(
2‖A‖−‖eitA‖

)
≤ inf

t∈R
‖2A− eitA‖

= inf
t∈R
‖
(

2− eit
)

A‖.

This completes the proof of theorem.
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