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Abstract: The mass and current-meson coupling constant of the exotic X(3872) state
are computed within the two-point sum rule method using the diquark-antidiquark and
molecule interpolating currents. In calculations the quark, gluon and mixed vacuum
condensates up to ten dimensions are taken into account. Within the diquark-antidiquark
picture for the mass of the X (3872) state we obtain myx = 3873 MeV, which is very close
to the experimental result of the Belle Collaboration. The molecule model leads for my
to the prediction that slightly exceeds the experimental data. We compare our predictions
for the mass and coupling constant with available experimental data and other theoretical
results.

KRD Toplam Kurallarinda Ekzotik X(3872) Durumunun Kiitle ve Akim-Mezon Kuplaj Sabiti

Anahtar Kelimeler
Ekzotik hadron,

KRD toplam kurallari,
Kiitle,

Akim-Mezon kuplaj sabiti

Ozet: Ekzotik X(3872) durumunun kiitle ve akim-mezon kuplaj sabiti, dikuark-
antidikuark ve molekiil arakesit akimlar1 kullanilarak iki-nokta toplam kurallar1 metodu
ile hesaplanmistir. Hesaplamalarda, on boyuta kadar kuark, gluon ve birlesik vakum
kondensatlart goz oniine alinmigtir. Dikuark-antidikuark akim cergevesinde X (3872) du-
rumunun kiitlesi igin, Belle Isbirliginin deneysel sonucu ile oldukca yakin olan my =
3873 MeV degeri elde edilmistir. Molekiil model, my 6ngoriisii i¢in deneysel sonucu
kismen astigini ileri siirmektedir. Kiitle ve kuplaj sabiti i¢in elde edilen sonuglar deney

datalar1 ve diger teorik sonuglar ile karsilagtirilmigtir.

1. Introduction

During last decade due to an experimental information
of the Belle, BaBar, BESIII, LHCb, CDF and some
other collaborations, investigation of exotic states, i.e.
states that cannot be included into the quark-antiquark
and three-quark schemes of the traditional hadron spec-
troscopy, became one of the interesting and growing
fields in the hadron physics.

The productive period of intensive experimental and
theoretical studies of exotic particles started from the
discovery of the charmonium-like resonance X(3872)
Belle Collaboration [1]. confirmed later in some other
experiments [2-4]. The exotic states were produced
and observed in B meson decays, in the e"e™ and pp
annihilations, in the double charmonium production
processes, in the two-photon fusion and pp collisions.
Experimental investigations encompass measurements of
the masses and decay widths of these states, exploration
of their spins, parities and C-parities.

Recently, the DO Collaboration reported on the observa-
tion of the resonance X(5568) in [5]. The new particle
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X (5568) contains four quarks of the different flavors
b,s,u,d and belongs to the class of the exotic states. The
X (5568) is supposedly the first exotic particle composed
of four-quarks of the different flavors, which makes it a
very interesting object for both the experimental and the-
oretical studies. The DO Collaboration measured its mass,
width of the dominant decay channel X(5568) — BT,
and studied its quantum numbers considering J*¢ = 0+
as preferable ones. The observed and studied exotic states
are collected into the XYZ family of new particles (see,
the reviews [6—13] and references therein).

These discoveries necessitated generating of new theoret-
ical approaches to interpret underlying quark-gluon struc-
ture of the exotic states, and inventing methods for calcu-
lation of their properties. Thus, efforts were done to con-
sider charmonium-like resonances as excitations of the or-
dinary ¢¢ charmonium. It should be noted that some of
them really allow such interpretation. But the main part
of the collected experimental data cannot be included into
this frame, and therefore for understanding of the phe-
nomenology of XYZ states various quark-gluon models
were suggested.
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One of the mostly employed models is the four-quark
or tetraquark picture of the exotic states. These quarks
may cluster into colored diquarks and antidiquarks,
which are organized in such a way that to reproduce
quantum numbers of the corresponding exotic states, and
is known as the diquark- antidiquark model [14]. In the
meson-molecule model the exotic particle may appear
as a bound state of two color-singlet mesons. These two
models were widely used to explore features of the exotic
states. Thus, in theoretical studies aimed to explore the
exotic X(5568) state and calculate its parameters both of
these models were employed [15-17]. Investigation of
the new family of the four-quark states was extended in
[18] by considering a charmed partner of X(5568), i.e.
the state X, containing c,s,u,d quarks and possessing
the same quantum numbers as the X(5568) state. The
mass and coupling constant of X, were computed within
the diquark-antidiquark model by applying two different
interpolating currents.

As it has just been emphasized, X(3872) (in what
follows denoted also as the X) resonance is the first
discovered and, therefore studied exotic state of the
XYZ family. It was detected in B meson decay
BT — X(3872)K" — J/ym"m K by Belle Collabora-
tion [1]. Later the X(3872) was observed also through
direct production mode in pp annihilation [2, 3], as
well as in the eTe™ annihilation and pp collisions [13].
The assigned quantum numbers to X state are 177, its
average mass extracted from different experiments is
myx = (3871.69 £0.17) MeV, and the decay width was
estimated as ' < 1.2 MeV [10, 19, 20]. The collected
data allowed one to make some suggestions on the
possible quark-antiquark structure of the X state. In fact,
its mass is close to the DD* threshold, therefore X can
be considered as a state built of these mesons. Another
possibility is accepting X as an admixture of the molecule
and charmonium components.

In the present work we compute the mass and coupling
constant of the X state within the QCD two-point sum
rule method. Similar calculations of the X state parame-
ters were performed in Refs. [21-24], as well. In [21] the
authors considered this particle as a diquark-antidiquark
state within the tetraquark model of the exotic mesons.
Calculations were performed by taking into account part
of the quark, gluon and mixed condensates up to dimen-
sion eight. In [22] the authors considered this particle as a
mixed molecule-charmonium state, and again calculated
its mass with the same accuracy. In other words, in both
cases they ignored the contribution coming from the con-
densates with dimension nine and dimension ten. The
width of the radiative decay of the meson X was calcu-
lated assumed to be a mixture between charmonium and
exotic molecule states in [23]. In [24] the X was mod-
eled as only axial-vector diquark-antidiquark state. In this
work we present two different calculations for the mass
and coupling constant of the exotic X state by applying
two different models that assume this state as a diquark-
antidiquark and molecule states. We carried out the com-
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putation of parameters of the X state by including vacuum
condensates up to dimension ten, which improves the sum
rule increasing its stability.

2. Material and Method

To calculate the mass and coupling constant of the X state
in the framework of QCD sum rules, we start from the
two-point correlation function

Muv(g) = i/d4xeiq'x<0\3{Ju(X)J$(0)}|0>, (D

where Jy(x) is the interpolating current with required
quantum numbers. We consider X(3872) state as a par-
ticle with the quantum numbers J°¢ = 17+, Then in the

diquark model the current JL(Pi> (x) is defined by the fol-

lowing expression [21]

i) = % (g @)Cyses )] [0 (0 VuCe (x)]
+ [gf (¥)Cyucs(x)] [Ga(x)ysCel (x)] } )

where ¢ is one of the light u or d quarks. Here we have
introduced the short-hand notations & = £, and & = &g,
In Eq. (2) a,b,c,d, e are color indexes and C is the charge
conjugation matrix. One can also construct the interpolat-
ing current with required quantum numbers by consider-
ing X as a molecular DD" state [22]

Tp (x)

% {0 Vsca)] [ Vi ()]
[ Vua®)] B0 )]} 3)

In order to derive QCD sum rule expression we first cal-
culate the correlation function in terms of the physical de-
grees of freedom. Performing integral over x in Eq. (1),
we get

(017u[X (9)) (X (9)|7510)

2 2
my —q

M (q) = +o
where my is the mass of X state, and dots stand for con-
tributions of the higher resonances and continuum states.
We define the decay constant fy through the matrix ele-
ment

(01X (9)) = fxmx &, (4)

with &, being the polarization vector of X state. Then
in terms of my and fy, the correlation function can be
written in the form

2 2
Phys my f; quq
I_Iuvyg (q) = mzx_);z <_8uv + :12V> +... (5
X X

The Eq. (5) is obtained by inserting into I'I]:,}:,ys(q) interme-
diate states for X and projecting out the 17" contribution
by means of the relevant Lorentz structure. Here we use
also the single pole assumption, which in the case of a
multiquark state should be additionally justified. The
reason is that for such systems in the physical side of the
sum rules one has to take into account also two-hadron
reducible contribution [25]. But in our case, as it
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was demonstrated in Ref. [22], due to smallness of the
coupling constant App+ this contribution can be neglected.

The Borel transformation applied to Eq. (5) yields

)+

(6)
It should be noted that the general expressions given by
Egs. (5) and (6) are valid for both the diquark-antidiquark
and molecular currents.

qdudv
X

BN (@) = m ;%e’”i/Mz( suv +

The same function in QCD side, FI%SD(q), has to be deter-
mined employing of the quark-gluon degrees of freedom.
To this end, we contract the heavy and light quark fields

and find for the correlation function I'ISSD(Di)(q) in the
diquark picture the following expression:

I'ISSD(Di)(CI) = —é /d4xei‘1xsée'é’ {Tr {ysggd (x)
S ()| Tr [ yuSEe (=S ()|
T [y SE(—2) 80 (=) | Tr [y 52 (v)

X y5S27 ()] + T [ 154 (02 ()]

XTe [y SE e (=g (=) | +Tr WSy ()
XS ()| Tr [ SE(—owsi 0]} @

The correlation function I'ISSD(MUZ)(

model reads

g) in the molecular

QCD (Mol) ( 1 / i eiqx Tr [Vs 59 ()

q) =
XySaa } [Sbb Sbb( )}
“Tr [V;S () oS4 (— )} Tr [y“sbb’(x)
x5S (—0)| = Tr [yuse (o) g (—)|

X Tr [y5Sbb x)va“’(—x } +Tr [V,JS"“ (x)

X yVSZ“(—x)} Tr [%Sgb/(x)%sf’b(—x)] } L ®

In Eq. (7) we use the notation

St

()= cs"f'T> (x)C,

c(q

with Sﬁ/ (x) and SY(x) being the light and heavy quark
propagators, respectively. Neglecting terms ~ m,, we
choose the light quark propagator S¢ (x) in the x-space in
the form

_ X @q) 5 ¥
Sq ( ) léljz 2)& 61] 12 5!] 192 <ngGq>
GiP x*/xg*(qq)?
~iz5rae /¥0ap + Oap /3] —i6; =200
x*(qq)(¢*GG)
07648 ©)
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For the heavy quark propagator Y (x) we employ the ex-
pression [26]
d*k
< efth [

s;!(x)zi/ o7

8GF Gup (K- me) + (K4 me) O
B (e = mz)?
2 +meK
(k2 —m2)*

5ij (k+ mc)

2 _ 2
k* —mz

—i—G“

13 Gap G P 8yme

+} (10)

In the above the short-hand notation

Gif =GSPre, a=1,2..

ll? ) '87

is used, where i, j are color indexes, and t* = A¢/2 ,
where A“ being the standard Gell-Mann matrices. The
first term in Eq. (10) is the free massive quark propaga-
tor, next ones are nonperturbative gluon corrections. In
the nonperturbative terms the gluon field strength tensor
Gop = G‘éﬁ(O) is fixed at x = 0.

The correlation function I'ISSD(q) can be decomposed
over the Lorentz structures

2\ quqg quq
NP (q) = NI () g”+nQCD< ) (—guv+ 57

7 ),

an
where the first term is the contribution of spin 0 mesons,
whereas the second function I'I]QCD(qz) corresponds to
spin 1 mesons. The QCD sum rule expressions for the
mass and coupling constant are derived after fixing the
same structures in both My (¢) and NP (g). To ex-
clude effects of spin O particles, we work with the term

proportional to g,y. Denoting MQCD(42) = fI'IIQCD(qZ),
we can write it as the dispersion integral,
~ ® HQCD
amz S—q

where pQCP (s) is the corresponding spectral density.

The main question of this section is calculation of pSCD( )

and pl\Q/[SP (s). In the present work we include into our sum

rules the quark, gluon and mixed condensates up to ten di-
mensions. For computation of the components of the spec-
tral densities we use the technical methods outlined in Ref.
[27]. Nevertheless, for completeness of the presentation
we provide essential stages and relevant formulas for their
realization. We first apply the transformation

<xi>" N / |

(D/2—n)
T

dPt
(2mP

1 D/2—n
(2)

and replace, where necessary x;; by —id/dqy, and calcu-
late the x integral. As a result, we obtain the delta func-
tion with a combination of the momenta in its argument.
This Dirac delta is used later to remove one of the mo-
mentum integrals. The remaining integrations over ¢ and
k require invoking the Feynman parametrization and per-
forming rearrangements of denominators in obtained ex-
pressions. After that we carry out integration over ¢ and

efit-xl-(_ 1 )n+1 oD—2n nD/Z

13)
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perform the last integral over k by means of the formulas

1 i (-1)T(a-2)
| e = rarmeT

The imaginary part of the correlation function can now be
extracted by applying in the D — 4 limit the replacement

() ()

or the well known formula

1
s—A

(14)

(_l)nfl

2] (=L)"2In(—L).

5)

1
=P.V. Yl imo(s—A).
Results of our calculations performed in accordance with
this recipe are collected in Appendix A.
Applying the Borel transformation on the variable q* to
the invariant amplitude MNP (¢?) , equating the obtained
expression with the relevant part of %, I'IER,ys (¢), and sub-
tracting the continuum contribution, we finally obtain the
required sum rule. Thus, the mass of the X state can be
evaluated from the sum rule

; Y
4:,(,)13 dSSpQCD(S)e s/M

:ron% dsp(s)e—s/M

my = , (16)

whereas to extract the numerical value of the decay con-
stant fy we employ the formula

N dsp?cP (s)efs/Mz.

Y
f)Z(e my /M
4m?

. a7
my

The last two equations are the sum rules required to eval-

uate the X state’s mass and decay constant, respectively.

3. Numeric Results

The QCD sum rules for the mass and coupling constant of
the X state contain as parameters various quark, gluon and
mixed vacuum condensates. Their values are collected in
Table 1

Table 1. Values of the vacuum condensates used in nu-
merical calculations.

Parameters Value Unit
(4q) (—0.2440.01)% | [GeV?]
(%C%) | (0.012:£0.004) | [ GeV*]
m? (0.840.1) [GeV?]
as 0.1185(6) -

The QCD sum rule’ expressions depend also on the con-
tinuum threshold and Borel parameters, i.e. on sy and
M?, respectively. We have to determine some regions
where physical quantities in question are almost indepen-
dent on s and M2, or demonstrate unessential dependence
on them. In order to fix the working window for the Borel
parameter, we require the convergence of the OPE, as
well as suppression of the contributions arising from the
higher resonances and continuum, in other words exceed-
ing of the pole contribution over the ones coming from
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the higher dimensional condensates. As a result, for the
mass and coupling constant calculations we find the range
of M?

2.5GeV? < M? < 5.0 GeV?, (18)

as a reliable for our purposes. It is worth noting that in this
interval the dependence of the mass and decay constant on
mass M?is stable, and we may expect that the sum rules
give the correct results.
It is known that, the continuum threshold sy depends on
the mass of the first excited state with the same quantum
numbers and structure as the particle in question. In the
case of the exotic particles, it is difficult to fix unambigu-
ously this exited state, therefore we have to follow usual
prescriptions accepted in the sum rules calculations and
fix so as 5o = (mx +[0.3+0.5])2, i.e.

17.41 GeV? <59 < 19.11 GeV~. (19)
The QCD sum rules suffer from uncertainties inherent to
the method itself. The main sources of the theoretical
errors are the Borel and continuum threshold parameters.
By varying the parameters M? and sy within the allowed
ranges, as well as taking into account ambiguities arising
from other input parameters and adding relevant uncer-
tainties in the quadrature, we estimate total errors of the
computed quantities. The results for the mass my and cou-
pling constant fx obtained using the diquark-antidiquark
model are drawn in Figure 1 and Figure 2, whereas in Fig-
ure 3 and Figure 4 we show the same quantities in the case
of the molecule model. Our results for the mass and cou-
pling constant of the exotic X (3872) state are collected in
Table 2.

5.0
—_— 5o=19.11 GeV?
a5l T 50=18.25 GeV? 1
S 50=17.41 GeV?
D
S
8 4.0r J
g ——— - —--——---ooooTooanTansnIInInd
M [oramemmemsssssssssss=s=ssssss=sssssssssss
1S
35 7
3.0 L L L L
2.5 3.0 3.5 4.0 4.5 5.0
M2(GeV?)

Figure 1. The diquark-antidiquark model: the mass my
as a function of the Borel parameter M? for different
values of 5.

As is seen, the prediction for the mass my obtained us-
ing the molecule model is larger than the same quantity
extracted within the diquark-antidiquark picture. At the
same time, we observe the opposite situation with the cou-
pling constant fx. Nevertheless, both of them, within the
errors, agree with each other. The obtained the predictions
for the mass my are compatible with the experimental re-
sult

my = (3871.69+0.17) MeV. (20)

The spectroscopic parameters of the X state were cal-
culated in Refs. [21-24], as well. Thus, in the work
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Table 2. The sum rule results for the my and f.
I T Unit
my 3873+ 127 3908 + 139 [MeV]
fx (0.56+£0.19) x 1072 | (0.57+0.21) x 1072 [ GeVH]
1.0 1.0
_— 50=19.11 GeV? —_— 50=19.11 GeV?
< 08 ----- 50=18.25 GeV? b 0.8F ----- 5=18.25 GeV? ,
E I 50=17.41 GeV> *7?: -------- 50=17.41 GeV?
T R
D “'2 ...................................................... N
q 04) 1 ~ 0.4F 1
& o
= 0.2 1 0.2 1
0.0 : : : : 0.0
2.5 3.0 3.5 4.0 4.5 5.0 2.5 3.0 3.5 4.0 4.5 5.0
M3(GeV?) M2(GeV?)

Figure 2. The diquark-antidiquark model: the coupling
constant fx vs Borel parameter M2,

5.0
_— 5p=19.11 GeV?
_____ 50=18.25 GeV?
451 , ]
........ 5p=17.41 GeV?
N
£
C 40— ]
> B T i ririoribeferlmiepbepbyefepdpefpmbpsleptpefordin
1S
3.5¢ 1
3.0 : ‘ ‘ ‘
2.5 3.0 3.5 4.0 4.5 5.0
M%(GeV?)

Figure 3. The molecule model: the mass my as a func-
tion of the Borel parameter M? for different values of

S0-

Ref. [21] the X(3872) particle was considered as the
diquark-antidiquark exotic state with quantum numbers
JPC = 17+, The mass of the particle was evaluated us-
ing the two-point QCD sum rule method, and part of vac-
uum condensates up to dimension eight were taken into
account. The result obtained for the mass my of the X
state is:

myx = (39254 127) MeV. 21

The similar computations were performed in Ref. [22],
where the state was analyzed as an admixture of the
molecule and charmonium components. The authors car-
ried out computations again by taking into account con-
densates up to dimension eight and found

myx = (37704 180) MeV. (22)
In Ref. [24] the X was modeled as axial-vector diquark-
antidiquark state, where for its mass the following result
was obtained:

myx = (3870 90) MeV. (23)

As is seen, our result for the mass of the X state extracted
from QCD two-point sum rules are in agreement with the
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Figure 4. The molecule model: the coupling constant fx
vs Borel parameter M2,

available theoretical predictions, if take into account the
errors, which are unavoidable part of such kind of calcula-
tions.

4. Discussion and Conclusion

In this work we have calculated the mass and coupling
constant of the exotic X(3872) by modelling it as the
diquark-antidiquark and molecule states. In computations
we have employed QCD two-point sum rule method and
take into account vacuum condensates up to dimension
ten. We have found that for my the diquark-antidiquark in-
terpolating current leads to lower value than the molecule
model, whereas for the coupling constant fx we have ob-
served the opposite situation. Our results agree, within
the errors, with the experimental data. They are also in
accord with available theoretical predictions. It is clear
also, that computation only of the mass and coupling con-
stant does not allow us to make a final conclusion on the
internal structure of the X (3872) state. This aim may be
achieved by including into analysis the vacuum conden-
sates of more than ten dimensions, as well as by explor-
ing various decay channels of the X(3872) state, which
are more sensitive to its internal organization.
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Appendix

In this appendix we have collected the results of our cal-
culations of the spectral density

k=10

peL(s) = p" () + Y puls), 24)
=3

necessary for evaluation of the mass and coupling con-
stant of the X (3872) state from the QCD sum rules. In
Egs. (25) and (26) by pi(s) we denote the nonperturba-
tive contributions to p2¢P(s) and g; = 470;. The explicit
expressions for pP¢'(s) and pi(s) are presented below as
the integrals over the Feynman parameters z and w. Thus,
for the diquark-antidiquark current we have found:

1 1 1—z wz 2
prert(s) = W/O dz/o dwm [swzhfmgt(erz)
X [35K*w?2s? — 26htwz(w+ z)sm?
+ 3% (wtz2)’m?]6[L),
— . _ 2
3 _ (uu)mc/l /1 2 [t(wHz)mE — hwazs]
p’(s) = o dz A dw 3

x  (w+z) [7swzh—3mgt(w+z)] o[L],



p'(s)
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For the molecule current the results reads:
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40967‘16/0 dz/o dwﬁ [swzh—mct(w+z)]

{4m§t(w+z) - 7swzh] [3mgt(w+z) — 5swzh] o[L],

2567‘14 / /lz

(w4 z)[Tswzh — 3m>t(w+z)]O[L],

t(w+z) —swzh]
)

1 G* ! =z wz o,
—(ay,— d. dw—{Tm.sht
s1aar? % n>/o Z/o W g TS
(W 2)[5wz —22% + w(w—3)] — 275> P w2

(W +2)(w-+2)}61L),
3mcm0 uu) / /1 Zd
Cs12mt

[5shwz — 3mCt(w+Z)]9[ ],

()>m2 \/s(s —4m2)  g*(au

1— z
1612 s 17287‘14/ /

wzh2{14shwz—Sm%(w—i-sz)[(w—l-z)( w—1)+ }}G[L],
t

G2 1 1—z
Syl a d
(a, n>/0 z/o W

W +2) w2 424 (z— 1)
G? me

_ s(s—4m2)
e TRTe

4.2
Smit

w+z

X

2w —wz

me
256724 (z=1)

—wh(z+2)]6]L]

_ mif <a
5529612\ °

2 1 1—z
G—)2/ dz
n 0 0
d d2

m2 2

O m _ me

32n2 /dzza(s 2(1—2)
2

dé(sf

4 Me )

ds z(1-z) )7
mcmg (uu)
30727'[2

G2 1 =,

% >/ dz/ t*hwz
Bw+z—1)]2w° — (z— 1)(Wz4+w2)
w22 4224z 1) —w*(2+2)]0 (s — D)
[s(w+z—1)((w—1)(4w* —Tw’z—Twz?)

)

d
dsé(sftb)

6(&*‘3)},

HA+Tw) +42) 4+ 3mP P (WP 4 22)]

20, g2 &
mit” +sh WZ)E

2 lz
G {2m/dz/
d?

¢)+5sd25(

<s,

2

zd”iz))w-

2s(w? 4 22)(

g3 (tu >2 w2

311047'[2

t2wz

39 5(s
/ dz(z
ds25(

— @) + 57 ﬁcS(s— D))
2

i)

(26)



H. Sundu / The Mass and Current-Meson Coupling Constant of the Exotic X(3872) State from QCD Sum Rules

In the expression above we have used the notations:

I - (w—1D[m2(w? +w?(2z— 1) + (22 +2wz)(z— 1)) — swzh]
= - o ,
m2w? 4 z(z— 1) 2w+ z) +w?(2z— 1))
® - ,
wzh
r = w4(z—1)(w+z),
h = w+z—-1. 27
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