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Abstract

The aim of our study is to obtain the spectrum, fine spectrum, approximate point spectrum, defect spectrum and compression spectrum of
triple repetitive double-band matrix over the cs sequence space. In addition, the spectrum and fine spectrum of the n-repetitive form were
investigated in the space of this matrix.
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1. Introduction

The spectral theory is a branch of summability theory, which is an important branch of functional analysis. Some important studies regarding
the recent developments in summability theory are [6], [8], [15], [20], [21] and [22]. The spectral theory extends the concept of eigenvalue
and eigenvector of matrix theory to the spectrum of operators in several spaces. While examining the operators’ spectrum, the fine separation
defined by Goldberg and another separation that does not need to be disjoint, approximate, defect, compression spectrum were examined.
Some studies on this topic are: The spectrum of the Cesaro operator is studied in [1]-[2] The spectrum of the B(r,s) operator is studied in
[5]-[11]. The spectrum of operator B(r,s,) [18]-[7] was studied. The spectrum of the A, is studied in [3]-[13]. The spectrum of the A* is
studied in [16]-[14]. The spectrum of the U (a,0,b)is studied in [9], [10].

Let w, cs, bv denote the set of all sequences, convergent series, bounded variation sequences, respectively.

n
cs = {x = (x) Ew: nlgl;/c;xk ex1sts}

and

[I¥l]s = sup
n

n
Lo
k

¢s is isomorphic to by = {x =(x) €Ew: Y |xp —xpq1] exists} with the norm ||x||,, = ¥ |tk — Xer1]-
k=1 k=1

In [12], the spectrum and fine spectrum of the U (ag, a1,az;bg,b1,by) matrix in the ¢ sequence space were examined. In this study, we will
examine the spectrum, fine spectrum and spectral decomposition of this matrix on the cs sequence space. We will also give the spectrum and
fine spectrum of the n-repetitive form of this matrix on the same space. For this purpose, we will first show that the matrix defines a limited
linear operator on the c¢s sequence space, and then calculate the approximate point spectrum, defect spectrum and compression spectrum
after performing the Golberg’s classification of the spectrum.

Let X and Y be the Banach spaces, and A : X — Y be a bounded linear operator. We denominate the range of Aby R(A) ={y €Y : y = Ax, x € X},
and the domain of A.by D(A) = {x € X : y = Ax}. We show the set of all bounded linear operators on X into itself.by B (X). Also let I be the
identity operator.
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2. Fine Spectrum

In this section, the spectra and fine spectra of the U (ag,a1,a2;bo,b1,b>) matrix will be calculated.
LetA:D(A) C X — X be a bounded linear operator where X is a complex normed space. Let A¢ := {1 —A for { € C. AEI is known as the

resolvent operator of A.
¢ € Cis aregular value of A such that
a) AE' exists,

b) AEI is continuous

c) AEI is defined on a set which is dense in X,

the set of all regular values is denoted by p(A,X). The set 6(A,X) = C\p(A,X) is called the spectrum of A.
The set 6(A,X) is union of three disjoint sets as follows:

a) The point spectrum o, (A,X) = {C eC: Agldoes not exist}.

b) The continuous spectrum

o.(A,X) = {C cC: Aglis defined on a dense subspace of X and is discontinuous}

¢) The residual spectrum
c-(A,X) =

From the above definitions, the following table is obtained;

{C eC: Aglexists and its domain of definition is not dense in X }

1 2 3
AEI exists AEI exists AEI
and is continuous | and is discontinuous | does not exists
I | RCI-A)=X Cep(AX) - { €0,(AX)
I | RLI-A)=X Cep(AX) ¢ € 0c(A,X) ¢ €0,(A,X)
I | R(EI—A)#X {eor(AX) § eor(AX) { €0,(AX)

Table 1: Disjoint divisions of the spectra of a bounded linear operators.

The triangular double-band matrix U (ag,a1,a2;bg,b1,b3) is an infinite matrix of form

[ag by O O
0 ag b] 0
0 0 ap b2
0 0 0 a
Ulag,ay,a;by,by,by) = 0
(ao,a1,a2;b9,b1,b2) o 0 o0 o
0O 0 0 O

0 0
0 0
0 0
by O
ay bl
0 a

el eNeNeNel
[=NeoNeBoNoNe

[=NeoNeBoNeNe

(bo,b1,by #0).

2.1

Lemma 2.1 ( [23] Stieglitz, Tietz). The matrix A = (ay;) gives rise to a bounded linear operator T € (cs;cs) from cs to itself if and only if

(i) Y. aui converges, for each k,
n=1
. > N
(i) sup ¥ | ¥ (ank — anp—1)| <o,
N>0k=1[n=0

Theorem 2.2. U(ag,ay,az;bg,b1,bs) : cs — cs is a bounded linear operator.

Proof. (i) Since

a()7

bo+ay,
b1 +ay,
by + ay,

Z Ank =
n

it is clear.

N
(i) Let BY = Z() (ank — an’k,l) and if we calculate BkN then we have

n=

N=1 N=2 N=3 N=4 N=5
k=1 bo—ap+a; bo—ap+a bo—ap+a; bo—ag+ay bo—ap+a
k=2 —bo+b1—ay —bo+by—aj+ay —bo+bi—ai+ay —bo+bi—aj+ar —byo+bi—ai+ay
k=3 —b —b1+bry—ar —bi+by—ar+ag —bi+by—ar+ay —bi+by—az+ag
k=4 0 —by —by+by—ag —by+by—ap+a; —br+bg—ap+a
k=5 0 0 —by —bo+b;—ay —bo+b1—a+ay
k=6 0 0 0 —b —b1+by—ay

kZ] |BY |ao| |ao| |ao| lao| |ao|
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Therefore we have

0, N<k-3

By — —b_2, N=k-2

k= —byr_o+bp_1—ay_1, N=k—1
—brotbr1—a1+a, N>k

Hence, since ¥ |BY| = |ag| we get
k=1

N
(ank —Apk—1 )
=0

=

sup Z

N>0f=1

oo

N
= sup ‘Bk‘:\a0|<°°
P

n
Thus U (ag,a1,a2;b0,b1,b3) : ¢s — cs is a bounded linear operator.

Lemma 2.3 (Golberg [19, p.60]). T has a dense range if and only if T* is 1-1.

Lemma 2.4 (Golberg [19, p.60]). T has a bounded inverse if and only if T* is onto.

Theorem 2.5. 6,(U (a,ai,a2:b0,b1,b2) ,cs) ={{ € C: [L —ao| | —ar||S —az| <|bo| [b1][b2]}-

Proof. Let £ be an eigenvalue of the operator U (ag,ay,as;bg,b1,b2). Then there exists x # 6 = (0,0,0,
U (ag,ay,az;bg,b1,by)x = {x. Then we obtain

x3y = d'x,
—a
Xpgl = Ll by 2 d"xq, n>0
—a —a
X3n+2 —(C Z())lf l)d”xm
where d = (C_GO)(C_GI)(C_GZ). Thus we get
bob1ba
an = xo+x Fxo4-Fxy -
n=0
§—ag (C—ao)(C—al)) s
= 1+ + xo y d"
( bo boby ,;)

...) in ¢s such that

d" is absolutely convergent if and only if |d| < 1. Since absolutely convergent every series is convergent series, (x,) € ¢s. Sox = (x,) € ¢s
y g y

n=0
if and only if |§ —ag||§ — a1 || — az| < |bo||b1]|b2|. Therefore
0p(U (ag,a1,a2:b0,b1,b2) ,c5) ={& € C: |{ —ap| | —ar]|E —az| < |bo| [b1][D2]}-

O

As it is known, if T € B(cs) is represented with a matrix A , then the adjoint operator T* € B (cs*=bv) and A’ is its matrix representation.

Theorem 2.6. o, (U (ag,ay,az;bo,b1,b2)",cs*=bv) = 0.

Proof. Let { be an eigenvalue of the operator U (ag,ay,az;bo,b1,b2)*. Then there exists x # 6 = (0,0,0,...) in bv such that

U (ag,ay,az;bo,b1,by)" x = {x. Then, we obtain
apxo = {xo

boxo +aix; = {x

bix| +ayx; = {xp

byxy +agx3 = {x3

n=3k, boxy+arx, i1 = Cxpi1

n=3k+1, bixy+arxyy1 = {xny1

n=3k+2, byxy+apx,i1 = Cxpi1

(2.2)

Let x;, be the first non-zero of sequence (x,). Let n = 3k. If x,, = x;_; satistify in (2.2) then from box;_; +ajx; = {xi, we have a; = .
Again from (2.2), we get for a; = §, bpx; = 0 which implies x; = 0 as by # 0,a contradiction.Similarly, if n = 3k+ 1 and n = 3k + 2 we

obtain a contradiction. Hereby, 6,((A$?)" ,cs* = bv) = 0.
Theorem 2.7. 6,(U (ag,ay,a2;b,b1,b3),cs) = 0.

Proof. Owing to 6,(A4,X) = 6,(A*,X*)\0,(A,X), we get required result from Theorems 2.5 and 2.6.

O



100

Konuralp Journal of Mathematics

We know that the inverse of an upper triangular matrix is also an upper triangular matrix. So if we calculate

a—¢ by 0 0 0 C0 €01 €02 €03 Co4
0 a-8 b 0 0 0 c11 ¢z c13 cua
0 0 asz b2 0 0 0 Ccp (23 Co4
0 0 0 ap—§ by 0 0 0 ¢33 c3g
0 0 0 0 a—¢ 0 0 0 0 cy4
M 0 0 0 O
01 0 0 O
0 0 1 0 O
= 0 0 0 1 O )
0 0 0 0 1
the inverse matrix of (U (aq,ay,az;bo,by,by) — §I) will be
1 _ bo boby bobiby boblbz
ap—¢ (110*47])(01*4) (ao—8)(a1— C)(ﬂz O (a0 (al O@=¢)  (a=0) 2 ar—§)
0 a—C (a1 — C az 0) (a0—0)( !ll é a—¢) " (a0— C)(al C) (a2=8)
c—| ° 0 = ~@ D —<ao e, O
0 0 0 w-C 7«10 D(@=0)
0 0 0 0
a—¢
Theorem 2.8. G(U(ao7a1,az;bo,b],bz),cs) = {C eC: |C7(10| |C*d1|‘€*d2| § |b0‘ |b1‘|b2‘}

Proof. First, we prove that (U (ag,a1,a2;b0,b1,b3) — 1)~
show that the operator (U (ag,ay,az;bo,by,by) — {I) is not invertible for |§

Let £ ¢ {C € C:[C—aol|C —ai][C

Hence, since (U (ag,ay,a2;bg,b1,b2) — {1) is a upper triangle, (U

¢1)~!' =C, then from Lemma 2.1, we get
0 , n>k
Cnk = 1 k’r"l’ (=) bty n<k
=€ 0 [ -

bi—1-¢
akz C_l

Now, we have to (U (ao,al ,ar;bo, by 7bz) —

-1
where we assume H

I exists and is in (cs, cs) for |bo| |b1||b2| < | —aol | —a1]]E
—ag| | —a1[[£ —az| < |bo| |b1]]b2].

—ap| <|bo||b1||b2|}. Since by, #0,n=0,1,2 we geta, # ,n=0,1,2.
(ao,ar,a2;bo,b1,b2) —

=0 GHk—v—1— 4

1 kHl br—1-y I”—[
Cok —Cnk—1 =
e an =8\ o v v=0
_1\kn k—n—2
_ (=D ( by +1)
An _C ap+1 _C
A (—1)k b i
- 2 1) sk
ot (o)
1
_ bob b 3
where s = (g ) and
\ k=3i k=3i—1 k=3i—2
A b1 b by
A n=3j ] @t 1
= Ca bybob bob b
n=3j-1| |G| | =
i bbby bibob bab
n=3i=2 (arg)z(;,fg)(aofg)‘ (02*@((11135)(@*@‘ (aofgﬁ(;rz_;)’

— ap| and then we

&t

is exists. Let (U (ag,ay,a2;bo,b1,by) —

¢~ € (cs,cs). Since the matrix is triangular, condition (i) of Lemma 2.1 is clear.

b2y
a—y_1—¢

)

knl )

b2y

(2.3)
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So,

A 2
3 max
§° m=0

1
am—C

(=

_ _Rls| (1™
(Isl=1* \ Jsi™*!

2
max
m=0

Am+1 — C

A
marked here as S—Smaxrznzo‘—‘maxm 0 am+{" §+1‘ = R. Thus we get
~ | N N+1
Rls] 1—|s|
Supz Z Cnk — ('nkl = 2S N+1
=02 |2 (Is/— 12 n=0 [s["

1
= sup 1
N>0 <|s|N+1 )

1
if [s| > 1, then sup (|N+l - 1) < oo, So condition (ii) of Lemma 2.1 proven.
N>0 \ |$

Consequently, if |ba||by | |bo| < |az — &|]ar — ||ao — &|, then (U (ag, a1, az;bg,b1,b2) — EI)~1 € (cs,cs). Hereby, the operator
(U (ao, a,az;b9,b1,b2) — 1) is not invertible for |¢ —ao||C —ai||§ —az| < |bo|[b1][b2]. So
o (U (ag;ar,a2:b0,b1,b2),¢s) ={§ € C: [ —aol[§ —a1[[§ —az| < |bo|[b1]]ba]} - =

Theorem 2.9. o.(U (ag,a1,az:b0,b1,b2) ,¢5) ={& € C: |C —ao|[§ —ai]|C —az| = |bo| |b1][b2]}
Proof. Owing to 6(A,X) is the disjoint union of 6,(A,X), 6,(4,X) and o.(A,X), thence
0c(A,X) = 0(4,X)\ (0,(4,X) UG, (4,X))

By Theorem 2.5 and Theorem 2.7, we get required result. O

3. Subdivision of the Spectrum

In this section, another spectral decomposition of the U (ag,ay,az;bg,b1,by) matrix will be calculated. The spectrum ¢ (A, X) is divided into
three sets that need not be discrete as follows:
a) The approximate point spectrum of A the set as

Oup(A,X) :={{ € C: there exists a Weyl sequence for {T—A}

If there exists a sequence (x,) in X such that ||x,|| = 1 and ||Ax,|| — 0 as n — oo then (x,) is called Weyl sequence for A.
b) The defect spectrum of A is the set as

05(A,X) :={f €0(A,X): {I—Aisnot surjective}
¢) The compression spectrum of A the set as
00(A,X)={{ eC:R({I-A)#X}

Proposition 1 ([4], Proposition 1.3). The spectra and subspectra of an operator A € B(X) and its adjoint A* € B(X™*) are related by the
following relations:

(a) o(A*,X*) = 0(A,X),

(b) 0. (A", X )Coap( . X),
(c) Oqp(A*,X*) = 05(A,X),

(d) 05(A",X") = 0ap(A,X),

(e) op(A*,X*) = GCD(A X)

(f) 6co(A*,X™) 2 0p(A,X),

(g) 6(A,X) = 0up(A,X)U0pH(A*, X*) = 0,(A,X) U 0yp(A*,X¥).

Goldberg’s Classification of Spectrum

If A € B(X), then there are three cases for R(A):

(I) R(A) = X, (I) R(A) = X, but R(A) # X, (Il) R(A) # X

and three cases for A~

(1) A~! exists and continuous, (2) A~! exists but discontinuous, (3) A~! does not exist.

If these cases are combined in all possible ways, nine different states are created. These are labelled by: Iy, I, I3, 11, 11, 115, 1111, 11, 1113
(see [19]).

6(A,X) can be divided into subdivisions L 6(A,X) =0, 06(A,X), ILo(A,X), I6(A,X), 1,6 (A,X), I1Lo(A,X), [0 (A,X).
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1 2 3

AEI exists AEI exists AEI
and is continuous | and is continuous | does not exists
I R(AC):X fepAX) - CGO'ap(A,X)
§ €0,p(AX) § €0yp(AX)
I | R(A) =X L ep(AX) ¢ € os5(A,X) ¢ € os5(A,X)
£ € 0y4p(A,X) £ € 0y4p(A,X)
Il | R(A;) #X ¢ € o5(A,X) ¢ cos(A,X) ¢ € os5(A,X)
£ €000(AX) £ €000(AX) £ €000(AX)

Table 2: Subdivisions of the spectra of a bounded linear operators.

Theorem 3.1. I6(U (ag,ay,az;bo,b1,br),c

s) = 0.

Proof. For § € Io(U (ag,ay,a2;bo,b1,b3) ,cs
(U (ag,ay,a2;b9,b1,b2) — EI)x =y for x = (x,,).Then

(ag — &) xo + box;
(a1 —8)x1 +b1xa
(a2 — &) x2 +baxs

(an = &) xn + buxni

Calculating xy, we get

), we should show that U (ag,ay,a2;bo,b1,b2) —

Y1

1 n—2 -1 C C
Xn = — )’nfl‘i‘ZYk H + X0 H ,n=123,...
bn—1 k=1 u=1 bn u—1 u=1 bn u

We have to show that x = (x;) € cs and setting d =

(€ —ao) (€ —a1)(C—a)

bob1b;
1 n 1 - —

since. H $—nu —Mdk : ndnw:

u=1 bnfu 1 u=1 n—u

n— —

Xp = 7 Yn—1+ 77— ZykMd +x0Nd3 n=1,2,3,...

bn—l bn—]
Now suppose y = (¢,-1) = (0,0,...,0,1,0,...) then we get

1
bnfl

Xn =

(1 +1.M.d%) +xo.N.d*

(14+M)+xo.N.d> —

"= bnfl (

limy,—ye0 b1

1+M) #0.

Nd3 where M and N are constants similar to 2.3)

Hence since Y x, divergent, (x,) ¢ cs. Therefore { € C doesn’t satisfies Golberg’s condition /. So

Io(U (ag,ai,a2;b0,b1,b2) ,cs) = 0.

Corollary 3.2. I6(U(ag,ay,a2;b0,b1,b2),cs)

Proof. (Ul(ag,ay,az;bg,b1,by) —
Thus for § € 6(U(ag,ay,az;bo,b1,b2),cs
§ elio(U(ag,ar,az;b0,b1,b3),cs) is gotten from
Also, it |£ —aol 1§ — 1] I¢

II3G(U(aO7a1,az;bo,bhbz),cs) = {C eC: |C—

Corollary 3.3. 11110'([/((10,(11,az;bo,bl,bz),cs‘) = 11126((]((10,(11,az;bO,bl,bQ),

={¢eC:[§

Theorem 2.9.

—ao| | —ai]|§ —az| < |bol[b1][b2]}.

¢I)* is injective from Theorem 2.6. So from Lemma 2.3 U (ay, a1, a2;bo, by,by) —
)’ c € IG(U(a07al7a2;b07bl7b2)7£p) or

{I is onto. Let y = (y,) € cs be such that

€I has a dense range.

¢ elio(U(ag,a1,az;bo,by,by),cs).

—ap| < |bo||b1||b2|, then & € 36(U(ap,ay,az;bo,b1,b2),cs) from Theorem 2.9. Hence
aol |€ —ar||§ —aa| < |bol |b1]]b2]} -

cs)=0.

Proof. Since 6,(A,X) =111,6(A,X)UIIL0(A,X) from Table 1 and Table 2, the result is obtained by Theorem 2.8 and Theorem 2.7. [

Corollary 34. I3G(U(a0,a] ,ag;bo,bl,bz),cs) :III3G(U(aQ,a1,a2;b0,b] ,bz),Cs) =0.

Proof. Since 6,(A,X) =106(A,X)UI36(A,X)UIIKo(A,X) from Table 1 and Table 2, the result is obtained by Theorem 2.5 and Theorem

2.9.

Theorem 3.5. The following spectral decompositions are valid:

(a) 0ap(U(ag,ar,az;bo,b1,b2),cs) =
(b) o5(U(ag,a1,az;bo,b1,by),cs) =
(C) O-CO(U(a07al7a2;b07bl7b2)7cs) =0.

{£eC: [0

aol|§ —arl|S

{CeC: | —apl|{—ar||{—ar| < |bo] |1 [Ba]},

O
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Proof. (a) From Table 2, we obtain
o4p(A,X)=0(A,X)\III,6(A,X).

And so 0,4,(U(ag,ay,a2;b,b1,b2),cs) ={{ € C:|{ —a| <|b|} from Corollary 3.3.
(b) From Table 2, we obtain

05(A,X)=0(A,X)\30(A,X).

So using Theorems 2.8 and 2.9, the result is gotten.
(c) By Proposition 1 (e), we obtain

0p(A",X*) = 0,0(A,X).

Using Theorem 2.6, the result is gotten. O

Corollary 3.6. The following spectral decompositions are valid:
(a) 0ap(Ulag,ar,az;bo,b1,b2)",cs* = bs) = {{ € C: [{ —ag||{ —a||{ —az| < |bo|[b1][b2]},
(b) 05(U(ag,a1,a2;bo,b1,b2)",cs* = bs) ={{ € C: [{ —ap|[§ —ar||§ —az| < bo| |b1|[b2]}-

Proof. By Proposition 1 (c) and (d), we obtain

Oup(Ulag,ai,a2;b0,b1,02)%,cs™ =2 bv) = 65(U(ag,ar,az; by, by,b2),cs)

and

o5(U(ag,ar,az;bo,b1,by)*,cs™ 22 bv) = 6,4p(U(ag,ar,a2;bo,b1,b2),cs).

from Theorem 3.5 (a) and (b), the results are gotten. O

4. Results

We can generalize our operator

fag by O 0 0 o 0 0 O 1
0 a b 0 0 o 0 0 O
0 0 by o 0 0 O
Ulag,ai,... an—1;bo,b1,....bp—1)=10 0 0 a1 b,y O 0 0 0
0 0 O 0 a by 0 0 O
0O 0 0 0 0 agp by 0 0
where by, by,...,b,_1 #0.
n—1 — N
Theorem 4.1. The following results are provided where D = {C eC: 11 M < 1}. Also D be the interior of the set D and dD be
k=0 k
the boundary of the set D
1. G,,(U(a(),ah...,an_l;bo,bh...7bn_1)7cs):lo),
2. Gp(U(ao,al,...,an,l;bo.,bl,...,b,,,l)*,cs*Ebv)z(l),
3. Gr(U(a(),al,...,anfl;b(hb],...,bn71)7CS):0,
4' o-C(U(a07al""’anfl;b07bl7"'7bn71)7(’s):aD7
5. o(U(ag,ay,-..,an—1:bo,b1,...,by—_1),cs) = D.

5. Conclusion

There is a large literature on the spectrum and fine spectrum of certain linear operators represented by particular limitation matrices over
some sequence spaces. In this article, the spectrum, fine spectrum, and approximate point spectrum, defect spectrum, and compression
spectrum of the triple repetitive double-band matrix on the cs sequence space are calculated as subdivisions of the spectrum. Additionally,
the spectrum and fine spectrum of the n-repetitive form in the cs sequence space of this matrix are also given. This is the development of the
spectrum of an infinite matrix over a sequence space in the usual sense.
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