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Abstract

In this article, we consider and discuss some properties of the positive solutions to the fol-
a q A _ axnfm“"nxnfk“"éxn _

lowing rational nonlu?ear DE x,u1 = B s il k50 ) n = 0,1,..., where t.htla. paramle.ters

a,B,y,0,n € (0,00), while m,k,I are positive integers, such that m < k </ and the initial conditions

Xy ooy X—fy ooy Xy ey

x_1,...,xp are arbitrary positive real numbers, we will give also, some numerical examples to illustrate our results.
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1. Introduction

The study of the solution of nonlinear rational sequence of high order is quite challenging and rewarding. Every dynamical
system b, = f (b,) determines DE and vice versa. An interesting class of nonlinear DE is the class of solvable DEs, and
one of the interesting problems is to find equations that belong to this class and to solve them in closed form or in explicit
form [1]-[14], [16]-[26]. Note that most of these Eq. often show increasingly complex behavior such as the existence of a
bounded. The qualitative study of difference equations is a fertile research area and increasingly attracts many mathematicians.
This topic draws its importance from the fact that many real life phenomena are modeled using difference equations. The
applications of these difference equations can be found on the economy, biology and so on. It is known that nonlinear difference
equations are capable of producing a complicated behavior regardless its order. The aim of this paper is to investigate some
qualitative behavior of the solutions of the nonlinear DE

OXp—m + nxn—k+5xn

. n=0,1,2,.. (1.1)
B + Yxn—iXn—1 (Xn—k + Xn—1)

Xnt1 =

where the parameters o, f, ¥, 8§, n € (0,00), while m, k, I, are positive integers, such that m < k <[ and the initial
conditions X_, ..., X_g,...,X_7,...,X_1,...,Xo are arbitrary positive real numbers. Equation (1.1) has been discussed in [15],
when m =1, k=2 and [ =4, and in [28], when 0 = 0, where some global behavior of the more general nonlinear rational Eq.
(1.1), we need the following well-known definitions and results [29]-[34].
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Definition 1.1. A difference equation of order (k+ 1) is of the form
Xnt1 = F (X, Xn—1,, %), n=0,1,2,..... (1.2)

where F is a continuous function which maps some set J**!into J and I is a set of real numbers. An equilibrium point
X of this equation is a point that satisfies the condition X = F (X,X,....,X). That is, the constant sequence {x,},__, with
X, =X for all n> —kis a solution of that equation.

o
n=

Definition 1.2. Let X € (0,0) be an equilibrium point of the difference equation (1.2). Then
(i) An equilibrium point X of the difference equation (1.2) is called locally stable if for every € > 0 there exists 8 > 0 such that,
if X_g, ooy X_1,X0 € (0,00) with |x_y —X|+ ...+ |x_1 —X| + |x0 — X] < O, then |x, —X| < € for all n> —k.

(ii) An equilibrium point X of the difference equation (1.2) is called locally asymptotically stable if it is locally stable
and there exists 'y > 0 such that, if x_g, ..., x_1, xo € (0,00) with |x_ —X| + ... + |x_1 —X| + |x0 —X] < ¥, then

lim x,, = X.
n—soo

(iii) An equilibrium point X of the difference equation (1.2) is called a global attractor if for every x_y, ..., x_1, xo € (0,00) we
have

lim x,, = X.
n—yoo

(iv) An equilibrium point X of the equation (1.2) is called globally asymptotically stable if it is locally stable and a global
attractor.
(v) An equilibrium point X of the difference equation (1.2) is called unstable if it is not locally stable.

Definition 1.3. A sequence {x,},__, is said to be periodic with period p if X,ip =X, for all n> —k. A sequence {x,}, __;
is said to be periodic with prime period p if p is the smallest positive integer having this property.

Definition 1.4. We say that a sequence {x,}:__, is bounded and persisting if , there exists positive constants m and M such
that

m<x, <M, forall n>—k.

Definition 1.5. A positive semicycle of {x,};,__, consists of "a string” of terms X;,X;41, ..., Xy all greater than or equal to %,
with | > —k and m < o such that

either l=—k or [>—-k and x_1<3,

and
either m=oc0 or m<oo and Xpi1 <X.
A negative semicycle of {x,}__, consists of "a string” of terms x;,X; 41, ..., Xm all less than %, with 1 > —k and m < oo such
that
either l=—k or [I>-k and x_>3%,
and

eitherr m=oc0 or m<oco and Xxu41 >X.
Definition 1.6. The linearized Eq. of Eq. (1.2) about the equilibrium point X is the linear Eq.
£ OF (%,5,..,%)

Yn+1 = Z

Yn—i- (1.3)
i=0 Oxn—i
Now, assume that the characteristic Eq. associated with Eq. (1.3) is

p(A) = poA* + p A L+ pri A+ pi =0, (1.4)

where

pPi = oF (f,f,...,)“c)/axn,,-.
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Theorem 1.7. Let p; €R, i=1,2,..., and k€ {0,1,2,...}, then

k
Y Ipil <1,
i=1

is sufficient condition for asymptotic stability of difference equation

Xtk + P1Xntk—1 F oo +pk-xn:07 n2071a27"'

Theorem 1.8 (The Linearized Stability Theorem).

Suppose that F is a continuously differentiable function defined on an open neighbourhood of the equilibrium X. Then the
following statements are true.

(i) If all roots of the characteristic equation (1.4) of the linearized equation (1.3) have an absolute value less than one, then the
equilibrium point X is locally asymptotically stable.

(ii) If at least one root of Eq.(1.4) has an absolute value greater than one, then the equilibrium point X is unstable.

2. Change of Variables

1
By using the change of variables x,, = (Ey) : yn, the equation (1.1) reduces to the following difference equation

Yn—mHtYn—k+SYn
I+Yp—iYn—i (ynfk +)’n7/) ’

Vol = n=0,1,2,.. 2.1)

where r = % >0,5= % >0,r= % > 0, and the initial conditions y_;, ...,y _k, .-, Y—m,---,Y—1,Y0 € (0,0). In the next section,
we shall study the global behavior of Eq. (2.1).

3. The Dynamics of Eq. (2.1)

The equilibrium points § of Eq. (2.1) are the positive solutions of equation

[r+s+1]y

) 1
14253 3.1

5)‘:

Thus 7, = 0, is always an equilibrium point of the equation (2.5). If (r+s+¢) > 1, then the only positive equilibrium point 3,
of equation (2.1) is given by

1
— 1 3
¥ = ([Vﬂzﬂ )3. (3.2)

Let us introduce a continuous function F : (0,00)* — (0,0), which is defined by

rvo+svi+tvy

—_—. 3.3
1 +V%V3 + vzv% (3-3)

F(VO,V],VQ,V?,) =

Consequently, we get

JF (vo,vi,v2,v3) r

vy 1+v%V3 —i—vzv%7
JF (vo,vi,v2,v3) s

vy 1 +V%V3 +vzv§’

dF (vo,vi,va,v3) (14 V%Vj, + vzvg)— (rvotsvi+tva) (2vavs + v%)

vy (1+v3vs +vzv%)2
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OF (vo,vi,v2,v3)  — (rvo+svi-+1v2) (v +2vav3)
aV3 (1 +V%V3 +V2V%)2
At §; =0, we have aF(g’%O’O) =r, aF(gf;O*O) =y, aF(gﬁO*O) =t, aF(%’S;O’O) =0, and the linearized equation of Eq. (2.1) about
¥1 = 0, is the equation *
Znt1 = P0Zn — P1Zn—m — P2Zn—k = 0, 3.4
1
where pg =5, p1=r pr=t. Aty = (%) 3, we have
OF (52,52,52,52) _  r r o
dvo 14253 1+ ([r+s+]—1)  [r+s+1]’
aF(y27)727)727)‘72) _ N _ S _ s
vy 14253 1+ ([r+s+i]— 1) [r+s+1]’
OF (32,52,52,2) _ 2t —3([r+s+1]—1)
v, 2 [r+s+1] ’
OF (52,52,52,52) _ —3([r+s+t] - 1)
ov3 2 [r+s+t]
1
And the linearized equation of Eq. (2.1) about j, = (%) * is the equation
Znt1 = P0Zn = P1Zn—m — P2Zn—k — P32n—1 = 0, (3.5)
o . r _ 2t=3([r+s+]-1) _ =3([rts+1]-1)
where po = [r+§+t] PU= e P2 T T 0 P3T T )

Theorem 3.1. (i) If [r+s—+t] < 1, then the equilibrium point 51 = 0 is locally asymptotically stable.
(ii) If [r+s+t] > 1, then the equilibrium point §1 = 0 is unstable.

1
—~1\3 .
%) is unstable.

(iii) If [r+s+t] > 1,2t > 3([r+s+t] — 1), then the equilibrium point 3, = ([

Proof. With reference to Theorem 1.1, we deduce from Eq. (3.4) that |po| + |p1| + |p2| = [r+s+t] < 1, and then the proof of
parts (i), (ii) follow. Also, from Eq. (3.5) we deduce for [r+s+t] > 1 that |pg| + |p1| + |p2| + |p3| = 1+ % > 1, and

hence the proof of part (iii) follows. O

Theorem 3.2. Assume that [r+s+t] > 1, and let {y,}>__, be a solution of Eq. (2.1) such that

n=—I

V=13V =142y s Y—142ns5 -3 Y—ks Y—k-+25 s Y—k-+2ny -5
Yomt1,Y=m+3s s Y—m+2n+15 -, Y0 = 32
and 3.6)
Vol 15 Y1435y Y142+ 15 o5 Y—k+- 17 Y—k+35 -+
Yokt 2n+1s s Ymms Y=m+2s s Y—m+2n5 -, Y—1 < 2.
1

Then {y,}:__, oscillates about §, = (%) * with a semicycle of length one.

Proof. Assume that (3.6) holds. Then

= ry_m+Syo+ty_k ry—mtsyo+ty i [rts+]92 .
Lty gyt (g +y-1) 1425 L+ ([rs+1] = 1)
and
. Y _ma1+Sy1+Hy k41 > Y —m1+HSY1HEY —kt1 > [r+s+t] 52 _ 5.
Ty gy rer +y-i41) 14253 L+ ([r+s+1] = 1)

and hence the proof follows by induction.
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Theorem 3.3. Assume that [r+s+t] < 1, then the equilibrium point | = 0 of Eq. (2.1) is globally asymptotically stable.

Proof. We have shown in Theorem 3 that if [r+s+¢] < 1 then the equilibrium point §; = 0 is locally asymptotically stable. It
remains to show that §; = 0 is a global attractor. To this end, let {y,};~__, be a solution of Eq. (2.1). It suffics to show that
lim y, = 0. Since
n—yoo

IYn—m+SYn+tyn—k
1 +yn—kyn—l(yn—k + Yn—1

0<yp1= ] S Yn-mtSYn+Htyn—k < Yn—k-

Then we have lim y, = 0. This completes the proof. O
n—oo

Theorem 3.4. Assume that [r+s+t] > 1, then Eq. (2.1) possesses an unbounded solution.

Proof. With the aid of Theorem 3.3, we have

Y —m4-2n+118Y2n41 1Y k42041 rY—m42n4+1+SY2n+1HY—k2n+1
Lty okont1 Y-t420+1 (k2041 +Y—142041) 1425
> Ty —m+2n+1t8Y2n+1+HY k12041 _ rY—m+2n+1+SYon+1HY —ky2n+1
1+ ([r+s+2] = 1) [r+s+1] ’

Y2ni2 =

and

rY—m42n+2+SYon+2HY —k+2n+2 < Y —m+2n42+SY2n4+2 Y —k2n+2
L+y kont2 Yotrvnr2(V—ks2nt2 +Y—112n12) — 1+253
< Y—mi2nt2+SYon+2 HY—kton42 _ TY—m+2n42+SYon2H1Y— k42042
- 1+ ([r+s+1]—1) [r+s+1] ’

Yont3 =

From which it follows that

lim y;, =c and lim yj,,; =0.
n—oo n—soo

Hence, the proof of Theorem 3.4 is now completed. O

Theorem 3.5. (1) If m is odd, and k,I are even, Eq. (2.1) has prime period two solution if (r — [s+t]) < 1 and has not prime
period two solution if (r — [s+1]) > 1.

(2) If m is even and k,l are odd, Eq. (2.1) has not prime period two solution.

(3) If all m,k,l are even, Eq. (2.1) has prime period two solution.

(4) If all m,k,l are odd, Eq. (2.1) has prime period two solution if (r — [s+t]) > 1, and has not prime period two solution if
(r—[s+1]) < 1.

(5) If m,k are even and 1 is odd, Eq. (2.1) has not prime period two solution.

(6) If m,k are odd and 1 is even, Eq. (2.1) has prime period two solution if (r — [s+t]) > 1, and has not prime period two
solution if (r — [s+1]) < 1.

(7) If m,l are odd and k is even, Eq. (2.1) has prime period two solution if (r — [s+t]) > 1, and has not prime period two
solution if (r — [s+t]) < 1.

(8) If m,l are even and k is odd, Eq. (2.1) has not prime period two solution.

Proof. Assume that there exists distinct positive solutions

"'7¢7w7¢7w7"'

of prime period two of Eq. (2.1).
(1) If m is odd, and k,! are even, then y,+| = y,—, and y, = ¥, = y,—;. It follows from Eq. (2.1) that

rg + [s+i]y Y+ [s+t] ¢

=i 0 VT 2

Consequently, we have

0<20W(0+y)=1—(r—[s+1]). 3.7)
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We deduce that (3.7) is always true if (r — [s+¢]) < 1 and hence Eq. (2.1) has prime period two solution. If (r — [s+]) > 1, we
have a contradiction, and hence Eq. (2.1) has not prime period two solution.
(2) If m is even, and k,! are odd, then y, = y,—m,and y,+1 = Y,—x = yn—;. It follows from Eq. (2.1) that

o [r+s+t]y [rts+t]o
T 20 VT Ty
Consequently, we have
0<2(¢+w) (9> +y?) =~ (Ir+s+]+1). (3.8)

Since [r+s+t] > 0, we have a contradiction. Hence Eq. (2.1) has not prime period two solution.
(3) If all m,k, [ are even, then y, =y, = Yyt = Yu—- It follows from Eq. (2.1) that

o— [r+s+t]y _[rts+t]o
Tt YT 2
Consequently, we get
0<20y(¢+vy)=[r+s+t]+ 1. 3.9)

Since [r+s+t] > 0, the formula (3.14) is always true. Hence Eq. (2.1) has prime period two solution.
(4) If all m, k, [ are odd, then y, 11 = yo—m = Yu—k = Yu—;- It follows from Eq. (2.1) that

_ro+sy _ Ty +so
T 1120 VT iy

Consequently, we get
0<2(0+y) (9> +y?) = (r—[s+]) — L. (3.10)

If (r — [s+¢]) > 1, the formula (15) is always true, and hence Eq. (2.1) has prime period two solution. If (r — [s+¢]) < 1, we
have a contradiction and hence Eq. (2.1) has not prime period two solution.
(5) If m, k are even, and [ is odd, then y, = y,_x = Yp—m, and y,+1 = y,—;. It follows from Eq. (2.1) that

¢

6= [r+s+t] st ¢
LYo +wer T 1492y 4oy

Consequently, we have
0<oy(9+vy)=—([r+s+1]+1). (3.11)

Since [r+s+t] > 0, we have a contradiction. Hence Eq. (2.1) has not a prime period two solution.
(6) If m, k are odd, and [ is even, then y,+| = Yy,—m = Yn—x, and y, = y,_;. It follows from Eq. (2.1) that

o [r4t] ¢ + sy ]y s
IR A N e B R
Consequently, we have
0<oy(dp+vy)=([r+t]—s)—1. (3.12)

If ([r+t] —s) > 1,the formula (3.17) is always true, and hence Eq. (2.1) has prime period two solution. If ([r+t] —s) < 1, we
have a contradiction. Hence Eq.(2.5) has not a prime period two solution.
(7) If m,l are odd, and k is even, then y,+| = Y,—m = Yn—i, and y, = y,_x. It follows from Eq. (2.1) that

o rg + [s+tly _ rytst]¢
1+ y29 +y¢?’ 1+¢2y +oy?’
which give the same results of case (6).

(8) If m, [ are even, and k is odd, then y, = y,—m = Yn—;, and y,+1 = y,—x. It follows from Eq. (2.1) that

6— [r+s|y+1o _ [rs]o+ry
v twer VT 11ty oy

which give the same results of case (5). Hence the proof of Theorem 3.5 is now completed. O
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4. Numerical Examples

In order to illustrate the results of the previous section and to support our theoretical discussions, we consider some numerical
examples in this section. These examples represent different types of qualitative behavior of solutions of Eq. (2.1).

Example 4.1. Figure 4.1, shows that the solution of Eq. (2.1) is bounded if x_3=1,x_2=2,x_1=3,x=4, m=1, k=
2,1=3,r=0.1,5s=02,t=0.3, i.e [r+s+t] < 1.

plot of y(n+1)

ra
on
T
1

solution of w(n+1)
(%]

—
i en
— 71

051 7

n-iteration
Figure 4.1. The solution of Eq. (2.1) is bounded.

Example 4.2. Figure 4.2, shows that the solution of Eq. (2.1) is unbounded if x_3=1,x_0=2,x_1=3,x9=4, m=1, k=
2,1=3,r=1,s=2,1r=3, i.e [r+s+t] > 1.

plot of y(n+1)

.
T

solution of w(n+1)
L=

Pa
T

n-iteration
Figure 4.2. The solution of Eq. (2.1) is unbounded.

Example 4.3. Figure 4.3, shows that Eq. (2.1) is globally asymptotically stable if x_4 =1, x_3=2,x =3, x_1 =4, x9 =5,
m=2k=31=4,r=0.1,s=05,t=0.2, i.e [r+s+1] < 1.
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plot of y(n+1)

(<]
T
1

solution of y(n+1)
~a

0 10 20 30 40 50 60 70 80 90 100
n-iteration
Figure 4.3. The solution of Eq. (2.1) is globally asymptotically stable.

0

Example 4.4. Figure 4.4, shows that Eq. (2.1) has no positive prime period two solutions if x_3=1,x_, =2, x_1 =3, xo =
4 m=2k=1,1=3, r=100, s =300, r = 400.

«10° plot of y(n+1)
g T T T T T

solution of y({n+1)
el R o (=2} -~ (=3
T T T T T T
—

(=]
T

—_
T
f

| I I. | | I 1 |
0
0 10 20 30 40 50 60 7 80 90 100
n-iteration
Figure 4.4. The solution of Eq. (2.1) is globally asymptotically stable.




In this article, we have shown that Eq. (2.1) has two equilibrium points ¥; = 0 and J; = (
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5. Conclusions

1
s P2 I) 2 Af [rpst] < 1, we

have proved that §; = 0 is globally asymptotically stable, while if [r+s+¢] > 1, the solution of Eq. (2.1) oscillates about the

point §; = (

1
%) ® with a semicycle of length one. When [r+s+7] > 1, we have proved that the solution of Eq. (2.1) is

unbounded. The periodicity of the solution of Eq. (2.1) has been discussed in details in Theorem 3.5.
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